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Foreword

Alan Robinson

This set of essays pays tribute to Bob Kowalski on his 60th birthday, an anniversary
which gives his friends and colleagues an excuse to celebrate his career as an original
thinker, a charismatic communicator, and a forceful intellectual leader.  The logic
programming community hereby and herein conveys its respect and thanks to him for
his pivotal role in creating and fostering the conceptual paradigm which is its raison
d'être.

The diversity of interests covered here reflects the variety of Bob's concerns.  Read
on.  It is an intellectual feast.  Before you begin, permit me to send him a brief
personal, but public, message:  Bob, how right you were, and how wrong I was.

I should explain.  When Bob arrived in Edinburgh in 1967 resolution was as yet fairly
new, having taken several years to become at all widely known.  Research groups to
investigate various aspects of resolution sprang up at several institutions, the one
organized by Bernard Meltzer at Edinburgh University being among the first.  For the
half-dozen years that Bob was a leading member of Bernard's group, I was a frequent
visitor to it, and I saw a lot of him.  We had many discussions about logic,
computation, and language. By 1970, the group had zeroed in on three ideas which
were soon to help make logic programming possible: the specialized inference rule of
linear resolution using a selection function, together with the plan of restricting it to
Horn clauses ("LUSH resolution");  the adoption of an operational semantics for Horn
clauses; and  a marvellously fast implementation technique for linear resolution,
based on structure-sharing of syntactic expressions.  Bob believed that this work now
made it possible to use the predicate calculus as a programming language.  I was
sceptical.  My focus was still on the original motivation for resolution, to build better
theorem provers.

I worried that Bob had been sidetracked by an enticing illusion.  In particular because
of my intellectual investment in the classical semantics of predicate logic I was quite
put off by the proposed operational semantics for Horn clauses.  This seemed to me
nothing but an adoption of MIT's notorious "Planner" ideology of computational
inference.  I did try, briefly, to persuade Bob to see things my way, but there was no
stopping him.  Thank goodness I could not change his mind, for I soon had to change
mine.

In 1971, Bob and Alain Colmerauer first got together.  They pooled their thinking.
The rest is history.  The idea of using predicate logic as a programming language then
really boomed, propelled by the rush of creative energy generated by the ensuing
Marseilles-Edinburgh synergy.  The merger of Bob's and Alain's independent insights
launched a new era.  Bob's dream came true, confirmed by the spectacular practical
success of  Alain's Prolog.  My own doubts were swept away.  In the thirty years since
then, logic programming has developed into a jewel of computer science, known all
over the world.

Happy 60th birthday, Bob, from all of us.



Preface

Bob Kowalski together with Alain Colmerauer opened up the new field of Logic
Programming back in the early 1970s. Since then the field has expanded in various
directions and has contributed to the development of many other areas in Computer
Science. Logic Programming has helped to place logic firmly as an integral part of the
foundations of Computing and Artificial Intelligence. In particular, over the last two
decades a new discipline has emerged under the name of Computational Logic which
aims to promote logic as a unifying basis for problem solving. This broad role of logic
was at the heart of Bob Kowalski�s work from the very beginning as expounded in his
seminal book �Logic for Problem Solving.� He has been instrumental both in shaping
this broader scientific field and in setting up the Computational Logic community.

This volume commemorates the 60th birthday of Bob Kowalski as one of the founders
of and contributors to Computational Logic. It aspires to provide a landmark of the
main developments in the field and to chart out its possible future directions. The
authors were encouraged to provide a critical view of the main developments of the
field together with an outlook on the important emerging problems and the possible
contribution of Computational Logic to the future development of  its related areas.

The articles in this volume span the whole field of Computational Logic seen from the
point of view of  Logic Programming. They range from papers addressing problems
concerning the development of  programming languages in logic and the application
of Computational Logic to real-life problems, to philosophical studies of the field at
the other end of the spectrum. Articles cover the contribution of CL to Databases and
Artificial Intelligence with particular interest in Automated Reasoning, Reasoning
about Actions and Change, Natural Language, and Learning.

It has been a great pleasure to help to put this volume together. We were delighted
(but not surprised) to find that everyone we asked to contribute responded positively
and with great enthusiasm, expressing their desire to honour Bob Kowalski. This
enthusiasm remained throughout the long process of reviewing (in some cases a third
reviewing process was necessary) that the invited papers had to go through in order
for the decision to be made, whether they could be accepted for the volume. We thank
all the authors very much for their patience and we hope that we have done justice to
their efforts. We also thank all the reviewers, many of whom were authors
themselves, who exhibited the same kind of zeal towards the making of this book. A
special thanks goes out to Bob himself for his tolerance with our continuous stream of
questions and for his own contribution to the book � his personal statement on the
future of Logic Programming.

Bob has had a major impact on our lives, as he has had on many others. I, Fariba, first
met Bob when I visited  Imperial College for an interview as a PhD applicant. I had
not even applied for logic programming, but, somehow, I ended up being interviewed
by Bob. In that very first meeting his enormous enthusiasm and energy for his subject
was fully evident, and soon afterwards I found myself registered to do a PhD in logic
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programming under his supervision. Since then, throughout all the years, Bob has
been a constant source of inspiration, guidance, friendship, and humour. For me,
Antonis, Bob did not supervise my PhD as this was not in Computer Science. I met
Bob well after my PhD and I became a student again. I was extremely fortunate to
have Bob as a new teacher at this stage. I already had some background in research
and thus I was better equipped to learn from his wonderful and quite unique way of
thought and scientific endeavour. I was also very fortunate to find in Bob a new good
friend.

Finally, on a more personal note the first editor wishes to thank Kim for her patient
understanding and support with all the rest of life�s necessities thus allowing him the
selfish pleasure of concentrating on research and other academic matters such as
putting this book together.

                                                                                       Antonis Kakas and Fariba Sadri
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Maurice Bruynooghe, Lúıs Moniz Pereira, Jörg H. Siekmann,
Maarten van Emden

Bob Kowalski: A Portrait . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
Marek Sergot

Directions for Logic Programming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
Robert A. Kowalski

I Logic Programming Languages

Agents as Multi-threaded Logical Objects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
Keith Clark, Peter J. Robinson

Logic Programming Languages for the Internet . . . . . . . . . . . . . . . . . . . . . . . . 66
Andrew Davison

Higher-Order Computational Logic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
John W. Lloyd

A Pure Meta-interpreter for Flat GHC, a Concurrent Constraint
Language . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

Kazunori Ueda

II Program Derivation and Properties

Transformation Systems and Nondeclarative Properties . . . . . . . . . . . . . . . . . 162
Annalisa Bossi, Nicoletta Cocco, Sandro Etalle

Acceptability with General Orderings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
Danny De Schreye, Alexander Serebrenik

Specification, Implementation, and Verification of Domain Specific
Languages: A Logic Programming-Based Approach . . . . . . . . . . . . . . . . . . . . . 211

Gopal Gupta, Enrico Pontelli

Negation as Failure through Abduction: Reasoning about Termination . . . . 240
Paolo Mancarella, Dino Pedreschi, Salvatore Ruggieri

Program Derivation = Rules + Strategies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273
Alberto Pettorossi, Maurizio Proietti



X Table of Contents, Part I

III Software Development

Achievements and Prospects of Program Synthesis . . . . . . . . . . . . . . . . . . . . . 310
Pierre Flener

Logic for Component-Based Software Development . . . . . . . . . . . . . . . . . . . . . 347
Kung-Kiu Lau, Mario Ornaghi

Patterns for Prolog Programming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 374
Leon Sterling

IV Extensions of Logic Programming

Abduction in Logic Programming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 402
Mark Denecker, Antonis Kakas

Learning in Clausal Logic: A Perspective on Inductive Logic
Programming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 437

Peter Flach, Nada Lavrač
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Maurice Bruynooghe1, Lúıs Moniz Pereira2, Jörg H. Siekmann3, and
Maarten van Emden4

1 Department of Computer Science,
K.U.Leuven,

Belgium
2 Departamento de Informatica,
Universidade Nova de Lisboa,

Portugal
3 Saarland University,

German Research Center for Artificial Intelligence (DFKI),
Saarbruecken,

Germany
4 Department of Computer Science,

University of Victoria,
Victoria, British Columbia,

Canada

Throughout his prolific scientific career, Robert (Bob) Kowalski was motivated
by his desire to reshape logic from an abstract mathematical discipline into a
working tool for problem solving. This led him towards a wide exploration of
logic in computer science, artificial intelligence, cognitive science, and law.

His scientific achievements in these pursuits have become landmarks. To this
we should add the enthusiasm and leadership with which he has enrolled into
this venture an entire community extending over two generations of researchers.

Below we detail by topic some of his accomplishments.

1 Automated Theorem Proving

Bob’s early work was part of the enormous enthusiasm generated by Robinson’s
discovery of the resolution principle. Bob started off with important technical
contributions, with Hayes on semantic trees and with Kuehner on SL resolution.
The pinnacle of this line of research is Bob’s Connection Graph proof procedure.

Already before the Connection Graph proof procedure, Bob was concerned
with the redundancy of unrestricted resolution. He collaborated with workers
in operations research applying search techniques to guide resolution theorem-
provers.

2 Logic for Problem Solving

A formative episode in Bob’s development was the backlash against resolution
theorem-proving. Green had shown how goals of plans could be elegantly formu-

A.C. Kakas, F. Sadri (Eds.): Computat. Logic (Kowalski Festschrift), LNAI 2407, pp. 1–4, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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lated in logic and that the plans themselves could be read off from the proofs
that showed the goals were achievable. On the one hand there was the complete-
ness of resolution that suggested this might be feasible. On the other hand there
was the painful fact that no existing resolution theorem-prover could implement
this research program. An implicit revolt was brewing at MIT with, for example,
the development of Hewitt’s PLANNER.

Resolution theorem-proving was demoted from a hot topic to a relic of the
misguided past. Bob doggedly stuck to his faith in the potential of resolution
theorem proving. He carefully studied PLANNER. He worked with Colmerauer
on the representation of grammars in logic, discovering the importance of Horn
clauses. In this way it was discovered how proofs could be parses, vindicating
part of Green’s grand vision according to which proofs could be executions of
plans that achieve goals formulated in logic. Thus Logic for Problem Solving was
born.

3 Logic Programming

Logic for problem-solving, specifically how to represent grammars in logic and
how to parse by resolution proofs, influenced the conception of Prolog by Colmer-
auer and Roussel. Conversely, Prolog influenced logic for problem-solving so that
it spawned a well-defined subset that we now know as logic programming.

The birth of the logic programming paradigm had a great impact. Its ele-
gance, simplicity and generality offered a new perspective on many areas in com-
puter science and artificial intelligence. It resulted in several novel programming
languages, led to the development of deductive databases, was the foundation for
the influential constraint logic programming paradigm, inspired much innovating
work in natural language processing, had great influence on developments within
knowledge representation, and was the basis for inductive logic programming, a
recent offspring from machine learning.

Bob’s influential dictum ”Algorithm = Logic + Control“ provided funda-
mental direction for increasing clarity and scope in the description of algorithms
and design of new control mechanisms for logic programming languages, namely
through meta-programming. His subsequent research revealed the potential of
the logic programming paradigm in many areas.

4 Logic across the Children’s Curriculum

Bob’s research program, born in the dark days around 1971, was vindicated in
the programming language area when a prominent member of the MIT AI group
said, much later, ”Prolog is PLANNER done right”. But the research program
is more radical: logic is not just a good model for programming languages, but
also for the way humans think by nature. To test this wider concept, a project
was started at a school in London for a class of children who were about 13
years old. A key ingredient was Micro-Prolog, a version of Prolog that ran on
micro-computers (as PCs were then called). This system, at the time a revelation,
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was developed in Bob’s group by McCabe and Clark. Another key ingredient was
Ennals, a school teacher, who was trained by Bob in logic programming. Together
they developed a curriculum, which was taught on a regular basis for a year by
Ennals, with the children writing and running Prolog programs on computers
at the school. It showed that with English-like syntax, Horn clauses can be
used by children to support their curriculum material in English, mathematics,
geography, and history.

5 Logic and Data Bases

Influenced by the pioneering work of Minker, Gallaire, Nicolas and others on the
logical analysis and inference techniques for data bases, Bob provided central
insight, as well as numerous technical contributions, for this emerging field, that
eventually led to the amalgamation of classical data base theory with knowledge
representation formalisms in artificial intelligence, logic, and semantic networks.
Together with colleagues, Sadri, Sripada and others, he has established signifi-
cant landmark contributions in various problems such as the frame problem in
logic data bases, data base integrity and temporal databases.

6 Logic Programming and the Law

Is mathematical reasoning just typical for proofs of mathematical theorems or
can the inspiring vision of Leibniz, that two philosophers in dispute may settle
their differences by coding their arguments into an appropriate calculus and then
calculate the truth: ”CALCULEMUS” be turned into reality?

Bob, in a team effort with Sadri, Sergot and others, showed that the British
Nationality Act as well as other highly formalized legislation can be coded into
an enchanced logic programming language — and then computed! This insight
spawned an interdisciplinary field, logic and law.

7 The Event Calculus

In 1986, at a time when the program of implementing temporal reasoning using
Situation Calculus in classical and nonmonotonic logics continued to struggle
with conceptual and computational problems, Bob delivered a seminal contri-
bution to the use of logic-based temporal reasoning. In an attempt to overcome
the shortcomings of situation calculus, he and Marek Sergot introduced a new
ontological concept, the event which is an occurrence of an action bound at a
specific time point and location. They developed a theory based on this concept,
called Event Calculus and implemented it in logic programming. This work was
very influential and created quite a debate between supporters of the two ap-
proaches. Ironically, about ten years later, different researchers including Bob
himself showed a close relationship between the event and situation calculi. The
work on event calculus is still influential and is applied in the context of AI-
applications such as robot control.
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8 Common-Sense Reasoning

The naive use of negation in PLANNER and early logic programming was soon
replaced by the much deeper insight into the distinction between classical nega-
tion and what became known as ”negation as failure“.

Similarly, the early confusion in expert systems between deduction and ab-
duction led to a more thorough investigation and Bob’s collaboration with Es-
hghi, Kakas, Toni and Fung spawned several papers on this issue. Amongst
other things these papers compare abduction with negation as failure and have
opened the new area of Abductive Logic Programming. Related to this is also
Bob’s work, with Dung, Toni and others, on argumentation for formalising non-
monotonic reasoning.

9 Logic Modeling of Agents

The recent world-wide interest in agents and their applications was met by Bob
with a challenge to the Logic Programming community to hone their tools to
the issues raised. He led the way himself, publishing with Sadri, on the balanced
combination of deliberation and reaction, integrated into an original IFF agent
cycle framework, in which the agent at turns reacts and reasons with limited
resources. His work paved the road for the involvement of the logic programming
community in the flurry of activity we have today concerning computational logic
agents and societies of agents.

10 Conclusion

Bob’s inspiring leadership and expertise was widely appreciated and sought after
the whole world over. His bold initiative to organise a first Logic Programming
workshop in May 1976 laid the foundation for an enthusiastic community of logic
programmers. His advisory role in projects such as the Japanese Fifth Generation
Computing Systems and in organisations such as DFKI, the German National
Research Center for A.I. was deep and very influential. As coordinator of the
ESPRIT Basic Research Action in Computational Logic, as participant to its
successor, Compulog2, and as founding chairman of the ESPRIT network of Ex-
cellence in Computational Logic (CompulogNet), he had an enormous impact on
the European logic programming research community. His leadership and drive
for quality was an example for many young researchers. Distinctions and prizes
from many countries pay tribute to his role: MIT Distinguished Lecture, Hon-
orary Distinguished Alumnus of Phi Kappa Phi at the University of Bridgeport,
the “Docente a titulo individuale” from Bologna, the fellowships of AAAI, City
and Guilds of London Institute, DFKI, ECCAI, and ACM.

As this volume illustrates, Bob’s work has established logic as a tool for
problem solving and has a lasting influence in many areas of computer science.



Bob Kowalski: A Portrait

Marek Sergot

Department of Computing
Imperial College of Science, Technology and Medicine

London SW7 2BZ

Introduction

The hardest part about writing an introductory piece for a celebratory volume
such as this is finding the right opening. It has to hit the right tone straight
away—affectionate, respectful, but not too sweet and cloying. I had tried and
discarded half a dozen attempts when, more in desperation than in any real hope,
I turned to technology and typed ‘Bob Kowalski’ into a WWW search engine. I
am not sure what I expected to find. Some previously unpublished tidbit perhaps
on which I could build an insightful and original opening. The search yielded
a great many results. On page 12 I came across an entry from the newsletter
of the Tulsa Thunder, a girls’ football (‘soccer’) team in the US. According to
one person quoted there: “Bob Kowalski was one of the first influential coaches
I had. He was an all-round good guy.” I was about to discard this interesting
observation (it is a different Bob Kowalski) when it occurred to me that in fact
this quotation would serve perfectly as an opening for this piece. I had wanted to
begin with remarks about Bob’s inspirational influences and what a good guy he
is, but could not decide which should come first. Bob has certainly been one of
the most influential coaches I ever had, and as the rest of this volume testifies,
an inspirational influence on many, many others too. He is an influential and
inspirational coach, and he is an all-round good guy.

The ‘all-round good guy’ part was particularly tricky to introduce. How does
one bring this up? For now I will just state it as an assertion, and leave the
reasons to emerge in the course of the article.

The editors encouraged me to give this introduction a personal tone, and so at
this point I display my credentials. Among the many important and long-lasting
contributions Bob Kowalski has made to the development of Computer Science, a
lesser known one is that he is the main reason I decided to stick with Computer
Science myself. In the Spring of 1975 I was halfway through an MSc course
in Computer Science at Imperial College. I was disillusioned and disappointed
and bored. I could not believe there was so little in it. It was like plumbing, but
without the intellectual challenge. I turned up for a research seminar by Bob who
had just moved to the Department of Computing (or Computing and Control
as it was then called) from Edinburgh. Like many others before me and since, I
was inspired—inspired by the prospects of new and exotic applications, a little,
but more by the enthusiasm and energy of the speaker, and most of all, by the
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elegance of the logic programming story that he unfolded before us. There was
something in computing after all.

Since then I have had the fortune to work closely with Bob, briefly in the
summer of 1975, and then more or less continuously since 1979, in close collab-
orations throughout the 1980s and early 1990s, and then more at a distance as
our interests diverged.

The account of Bob’s life and work given here is based on my memory of
Bob’s musings and recollections in casual conversations over the years. Many of
our colleagues would recognise these recollections, I am sure. I tried to fill the
gaps by conducting subtle interrogations of Bob on the last few occasions I have
had the opportunity to chat with him. These interrogations were so subtle that
he did not notice and they failed to yield anything at all. By luck, just as this
volume was going to press, Bob distributed to a few of us a short autobiographical
piece he had written in response to some request or other he had received from
a student. I was thereby able to confirm the facts as I had remembered them.
I have also taken the liberty of lifting three small quotations from Bob’s own
version, where I had remembered the gist of what he had said, but where his
own words have a particular interest.

I should say that Bob has not had the chance of reviewing this manuscript
before it went to press. There may be mistakes in points of detail. Moreover, the
opinions expressed are mine, and not necessarily the same as Bob’s.

Some Biographical Details

Robert Anthony Kowalski was born on 15 May 1941 in Bridgeport, Connecticut.
He has two younger brothers, Bill and Dan. His father was the son of Polish im-
migrants to the US; his mother, if I recall correctly, came to the US from Poland
as a young girl. Although his parents would speak Polish occasionally at home,
the boys did not. Bob attended a Catholic primary school attached to the Pol-
ish parish and then—much more significantly—a Jesuit High School. This had a
lasting influence, clearly, since Bob mentions it often. I was most impressed when
I discovered it, because I was educated by another brand of Catholic brother-
hood, not nearly so famous, and the products of a Jesuit education have always
held a certain cachet for me. Jesuit schools got prominent mentions in our His-
tory books. When I think of Jesuit schools in the USA in the 1950s and 1960s I
immediately get a mental image of something like the jet fighter-pilot training
school in the film Top Gun but with intellectual missiles instead of heat-seeking
ones. By coincidence, there was another American Jesuit-educated Professor in
the Department of Computing at Imperial College, and so I had an opportunity
to try to detect the common features. The results were inconclusive.

Bob says that he was not an academically outstanding pupil at High School,
until he discovered, or had discovered in him, an aptitude for Latin, in which
he represented the school in contests in New England. I have some difficulty
in imagining what a Latin contest in New England must be like, but the im-
portant thing is that it awakened Bob’s academic ambitions, and encouraged
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him to undertake independent reading, especially in areas of Philosophy and the
Philosophy of Science which have remained a lifelong interest.

Bob began undergraduate studies in 1958 at the University of Chicago. He
enjoyed the academic and intellectual environment. His courses included intro-
ductions to mathematical logic. However, other components of the courses were
much more tedious and this, together with aspects of the social life, led him to
abandon his studies at the University of Chicago early in his second year, in
November 1959.

He resumed his undergraduate studies the following academic year, this time
in his home town at the University of Bridgeport. He majored in Mathematics.
In 1963 he won Woodrow Wilson and National Science Foundation Fellowships
for graduate study and was admitted to the PhD programme (in Mathematics)
at Stanford University. Jon Barwise was a classmate and a friend. The academic
year 1964-1965 was spent on an exchange programme at the Mathematics In-
stitute of the Polish Academy of Sciences and the University of Warsaw, noted
for its work in Mathematical Logic. Besides studies of logic, and meeting and
visiting his Polish relatives, in that year Bob learned Polish, he met and married
his wife, Danusia, a student in the Mathematics Department at the University,
and he discovered that the world was not as he had been led to believe it was.

One of the first conversations I remember having with Bob was of his ex-
periences of that year in Poland. A childhood in the US in the 1950s and an
education with the Jesuits had painted a clear picture of what life in Poland
would be like. He expected that there would be very severe restrictions on per-
sonal and other freedoms. What he found was quite different, and in particular
that the people seemed to have much more freedom than he had been told to
expect. The discrepancy was so great that he felt he had been badly let down
and misled—‘cheated’ was the word he often uses when speaking of it.

On his return to Stanford with Danusia for the academic year 1965 he found
it increasingly difficult to focus on studies of mathematics. The war in Vietnam
was escalating, and he became active in the protest movement. I knew that he
had participated in marches and demonstrations, and he had told me that his
specialty had been in generating new ideas for protests. It was only when I read
his autobiographical piece as this volume was going to press that I discovered he
also participated actively in some of his own schemes. I discovered, for example,
that he devised and with a childhood friend from Bridgeport took part in a
‘bombing’ campaign to drop leaflets from airplanes. The first sortie nearly ended
in disaster. The last mission also stands out. In Bob’s own words:

Our main goal was to ‘bomb’ the Rose Bowl football game in Los An-
geles. Ray and I worked out an elaborate scheme to change the registra-
tion number on the side of the plane, ripping the false numbers off in
mid-flight, to minimise the chance of getting caught when we made our
getaway. Unfortunately, when we landed in the Mojave Desert to change
the number, the plane burst a tire, and we were too late to get to the
Rose Bowl in time for the game. We bombed Disneyland instead.
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Bob decided to leave Stanford in the middle of the academic year in 1966,
which gave him a Master’s degree. Having looked for work, mostly outside the
US, he eventually took a position for a year as Assistant Professor and Acting
Head of the Mathematics Department at the Inter-American University in San
Juan, Puerto Rico. His first daughter, Dania, was born in Puerto Rico during
that year.

In 1967 he accepted an IBM Research Fellowship to undertake PhD studies
in the Meta-mathematics Unit directed by Bernard Meltzer at the University of
Edinburgh. The research topic was the mechanisation of mathematical proofs.
Bob was not particularly enthusiastic about the topic, and even less enthusias-
tic about Computer Science, but was determined to finish his PhD quickly. Of
course we now know that he could not have arrived in a new place at a better or
more exciting time. Edinburgh was a world-renowned centre of research in Ar-
tificial Intelligence and attracted visiting researchers from all over the world. A
major influence was that of Alan Robinson, the inventor of resolution, who was
spending a year’s sabbatical in Edinburgh. Bob wrote his first research paper1

on some ideas of Robinson’s on semantic trees jointly with another new PhD
student, Pat Hayes, now a prominent figure in the field of Artificial Intelligence
himself of course.

Bob finished his PhD, on studies in the completeness and efficiency of res-
olution theorem-proving, in just over two years, and then stayed at Edinburgh
on a postdoctoral Fellowship. His two other daughters, Tania and Janina, were
born in Edinburgh.

The history of the origins of logic programming have been documented by
the main participants elsewhere2 and I make no attempt to reproduce them here.
Bob had been working on the SL form of resolution3 with Donald Kuehner, a
former teacher from the University of Bridgeport whom Bob had persuaded to
come to Edinburgh to do his PhD. It was becoming clear that the goal-directed
nature of SL-resolution provided a procedural as well as a declarative reading for
logic clauses, so giving the basis for a new kind of programming language, and a
way of reconciling the debates about procedural and declarative representations
that were starting to dominate AI research. In the summer of 1971, and then
again in 1972, Bob was invited by Alain Colmerauer to visit him in Marseilles
to work on the application of SL-resolution to Colmerauer’s work on natural
language understanding and question answering. These collaborations focussed
initially on the applications of clausal logic and SL resolution to grammars and
1 Kowalski, R.A., Hayes, P.J. Semantic trees in automatic theorem-proving. In Ma-

chine Intelligence 4 (B. Meltzer, D. Michie, eds), Edinburgh University Press, 1969,
pp181–201. Reprinted in Anthology of Automated Theorem-Proving Papers, Vol. 2,
Springer-Verlag, 1983, pp217–232.

2 See e.g. Kowalski, R.A. The Early Years of Logic Programming. CACM 31(1):38–43
(1988).

3 Kowalski, R.A., Kuehner, D. Linear resolution with selection function. Artificial In-
telligence 2:227–260 (1971). Reprinted in Anthology of Automated Theorem-Proving
Papers, Vol. 2, Springer-Verlag, 1983, pp542–577.
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to parsing, but from them emerged many of the principles for the use of logic as
a progamming language, and led Colmerauer to the design and implementation
of the logic programming language Prolog in 1972.

The next few years at Edinburgh were spent developing the new logic pro-
gramming paradigm and laying down its foundations. Edinburgh provided the
perfect environment. There were enthusiastic colleagues, notably Maarten van
Emden, with whom he developed the fixpoint semantics4 and ideas for appli-
cations, and David Warren, Bob’s first doctoral student, who designed and im-
plemented the ‘Edinburgh Prolog’ compiler. Bob’s hugely influential “Predicate
Logic as Programming Language” was published in 19745. There were also vis-
iting researchers from institutions around Europe—Maurice Bruynooghe, Keith
Clark, Luis Pereira, Peter Szeredi, Sten Åke Tarnlund, among others—with
whom Bob formed lasting collaborations and friendships. He travelled exten-
sively, mostly in Europe, spreading the ideas. He completed a long technical
manuscript, later to become the core of his book Logic for Problem Solving6.
He also continued to work in automated theorem proving. His connection graph
proof procedure was developed during that period.

In January 1975 Bob left Edinburgh to take up a Readership7 in the De-
partment of Computing and Control at Imperial College, London (now the De-
partment of Computing). The second half of the 1970’s was spent finishing his
book, producing other milestone papers, such as his famous Algorithm = Logic
+ Control8, and building up activity in logic programming at Imperial College.
Keith Clark, who had been a visitor at Imperial College when I was first there in
1975, had moved from Queen Mary College in London to a permanent position
at Imperial by the time I returned in 1979. Chris Hogger had completed his
PhD and although still a member of another Department would shortly join the
Department of Computing. A number of other colleagues in the Department had
been enticed to work in logic programming. The first Logic Programming Work-
shop, which eventually evolved into the ICLP series of International Conferences
on Logic Programming, was held at Imperial College in 1976. I attended that
workshop myself, though what I mainly remember about it was the workshop
party that was held at Bob and Danusia’s home in Wimbledon one evening, and
the rolling tobacco that I was induced to try by Danusia’s father. All this talk of
logic programming made my head spin (though it might have been the tobacco).
I didn’t even smoke cigarettes. Natural politeness made me accept.

By 1979, the Logic Programming Group at Imperial College consisted of Bob,
Keith Clark, Chris Hogger, two or three other members of staff who were starting
to work in the area, and six PhD students and research assistants, of which I
4 van Emden, M., Kowalski, R.A. The semantics of predicate logic as a programming
language. JACM 23(4):733–742 (1976).

5 Proceedings of the IFIP Congress, Stockholm, North Holland, 1974, pp569–574.
6 North Holland Elsevier, 1979.
7 A Readership in the UK is a senior academic position, somewhat below the rank of
(Full) Professor, and traditionally with an emphasis on research rather than teaching.

8 CACM 22(7):424–436 (1979).
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was one. Logic programming, in various guises, was part of the curriculum of the
undergraduate and MSc courses. There was also an active group in functional
programming with whom we had close contacts and regular joint seminars. There
was a constant stream of visitors and speakers. My memory of Bob and Danusia’s
home in Wimbledon will be that there always seemed to be someone staying
there—a brother from the USA, a relative from Poland, a former colleague from
Edinburgh, a logic programmer passing through. It was not always easy to tell
the difference, except that the brother from the USA and the relative from
Poland would usually be sanding down floors or painting the kitchen door. Bob
was appointed Professor of Computational Logic at Imperial College in 1982.

I realise that I am starting now to conflate Bob’s biography with the fortunes
of the Logic Programming Group at Imperial College, but for much of the 1980s
and 1990s the two are so inextricably linked that it is impossible to disentangle
them.

The 1980s saw a massive expansion of the Logic Programming Group, and
of Bob’s personal standing and celebrity in Computer Science. The group was
already growing with the acquisition of a number of new projects and grants
when in 1981 came the announcement by MITI in Japan of the Fifth Genera-
tion Computer Project. The project aimed to leapfrog a generation of computer
system development in 10 years, to a position of dominance over IBM, and to a
new era of advanced knowledge processing applications. Logic programming—to
widespread surprise—was identified as the core technology. Various governments,
including the UK, were invited to participate. Since we at Imperial College were
at that time the largest and most active centre of research in logic programming,
we expected that we would be playing a substantial role in the Fifth Generation
Project, especially if the UK government decided to accept the invitation to
participate.

Bob, who was already a very well-known figure in computer science, became
something of a celebrity. At the ICLP conference in Marseilles in 1982 I was
chatting to him over breakfast when suddenly a camera was thrust between us
and he was asked to pose for photographs. He was photographed at lunchtime,
and in the afternoon breaks when we all walked down to swim in the sea, his
head was photographed again as it bobbed up and down in the Mediterranean
swell.

I hesitate to dwell too long on the Fifth Generation Project and the associ-
ated politics of the UK’s response since much of the account would be second
hand. However, these matters dominated the 1980s in one way or another, and
accounted for much of Bob’s time and energy for nearly a decade. Bob had been
working very hard at putting a case to the Science Research Council for what
it called a Specially Promoted Programme (SPP) in logic programming. The
argument was not just that logic programming was the enabling technology for
new AI and ‘knowledge processing’ applications, but that it provided a unifying
foundation for developments in AI, in programming languages, in formal meth-
ods for software engineering, and in parallel computing. The case for the SPP
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went through several iterations but was eventually swallowed up in the UK’s
general response to the Fifth Generation Project.

Not everyone in the UK was as enthusiastic about the role of logic program-
ming as the Japanese. The UK government’s reaction to the Fifth Generation
Project was to set up a committee, chaired by John Alvey, to recommend the
best course of action. That committee was advised by another layer of com-
mittees drawn from academia and industry. Naturally, most of these advisers
saw it as an opportunity to push the importance of their own area of comput-
ing. One could hardly have expected anything else. The result was the kind of
global behaviour that often emerges from interactions of agents who are seek-
ing to maximize their own local goals. ‘Fifth Generation’ meant different things
to different people. Nearly everyone seemed to have an opinion about what it
meant, what key problems it faced, and the best way to address them. Very few
seemed actually to have read the published Fifth Generation Project proposals,
and indeed regarded them as irrelevant. In his short autobiographical piece, Bob
summarises the outcome in these words: “In the end, by the time the Alvey
Committee produced its recommendations, virtually every area of Computing
and related Electronics was singled out for special promotion.”

The UK declined the Japanese invitation to participate in the Fifth Gener-
ation Project and set up the Alvey Programme instead. As Bob puts it: “after
much more argumentation and discussion, logic programming was identified,
along with all the other areas, as worthy of special promotion.”

And so, along with many other groups in computing and information tech-
nology in the UK, the Logic Programming Group at Imperial College received a
large injection of funding under the Alvey Programme—sometimes at the price
of forced collaborations that we would not have chosen ourselves—and under the
ESPRIT programme of research from the European Commission that followed
shortly after. In the mid-1980s the Logic Programming Group had grown to
about 50 persons including faculty members, research assistants, PhD students,
and support staff. Bob calculates there were 13 separate three-year research
grants running at one time, which is my estimate too.

At the time I did not think so much about it, but looking back I stand in
awe at the administrative effort that all this required. At the same time, there
were new MSc courses being set up in the Department. There were committees,
national and international. There were constant demands on Bob’s time for
invited talks, offers of collaborations, serious and otherwise, letters and articles to
respond to (serious and otherwise). There were interviews for newspaper articles.
Once, standing in for Bob when he was away, I was interviewed for an article on
logic programming and the Fifth Generation for Vogue magazine. I declined to
unbutton my shirt for the photograph but pouted in the required manner. The
industrialist Clive Sinclair was a regular visitor—a version of Frank McCabe’s
microProlog was eventually released for the Sinclair Spectrum.

There were also difficulties to contend with at the Departmental level. The
expansion of the Logic Programming Group, and of some of the other groups in
the Department under Alvey and ESPRIT, were causing resentment and some
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tension. It was perhaps most acute for the Logic Programming Group because we
were receiving offers and opportunities to establish ourselves as an independent
entity within the Department, and this was not universally regarded as a healthy
development. These matters intruded greatly on Bob’s time and energy and
caused him much personal stress.

I look through Bob’s CV and I am astonished that he found time for any
research at all during this period. Yet we had regular technical meetings of var-
ious sub-groups one or two times a week. Bob participated actively in projects
developing computational logic as a language for school children, on represent-
ing laws and regulations, on applications in temporal reasoning, on meta-level
reasoning, on abduction, on integrity constraints in databases. How he managed
to fit all this in with his other commitments remains a mystery to me (though
that will not stop me speculating on it later in this article).

Funding agencies, perhaps only in Europe, like to refer to something called
‘critical mass’. Much is made of this, and of its importance when building re-
search activity. Whole research strategies and funding programmes are designed
with the goal of creating it. I am not sure where the concept came from, but
if it does really exist, I think it must be much, much smaller than is generally
assumed. In the case of the Logic Programming Group at Imperial we attained
critical mass very quickly. Fission followed shortly after. First we lost contact
with the functional programming group—no more time for joint seminars, no
more time for conversations in the common room or in corridors. Then the Logic
Programming Group divided (harmoniously) into two parts: the Parlog group,
working on concurrent Prologs, and the rest, working on everything else. Then
the second group split again, this time along no obvious technical boundaries.

In the 1990s, the size of the Logic Programming Group began to dwindle
as members of the group moved away to take up positions elsewhere and logic
programming became less fashionable. We still had a very sizeable presence in
the Department, though it is difficult to count exactly because the boundaries
had become very blurred. Notable acquisitions included Dov Gabbay who had
arrived in 1983 as a Visiting Fellow and then eventually became a Professor
in the Department, and Barry Richards who had moved from the Centre for
Cognitive Science at Edinburgh to take up another Professorship. Tensions in
the Department abated, or rather, shifted to a different battleground.

¿From 1989 to 1991 Bob was co-ordinator of the Compulog project, a large
collaborative project funded by the European Commission bringing together the
main academic groups working in logic programming in Europe. The project was
addressing the topics in computational logic closest to Bob’s heart. When asked,
and sometimes when not asked, I used to say that the technical objectives of the
Compulog project were to develop the second half of Bob’s Logic for Problem
Solving. This was a joke (and an exaggeration) but it is true that the Compulog
project allowed Bob to extricate himself from Departmental politics and focus
his energies on his favourite research topics. The Compulog project funded a
replacement for his teaching duties in the Department. A similar arrangement in
a project on abductive logic programming funded by Fujitsu continued to provide
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an academic replacement for another three years. By the time Bob resumed full
duties in the Department, in 1994 or so, his rehabilitation, as he puts it, was
complete.

In March 1997 Bob was persuaded to take on the role of Head of the Depart-
ment of Computing at Imperial College. The Head of Department is essentially
a managerial and administrative position, usually for a fixed term, which the
Head can organise according to his or her own tastes. It has wide-ranging power
and authority but also huge responsibilities for the running of virtually every
element of the Department. We were at the time in a period of unrest follow-
ing the resignation of the previous Head. Bob had gone to speak to the Rector
about how the Headship could be resolved, and came back from that meeting
finding that he had agreed to take on the job himself. I believe I was the first
person he spoke to on his return to the Department. I am not sure which of us
was more surprised at the news. The agreement was that Bob’s was to be an
interim appointment, for three years or so. The Rector’s calculation was that
Bob’s seniority and academic reputation would command authority and respect
within the Department. This was a good idea. Bob’s calculation was that the
time taken away from research for administration and management would be
compensated by a reduction in time spent teaching. This was a very good idea
in theory. He also thought that it might afford a chance to develop his technical
interests, in that it provided an opportunity to test out how ideas from compu-
tational logic could serve as a tool in organising the affairs of the Department
and in the resolution of conflicts and disputes. This was not such a good idea,
even in theory, in my opinion.

Bob threw himself into his new role with typical energy and vigour. The at-
mosphere in the Department improved considerably. But the day-to-day running
of the Department, and a series of obstacles to getting things organised as he
wanted, were leaving Bob increasingly frustrated. The theory that time spent
on administration and management could still leave time for research was being
refuted every day. Eventually, Bob asked to step down as Head of Department
after two years not three, and asked to take early retirement. From 1st Septem-
ber 1999 he has been a Senior Research Fellow in the Department of Computing
and Emeritus Professor. He has an office in the Department and continues to
participate in research projects but has no other duties or responsibilities im-
posed upon him beyond those he chooses to take on voluntarily. To my eyes, he
has attained a kind of blissful state of existence which even his Jesuit teachers
might have difficulty claiming could exist.

At some time in the 1980s Bob acquired a small cottage near Petworth in
Sussex, which lies in the countryside roughly half-way between London and the
South Coast of England. It was a base for weekend breaks and walks in the
South Downs. There are several logic programmers around the world for whom
that cottage was home during visits spent at Imperial College. Over the years the
cottage in Petworth has been extended and developed. Since Bob’s retirement, it
has been extended again and has now become Bob and Danusia’s main residence.
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Between taking up invitations for extended visits to research institutes abroad
Bob spends his time in Petworth with occasional visits to the Department. He
is working on a new book.

Research Themes

Bob’s early work was in automated theorem proving, where he made contri-
butions to the technology of resolution theorem proving. His connection graph
proof procedure9 provided a general and very efficient framework for reasoning
with (full) clausal form theories. By picking links in the graph in different ways, a
wide range of reasoning strategies could be accommodated, for non-Horn as well
as Horn clause reasoning. These are demonstrated in Logic for Problem Solving.

However, it is the special case of SL-resolution which came to dominate
later, of course, and which led to the logic programming model of computation.
It should be remembered that the extended case for logic programming as a
new foundation for computing was developed not by appeal to novel and exotic
applications in knowledge processing but by showing carefully how cleanly and
elegantly it dealt with standard computing problems and algorithms. The beauty
of Bob’s Algorithm = Logic + Control lies in the detailed exposition of how both
Logic and Control components can be varied to generate families of algorithms.

However, it has always been Bob’s contention—passion—that computational
forms of logic have much wider application than to the solution of mere com-
puting problems. The single strongest and most sustained driving force in his
research has been the goal of developing appropriate forms of logic to make it
an effective tool for improving human affairs and communication, and to present
these forms in a way that makes them accessible to the widest possible group.
These aims reflect his lifelong interests in problem solving and communication,
in epistemology and in the philosophy of science. These elements were already
evident in the second part of Logic for Problem Solving which addresses knowl-
edge representation, problem solving strategies, temporal reasoning and plan-
ning, knowledge assimilation and belief revision. His working hypothesis is that
the features which make special forms of logic suitable for computational pur-
poses are also the features that will be most natural and effective for use in
human problem solving and communication. Application and testing and refine-
ment of this hypothesis is the recurrent theme in his research.

One clear example of these general aims is the sustained project Bob con-
ducted on developing simplified forms of logic and logic programming for school
children10. In 1978 Bob started a course of logic lessons for 12 year old chil-
9 Kowalski, R.A. A proof procedure using connection graphs. JACM 23(4):733–742
(1976).

10 Kowalski, R.A. Logic as a Computer Language for Children. In Proc. European
Conference on Artificial Intelligence, Orsay, France, July 1982. Reprinted in New
Horizons in Educational Computing (M. Yazdani, ed), Ellis Horwood Ltd, Chich-
ester, 1984, pp121–144. Reprinted in Progress in Artificial Intelligence (L. Steels,
J.A. Campbell, eds), Ellis Horwood Ltd, Chichester.
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dren at his daughters’ school. Logic problems were formulated and then solved
using Prolog over a telephone connection to a computer at Imperial College.
The project was subsequently maintained for about 5 years from 1980 by grants
from the Science Research Council and then the Nuffield Foundation and Sin-
clair Research. The first phase supported Frank McCabe’s developments of his
microProlog system for micro-processors and the associated programming and
query environment (‘SIMPLE’). Richard Ennals conducted the lessons and pre-
pared teaching materials for pupils and teachers. If I recall rightly, there were
two groups of children, 8 year olds and 12 year olds, and a smaller group of 17–
18 year olds. The aim was not just to teach logic as a programming language,
but rather to engage the children in developing its use as a representational and
reasoning tool in subjects across the whole curriculum. Richard Ennals’s own
specialty, for example, was History. I am not in a position to comment on the
long term impact of the school lessons on the children. It would be interesting to
track them down and ask them now what they thought of those lessons. What is
clear is that the schools project was instrumental in driving the developments of
microProlog and its associated software environments, and in practical knowl-
edge representation techniques that were subsequently used in a variety of other
applications.

One such group of applications was in the representation of laws and regula-
tions. I find myself about to write much more about this topic than the others,
but this is because it provides the clearest example of Bob’s ideas about the ap-
plications of logic programming to the world outside computing, and the clearest
example of how his stance has been misinterpreted by some of his critics.

In 1979 Bob was invited to participate in a workshop on Computers and Law
held in Swansea, in Wales. Although he could not attend, that invitation led to a
number of very valuable contacts in the AI and Law community. It soon became
clear to us that logic programming provided a general solution to some problems
of representation that were being attacked by low-level programming languages
or special-purpose formalisms. Our argument was that logic programming pro-
vided a better foundation for such developments. We were able to show, for ex-
ample, how large and complex bodies of definitional law (‘qualification norms’)
can be represented and executed as logic programs. Our representation of the
British Nationality Act 1981 is the best known and most commonly cited exam-
ple11. It was originally suggested by Chris Moss, a member of our group, who
had been given a draft copy of the Bill while it was still at an early stage of dis-
cussion by Parliament. The Bill was very controversial at the time. It proposed
to introduce four new categories of British citizenship to replace the existing
definition completely, and had been accused by several political groups of being
racist in that it disadvantaged certain groups of potential citizens but not others.
One of these pressure groups had suggested to us that a formal representation
might help to bring this out. We knew that it could not, since whether the Act

11 Sergot, M.J., Sadri, F., Kowalski, R.A., Kriwaczek, F.R., Hammond, P., Cory, T.
The British Nationality Act as a Logic Program. CACM 29(5):370–386 (1986).
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was racist or not depended on background information about the various cate-
gories of persons affected, and that information was not part of the legislation
itself. We did subsequently explore, in a different project, whether given the
necessary background information, we could predict some of the socio-economic
consequences of introducing new legislation, but that was later and was never
attempted for the British Nationality Act. However, the British Nationality Act
was very suitable for other reasons. It was almost entirely definitional, that is to
say, its main purpose was to set out definitions of new legal categories and rela-
tionships, which made it amenable to representation as a logic program, yet it
was complicated and big so one could see what would be gained from translating
it into an executable form. We had already constructed a small demonstration
system dealing with the core definitions from Chris Moss’s copy of the draft Bill.
Frank McCabe, as I recall, was particularly keen that we should continue to de-
velop a larger system dealing with the whole Act to demonstrate that a sizeable
application could be implemented using these techniques and his microProlog
system. Fariba Sadri, who was about to start a PhD in our group, was employed
on funds left over from some other grant to extend the prototype to a more com-
plete representation over two or three months in the summer before she started
her PhD. The whole system, including the APES software used to execute the
representation, ran on a small micro-computer with only 64K of memory. I used
to say that for us at Imperial College, Fifth Generation computing meant any
computer with more than 64K of memory.

The work on the British Nationality Act was generally well received and well
regarded by the research community in Artificial Intelligence and Law, which
shared the pre-suppositions and starting assumptions, and by the lawyers and
government agencies with whom we produced various other applications. It did
attract negative publicity as well. In the climate of Alvey and the Fifth Genera-
tion there was even an article in The Guardian national newspaper about it. It
repeated a common criticism, that by attempting to represent legal rules as ex-
ecutable logic clauses we were, deliberately or out of ignorance, oversimplifying
and mistakenly thinking we could reduce legal decision making to the mechan-
ical application of fixed rules. We were accused of demonstrating a complete
ignorance of legal theory and jurisprudence, and a fundamental misunderstand-
ing of the nature of legal reasoning and the process of law. We thought that
in describing the work we had identified the background assumptions, and also
the limitations of what we had described, but these qualifications had obviously
not registered with some critics. That was tiresome enough, but the article went
on—to accuse us of being apologists for the racist policies of a right-wing gov-
ernment, and of grabbing government funding for these activities, out of greed
or näıvety or both. It even raised the spectre of computers at Heathrow Airport
that would decide who would be admitted into the UK and who would not.
Even allowing for journalistic licence, these claims were so outrageous (and so
completely wrong on every point of fact) that we felt obliged to write a letter of
complaint to The Guardian in our own defence. I say ‘we’ though I am not sure
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now whether Bob wrote on his own or whether it was a joint reply. Perhaps we
sent more than one letter. A short flurry of further correspondence ensued.

Bob has used the representation of legislation and regulations as a rich source
of motivating examples for developments in the treatment of general rules and
exceptions in logic programs12, and later in his work on the theory of argumen-
tation13. He has also been enthusiastic about using examples from legislation
to support his views about the value of logic in clarifying and communicating
statements of rules in natural language, whether these rules are intended for
execution in a computer program or not14. It is presumably these general views
that have irritated his critics.

For my own part, I learned long ago to avoid making reference to ‘AI and law’
or to ‘logic and law’ when asked in casual conversations, at parties and so on,
what I am working on. A mention of ‘Artificial Intelligence’ is often bad enough,
but ‘Artificial Intelligence and Law’ seems to be one of those topics on which
everybody has an opinion. Once my car was hit by a Frenchman who drove
his car backwards the wrong way out of a one-way street in the area around
Imperial College and while we were waiting to sort out the insurance details, he
lectured me for half an hour on the futility of AI applied to law. Apparently,
I was seriously underestimating the problems. I confess that on that occasion,
and others, I have resorted to sarcasm. “Oh no! Ten/fifteen/twenty years I have
worked in this area. The law is not just black-and-white? I never noticed. You
have opened my eyes. I see now that I have been wasting my time. You are right.
I will abandon it.” Why any intelligent person should automatically assume that
another intelligent person has never noticed that law is not ‘black-and-white’ and
that justice is not dispensed by the mechanical application of fixed rules is the
really intriguing question.

It is a facet of Bob’s character that he is prepared to take a dose of his own
medicine. So for example, at the time he was engaged in Alvey and other grant-
awarding committees in the 1980s, he had the idea that the decision making
could be improved and made more consistent by formulating clear rules about
what projects would or would not qualify for funding. He even formulated a draft
set of such rules. He tried essentially the same idea when Head of Department for
rationalising teaching and resource allocations. But it is a fundamental misun-
derstanding of Bob’s position to think that such rules are intended to be applied
blindly and mechanically. The idea is quite different. One applies the rules to a
particular case and examines the conclusion. If the conclusion is unacceptable,

12 Kowalski, R.A., Sadri, F. Logic programming with exceptions. In Proc. 7th Inter-
national Conference on Logic Programming (D.H.D. Warren, P. Szeredi, eds). MIT
Press, 1990, pp598–613. Also in New Generation Computing 9(3–4):387–400 (1991)

13 Kowalski, R.A., Toni, F. Abstract argumentation. Journal of Artificial Intelli-
gence and Law 4:275–296 (1996). Also in Logical Models of Legal Argumentation
(H. Prakken, G. Sartor, eds). Kluwer Academic Publishers, 1997

14 Kowalski, R.A. English as a logic programming language. New Generation Comput-
ing 8(2):91–93 (1990).

Kowalski, R.A. Legislation as logic programs. In Logic Programming in Action
(G. Comyn, N.E. Fuchs, M.J. Ratcliffe, eds). Springer-Verlag, 1992, pp203–230.
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or if someone wishes to disagree with the conclusion, the burden is to argue why
the rules should not apply in this case. If someone wishes to argue that one or
other of the conditions should be ignored or altered, the burden is on them to
argue why it should be so altered in this case. The rules serve as a device for
structuring the discussion. They are intended to expose the arguments and open
up the decisions to scrutiny. There is more to it than that—one might examine
the reasons why such a reasonable suggestion does not usually work in practice
or why it almost always meets with strong resistance—but it is not my purpose
here to give a complete account. I just wanted to give some indication of why
Bob’s views on ‘clear rules’ are not nearly as unsophisticated as some critics
have assumed.

A strand of research that attracted less criticism was our joint work on the
event calculus15, an approach to representing the effects of action and change
in a logic programming framework. It is another example of something that is
intended to straddle knowledge representation in AI and problems in mainstream
computing, such as temporal databases and database updates. The name was
coined (by Bob) to draw attention to the contrast with the conception of action
and change employed in the situation calculus of McCarthy and Hayes. Instead
of thinking primarily in terms of situations—states of the world at which nothing
changes—and actions as transitions between situations, we wanted to think first
and foremost about the occurrences of actions—events—and the periods of time
that they initiate and terminate; situations during which nothing changes are
incidental and there is usually nothing interesting to say about them. Although
not stressed in more recent presentations of the event calculus, most of the effort
went into deriving an effective computational framework from a general account
of events and periods of time and their properties. As in much of his other work,
Bob was particularly keen that the presentation should be made as generally
accessible as possible. I remember more than one discussion about how abstract
and technical the presentation should be. The event calculus was generally well
received—at least there were no articles in The Guardian about it. Variations,
applications, and large scale implementations were subsequently developed in a
number of other projects, including as a main strand of a European Community
ESPRIT project on temporal and qualitative reasoning. Bob’s main applied work
in that project was an application to air traffic flow management.

The formal treatment of action and change, and the associated problems
of default reasoning and exception handling, have been a constant throughout
Bob’s research career. These questions are as prominent in his latest research
on multi-agent systems as they were in his early work on knowledge representa-
tion. I can still cite ‘Chapter 6’ of Logic for Problem Solving without having to
look at the Table of Contents. These are issues that are at the heart of knowl-
edge representation. Opinions about their relative merits will vary, but together

15 Kowalski, R.A., Sergot, M.J. A logic-based calculus of events. New Generation
Computing 4(1):67–95 (1986). Reprinted in Knowledge Base Management Systems
(C. Thanos, J.W. Schmidt, eds). Springer-Verlag, pp23–51.
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with the situation calculus (in its many various forms), the event calculus (in
its many various forms) continues to be a major driving force for foundational
developments in knowledge representation.

In 1981 Bob visited Syracuse University for a short, one academic term, sab-
batical. Whilst there he collaborated with Ken Bowen on amalgamating object-
level and meta-level logic programming. Their joint paper16 was frequently cited
in later years in the context of ‘meta-level programming’ and ‘meta-level in-
terpreters’ though it was really about something quite different. The goal was
to combine the two levels in such a way that they could interact, so yielding
a very general and very expressive representational and reasoning framework.
The main technical problem was to achieve this interaction without introduc-
ing inconsistencies. The Bowen-Kowalski paper laid out the basic moves. Bob
continued the investigations with a PhD student, Kave Eshghi, and worked at
the applications, to default and epistemic reasoning in particular, until about
the mid-1990s. Meta-level inference was a strand of the Compulog project—the
Goedel language of John Lloyd and colleagues is a direct descendant—and was a
main theme of Bob’s MSc course on knowledge representation in the 1990s. With
Kave Eshghi Bob also investigated alternative accounts of negation by failure17,
combining ideas from the amalgamated object-level/meta-level work and from
abductive reasoning.

Abductive logic programming became increasingly important in Bob’s re-
search in the 1990s. It was embraced partly to support reasoning from effect
to possible causes, but also because the abductive proof procedures, when com-
bined with a treatment of integrity constraints, provided a computational system
that could overcome limitations of standard logic programming systems. I have
noticed over the years that Bob has a strong distaste for classical disjunctive
reasoning. It may be that an attraction of abductive logic programming is that
it provides an alternative way of dealing with disjunctive reasoning. Collabo-
rations with Francesca Toni and Tony Kakas developed an abstract account of
the abductive framework18, which in turn made connections to results emerging
in the theory of argumentation. The key idea here is that an argument, to be
admissible, must be able to defend itself against attack from other arguments
and itself. Varying the details yields argumentation frameworks with different
technical properties. Work with Francesca Toni, Phan Minh Dung, and Andrei
Bondarenko produced an argumentation-theoretic account of negation as failure,

16 Bowen, K., Kowalski, R.A. Amalgamating language and meta-language in logic pro-
gramming. In Logic Programming (K.L. Clark, S-Å. Tarnlund, eds). Academic Press,
1982, pp153–172.

17 Eshghi, K., Kowalski, R.A. Abduction compared with negation by failure. In Proc.
6th International Conference on Logic Programming (G. Levi, M. Martelli, eds).
MIT Press, 1989, pp234–254.

18 Kakas, T., Kowalski, R.A., Toni, F. Abductive logic programming. Journal of Logic
and Computation 2(6):719–770 (1992).
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and then more generally, an abstract argumentation framework which includes
many of the schemes for default reasoning as special cases19.

In recent years Bob’s interests have turned to multi-agent systems. Here the
aim has been to combine pro-active, rational problem solving with the reactive
behaviour of an agent situated in a changing environment through which it
also interacts with other agents. This brings together several of the recurring
themes of Bob’s research: goal-directed problem solving, the treatment of actions
and procedures, belief revision and the assimilation of new facts, and a search
for a way of reconciling and integrating two apparently conflicting models of
computation. With Fariba Sadri, Bob has been developing a general account
which combines a logic programming model of execution with a condition-action
execution cycle20. His longer term plans are to investigate systematic methods
for conflict resolution in multi-agent systems.

Some Personal Traits

This portrait would not be complete without some glimpse of Bob’s personal
characteristics. I make no attempt to identify them all, but three in particular
stand out for me. First, there is his dogged determination and self-discipline,
and the passion with which he embraces scientific concepts and theories. Second
there is his tolerance and sense of fair play, which is also connected to the way
he has coped with his celebrity. And third there is the question of his sense of
humour.

Bob is the most determined and self-disciplined person I have worked with.
He will say, no doubt, that he is not self-disciplined because he has temptations
and weaknesses. That is irrelevant. When I looked through his CV in preparation
of this article, the list of invited talks and travels alone seemed enough for a full-
time occupation. I think what impresses me most in this regard is his discipline
in dealing with tedious and time-consuming chores which others might put off
or simply fail to discharge conscientiously. Bob seems able to dispatch them all
with the minimum of fuss.

I have written papers and grant proposals with many different co-authors
and have seen other groups in action. All of them seem to experience the same
last-minute frenzy as the deadline approaches (and as the editors of this volume
would say, passes and recedes into the distance). Once when in the grip of three

19 Bondarenko, A., Dung, P.M., Kowalski, R.A., Toni, F. An abstract argumentation-
theoretic approach to default reasoning. Journal of Artificial Intelligence 93(1–2):63–
101 (1997).

20 Kowalski, R.A., Sadri, F. Towards a unified agent architecture that combines ra-
tionality with reactivity. Proc. International Workshop on Logic in Databases, San
Miniato, Italy. Springer-Verlag LNCS 1154, 1996, pp131–150.

Kowalski, R.A., Sadri, F. From logic programming to multi-agent systems. Annals
of Mathematics and Artificial Intelligence 25:391–419 (1999).
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converging deadlines, I was moaning to Bob about the strain and complaining
that everyone seemed to pick the same times for deadlines. Bob’s reaction was
to ask why I did not set myself my own deadline one week before each piece was
due and thereby avoid the last-minute stresses. Parkinson’s law does not apply
to Bob.

Bob recounts that when he was a student at the University of Chicago, he
obtained A grades in all his subjects, except for English writing skills in which he
did badly. Many of us would have shrugged our shoulders and dismissed it—“I
wasn’t really trying/taking it seriously”, “I am no good at it”. Bob’s response
was to set about an analysis of what had gone wrong, to diagnose the sources
of the problem and to devise methods for overcoming them. This was no easy
fix but something that he worked at over several years, and indeed continues
to think about still from time to time. When he was Head of Department, for
example, he set up a voluntary writing class for the PhD students. I do not
know what he told them exactly, but it must have been interesting, for eighteen
months after his retirement we still see PhD students searching plaintively for
the writing class. At the annual meeting at which we ask the PhD students how
their lives could be improved, the most common request was for a resumption
of the writing classes by Professor Kowalski.

This same determination and single-mindedness is evident also throughout
Bob’s technical work. His ability to take up an idea and then to apply it and
refine it and pursue it relentlessly is a major strength. Which is not to say that
he is always right, or refuses to change his views as a matter of principle. As in
the case of writing skills, when ideas do not get the same A grades as others,
they are subjected to thorough scrutiny and diagnosis and careful correction.

The passion and conviction with which Bob expounds his technical position
can be misinterpreted. In invited talks especially, he will sometimes deliberately
adopt an extreme point of view in order to provoke debate or to rehearse the
arguments that can be put forward for it. This has apparently led some to assume
that his views must be based on some kind of irrational emotional attachment,
and that with it must come a refusal to acknowledge the worth of alternative
points of view. Nothing could be further from the truth.

Bob is a widely recognised figure in computer science. His name appears,
deservedly, in most summaries of accomplishments and trends in computer sci-
ence, and in logic. This is why he receives requests from students asking for
biographical details they need for their project assignments.

The other side of celebrity, however, is that it attracts criticism and cari-
cature. For example, one article, in a 1987 volume of collected papers on the
sociology of research in AI and what it called the ‘AI establishment’, went so
far as to compare Bob with a now obscure 16th century figure, Petrus Ramus21.

21 Philip Leith. Involvement, Detachment and Programming: The Belief in Prolog. In
The Question of Artificial Intelligence, (Brian Bloomfield, ed), Croom Helm, London
1987.
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Ramus, according to the article, devised distorted and simplified forms of logic
or ‘method’ which he and his followers vigorously promoted for use across all
scholarly disciplines. The Ramist method, now all but forgotten (except perhaps
in the sociology of science where references to it seem to be quite common),
had a very widespread influence for a considerable time across the post-medieval
world. It is generally regarded as a curiosity and something of an aberration in
the history of logic and rhetoric, which I suppose is the point of the caricature.
So in that article parallels are seen between Bob and the figure of Ramus him-
self, in the ‘close technical analogy with the methods of Ramus and Kowalski’,
in their widespread influences, particularly over ‘impatient and not too profound
thinkers’, and in the lack of scientific detachment in the disciples of Ramus on
the one hand and the esoteric circle of Kowalski’s followers on the other hand.
The Logic Programming Group at Imperial College is described in these terms:

Within the academic software teaching and research group it seems—to
the outsider—that the entire department is involved in logic program-
ming. Some are involved in the theoretical issues (Clark and Hogger, for
example) and some are involved in more practical issues (Ennals, Sergot
and Hammond). Kowalski, to some extent, appears to stand above the
details of logic programming, leaving the particulars to the group. His
role is that of advocate for logic programming, a role which he plays
out through academic and commercial contacts and consultancies and
through involvement in the provision of research funds as a member of an
Alvey advisory committee. It would seem to be difficult for any member
of that group to move away from such a logic programming hegemony, for
a scientific establishment based upon that logic programming technique
must be expected to control its members.

There is nothing in the picture painted here that I recognise. I have no idea
where the author got the idea of a hegemony, or what made him think that
members were subject to some kind of control. The other facts quoted with
such authority are wrong too. Why did the author not bother to check them?
The general nature of the remarks in that article, and the repeated references
to funding agencies and Bob’s influence over the distribution of research funds,
leads me to think that the objectives of the article were not entirely scientific.

It is ironic that amongst his most vehement critics are persons whom Bob has
defended and supported, usually without their knowledge. And in contrast to
the picture painted above, Bob is no seeker of self-publicity. He is very sensitive
that collaborators and co-authors should receive their share of recognition for
joint work. When the Association for Logic Programming was formed in 1986 it
was typical that Bob preferred to take the role of Secretary rather than that of
President.

Indeed, if I had any criticism of Bob in this regard, it would be that his sense
of fair play can be too acute, and has been taken advantage of. When he was
Head of Department, for example, he would never, as a matter of principle, push
through by force what he could not obtain by reasoned argument. On occasion,
when forming committees or taking advice, he deliberately under-represented
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his own position and strengthened the representation of opposing views in an
effort to give the fairest possible hearing to all. Unfortunately, not everyone is
as scrupulous.

I turn finally to the question of Bob’s sense of humour. Some of my colleagues
will say that making remarks about this is like commenting on the appearance
of the current King of France. That is an over-simplification. Bob enjoys jokes
very much, but never tells them. He prefers something that might be called the
meta-joke.

For example, I remember when Bob was asked to be the Banquet Speaker at
the Conference on Automated Deduction (CADE) in Oxford in 1986. Bob had
agreed but was far from happy about it. He dislikes this kind of speaking and
finds it very awkward. I am not sure why. When he was Head of Department
he was often called upon to make little speeches and introductions, and always
found a way of doing them with elegance and wit. For the CADE speech Bob
asked my advice, or rather, he wanted suggestions for jokes he could include in
his speech, ideally but not necessarily something connected with deduction or
reasoning. “Don’t worry about it”, I said. “It’s like a wedding. Everyone wants to
be amused. Most of them will be half-drunk. Whatever you say they will laugh.
The contents don’t matter.” I suggested a couple of jokes he could use, with
the best reserved for the opening and the end. “You also need a packer”, I said.
“Something to keep things going in the middle. It doesn’t have to be very funny.
At that point they will all be laughing anyway, and you just need something to
keep things moving along. By the time they realise it isn’t funny, you will be
into your closing part and they won’t notice.” Bob looked dubious. “Trust me”,
I said.

I remembered a (not very funny) joke Dov Gabbay had told me about a
young man who wants to become the student of a famous rabbinical scholar,
an expert in the interpretation of Talmudic texts. The young man goes along
and asks if he may be allowed to study at the Master’s feet. “Perhaps”, says the
Master, “but first you must pass a test.” The student agrees. “Two men climb
down a chimney”, says the Master. “One comes out dirty, the other comes out
clean. Which one washes?” “That’s easy”, says the student. “The dirty one.”
“No”, says the Master. “The clean one. For consider: the dirty one will look at
the clean one and will think ‘If he is clean, I must be clean.’ While the clean one
will look at the dirty one and will think ‘If he is dirty, I must dirty.’ So the clean
one washes.” “Give me another chance”, says the student. “Very well”, says the
Master. “Two men climb down a chimney. One comes out dirty, the other comes
out clean. Which one washes?” “I know this”, says the student. “It is the clean
one who washes.” “No”, says the Master. “It is the dirty one who washes. For
consider: the clean one will look at himself and see that he is clean. While the
dirty one will look at himself and see that he is dirty. So the dirty one will wash.”
“Oh no!” says the student. “But please, give me one more chance.” “Very well”,
says the Master. “Two men climb down a chimney. One comes out dirty, the
other comes out clean. Which one washes?” “Ah, I think I have it now”, says
the student. “The dirty one washes.” “No, no”, says the Master. “I don’t think
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you are cut out for this line of work. How can two men climb down the same
chimney, and one come out dirty, the other come out clean?” This is not much
of joke, though it was funny when Dov told it, and it is about reasoning, of a
sort. Bob was not convinced. “Trust me”, I said. “It is a good packer. It will
keep them laughing until you get on to the better stuff. Perhaps you can even
work in some remark about legal reasoning, or something like that.”

The following Monday Bob was back in the office. “How did your Banquet
speech go?” I asked. “Disaster!” said Bob. “No-one laughed. Especially not at
that joke about the student and the chimney.” I was surprised. “It isn’t much of
a joke, I admit. But it should have been enough to keep them happy for a while.”
“Of course”, said Bob, “I did simplify it a bit. It seemed to me that it contained
a lot of redundancy, so I cut it down.” According to Bob, he eliminated the
redundancy and moved straight to the line “How can two men climb down the
same chimney and one come out dirty, the other come out clean?”

I have told this story to many people who know Bob well. They chortle with
delight when I get to the part “Of course, I simplified it a bit. There was a lot of
redundancy.” This is exactly what Bob would say, which is why I have included
it in this piece. But what is the real joke here? Fifteen years after that speech, I
do not know what Bob said at that banquet in Oxford. I know he was teasing me
with the reference to redundancy, but I do not know whether he made the same
remark in his speech, or whether he mentioned the student and the chimney at
all. It is a meta-joke, at my expense.

Conclusion

As part of my subtle interrogations for this article, I asked Bob if he could
summarise the various phases of his professional career by picking out an event
or anecdote that he would associate with each period of time. “What springs to
mind when I mention, say, Edinburgh in the 1970s?”, I asked. Bob’s answers were
as follows: Edinburgh in the 1970s—foundations of logic programming; Imperial
College in the 1970s—building up the group and finishing the book; 1980s—the
Fifth Generation Project and the Alvey Programme; 1990s—realisation that the
early promise of logic programming was not going to be fulfilled, disappointment,
and retrenchment (my word); the first years of the 21st century—waiting.

Now I could not let this pass without comment. I understand what Bob
means when he says ‘disappointment’. He is referring to the prospects of logic
programming as the unifying foundation for all of computing, and to the influence
of computational logic on the world outside computing. But honestly I cannot
see anything to be disappointed about.

In recent years Bob has given talks with titles along the lines of “Logic
programming: Where did it all go wrong?” or “Why was logic programming a
failure?”. Of course I know that he is being deliberately provocative when choos-
ing such titles and that the point of the talk is usually to identify the technical
reasons why logic programming as originally conceived does not measure up to
all requirements now. Perhaps I caught him on a bad day, but on the occasion I
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heard him deliver this talk I believe I detected a genuine tone of disappointment.
The title, on that occasion at least, was not entirely ironic.

I confess that my reaction was to laugh (inwardly, of course). All I could think
of was the image of George Best, a very famous ex-footballer (‘soccer player’)
in the UK, and the story he tells about himself on TV chat shows and the like.
I hope English readers will forgive me for digging up such a tired old chestnut.
I know it is corny but honestly it was the vision that flashed before my eyes at
this talk of disappointment. George Best played in the 1960s and early 1970s.
He is still internationally regarded as one of the two or three best footballers of
all time. His career ended tragically early (tragically for us, not necessarily for
him) in alcohol, and nightclubs, and even a short prison sentence. He finished
playing when he should have been approaching his peak.

George Best tells the following story about himself. Some years after he had
finished playing he was staying at a casino somewhere, in Las Vegas I think,
though the details do not matter. He was at that time accompanied by a Miss
World, or a former Miss World, or at least a Miss World finalist. I cannot re-
member. And one evening at this casino he won a considerable sum of money,
of the order of $20,000. Again the details do not matter. Back at his hotel suite,
while the former Miss World went into the adjoining bathroom, Best spread his
winnings, all $20,000 of it, over the bed and phoned room service for champagne.
The champagne was delivered by an old Irish waiter who of course recognised
George Best immediately. According to Best’s story, the waiter looked around
the bedroom—the vintage champagne in the ice bucket, the former Miss World
emerging from the bathroom, the cash spread all over the bed—and shook his
head sadly. “Mr Best,” he said, “where did it all go wrong?”

It seems to me that a field which annually has at least one, sometimes two,
international scientific conferences devoted to it is not a moribund field. And this
is not to count the journals, and the numerous series of workshops and meetings
(CLP, LOPSTR, ILP, LPNMR, among others) devoted to specific aspects of logic
programming and its applications. While logic programming may not have come
to be the foundation for all of computing, that is partly because the conception
of computing itself has changed. It is the cornerstone of many important sub-
areas of computing, and its influences continue to be felt across all of computer
science and AI.

I look at the chapters of this volume spread proverbially across the bed. I
think of the many others who would have jumped at the chance to contribute
a chapter to this volume. They are the former Miss Worlds peeking around the
bathroom door, so to speak. Looking at this I do not shake my head sadly and
ask “Where did it all go wrong, Bob?”. A better question would be “Where did
it all go right, Bob?”, except that we know the answer. This volume is a worthy
and deserved tribute to someone who has made a lasting contribution to the
development of computer science, and ideas far beyond.

An influential coach and all-round good guy. Yes indeed, among many other
things.
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Times have changed. Gone are the days when Logic Programming looked ready
to take over the world. In these days of the Internet, object-oriented program-
ming, reactive agents and multi-agent systems, we need a better understanding
of the possible role of Logic Programming in the future.

The argument for Logic Programming is based in large part on its Logi-
cal foundations. But Logic has been subjected to numerous attacks in recent
years, and these attacks have, therefore, shaken the very foundations of Logic
Programming.

Traditionally, researchers in Logic and Artificial Intelligence focussed on the
use of Logic to formalise the thinking process of an individual agent. They paid
little attention both to the environment in which the agent was embedded and
to the interaction of the agent both with the environment and with other agents.

Logic Without Model Theory

In my own work, I have at times taken an extreme view about the relationship
between a logical theory and the environment with which that theory interacts.
I now believe that that view has been partly to blame both for some of the
limitations of my own work and for some of the limitations of the approach to
logic programming I have advocated in the past.
In ”Logic Without Model Theory” [4], I wrote:

In model theory, there is a real world, consisting of real individuals,
functions and relations. In the more pragmatic theory, however, there
is only an inescapable, constantly flowing input stream of observational
sentences, which the agent is forced to assimilate. To inquire into the
source of this input stream and to speculate about the nature of the
source is both unnecessary and unhelpful. For all the agent can ever
hope to determine, the source might just as well be some form of virtual
reality.

Although such a view might be logically coherent, it undervalues the im-
portance of the environment. I now believe, differently from before, that the
environment is a real world, which gives meaning to an agent’s thoughts, in the
same way that a model, in the sense of model theory, gives meaning to sentences
in logical form.

A.C. Kakas, F. Sadri (Eds.): Computat. Logic (Kowalski Festschrift), LNAI 2407, pp. 26–32, 2002.
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The Observation-Thought-Action Agent Cycle

My new way of thinking has been inspired in large part by thinking about reac-
tive agents and multi-agent systems. Reactive agents and intelligent agents, more
generally, can be understood within the framework of an agent’s observation-
thought-action cycle.

The agent cycle has emerged, in recent years, as a more comprehensive frame-
work for understanding human and artificial intelligence. It puts logic in its place
as one way of thinking; and it highlights the importance of the agent’s interac-
tions with the world. The cycle can be put in the simplified form:

to cycle,
observe any inputs,
think,
select and commit to an action to perform,
act,
cycle.

Thus, for an intelligent agent, life is a potentially endless cycle of interacting
with the world.

What is important about the agent cycle is that it opens up a thinking agent
to the outside world. In fact, it would be more realistic of natural agents and
more general for artificial agents to view them as concurrent systems, which
observe, think and act concurrently, all at the same time.

Condition-Action Rule Production Systems

Logic programming, and indeed traditional logic more generally, are not obvi-
ously well suited to serve as the thinking component of the agent cycle. That
distinction belongs instead to the production system model, which, according to
[5], is the most widely accepted computational model of human intelligence.

Production systems represent the link between observations and candidate
actions by means of production rules, which have the form:

If conditions then actions.

For example:

If it’s raining, then carry an umbrella.

If it’s clear ahead, then step forward.
If there’s an obstacle ahead, then turn right.

If a car is rushing towards you, then jump out of its way.
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Condition-action rules are executed in the forward direction, by matching
their conditions with ”facts” in the current state, and deriving the corresponding
actions as candidates for selection and execution.

If several actions are candidates for selection at the same time, then the agent
needs to make a committed choice, from which there is no backtracking. For
example, if both of the following rules apply at the same time:

If it’s raining, then carry an umbrella.
If a car is rushing towards you, then jump out of its way.

then the second rule should take priority over the first.
Although there is no backtracking on the execution of an action, if a candidate

action has not been selected in one cycle, it may still be possible to select it in
a later cycle. So, for example, if it is raining, and there is a car rushing towards
you, and you succeed in jumping out of the way, then you can put up your
umbrella afterwards, if it’s still raining.

The internal state of an agent might consist entirely of production rules and
contain no internal, symbolic representation of the world. In such a case, it has
been said that the world serves as its own representation: If you want to find
out about the world, don’t waste time thinking about it, just observe it instead!

Abductive Logic Programming and the Agent Cycle

The problem with production systems is that they are not very good for rea-
soning about goals and for reducing goals to subgoals. However, as we all know,
this is where logic programming and backward reasoning excel.

But conventional logic programs are closed to changes in the environment.
They define all their predicates completely, and have no room for new infor-
mation. Abductive logic programming [2] solves this problem, by representing
observations and actions by means of abducible predicates. Unlike closed pred-
icates, which are completely defined by conventional logic programs, abducible
predicates are constrained by integrity constraints, which behave like condition-
action rules.

Thus abductive logic programs, as we have argued elsewhere [3], can combine
the goal-directed behaviour of conventional logic programs with the reactive
behaviour of condition-action rules.

Ordinary integrity constraints in database systems are passive. They merely
monitor updates to the database and reject updates that violate the constraints.
Integrity constraints in abductive logic programming agents, on the other hand,
are active, deriving candidate actions to ensure that integrity is maintained. They
also monitor candidate actions, to ensure that integrity would not be violated
by their performance. To the best of my knowledge, this latter use of integrity
constraints was first used in semantic query optimisation [1].

Thus integrity constraints in abductive logic programming agents can behave,
not only as condition-action rules, but also as obligations (to perform actions that
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maintain integrity) and as prohibitions (to prevent actions that would violate
integrity).

The following partial reconstruction of the London Underground Emergency
Notice shows one of the ways that integrity constraints and logic programs can
be combined:

If there is an emergency then you will get help.
You will get help if you alert the driver to an emergency.
You alert the driver to an emergency if you press the alarm signal button.

The first sentence is an integrity constraint, in which the condition is an
observation and the conclusion is a goal that needs to be achieved. The second
and third sentences are logic programming clauses, which reduce that goal to an
action that needs to be performed.

The World as a Model

The vision of the future that emerges from these considerations is of an agent that
uses abductive logic programs, to pursue its own goals, together with integrity
constraints, to maintain a harmonious relationship with the world that surrounds
it.

The agent cycle can be viewed as a game in which the world and the agent
are opponents. The moves of the world are the observations with which the world
confronts the agent. In the case of naturally intelligent systems, the agent’s own
body is part of the world; and the observations an agent receives from the world
include bodily sensations, like hunger and pain.

The moves of the agent are the actions that the agent performs, generated
by abductive logic programs, either proactively, by reducing goals to subgoals,
or reactively, by maintaining integrity constraints. These actions can include
actions, like eating, kicking and screaming, that affect the agent’s own body.

For the agent, the goal of the game, in this hostile environment, is to survive
and prosper for as long as possible: to perform actions that change the world,
so that future observations confirm both the truth and the utility of the agent’s
goals and beliefs.

Thus the world is a Herbrand model, specified, for the purposes of the game,
by the ground atomic sentences that the world generates piecemeal as observa-
tions for the agent. It is good if the agent’s beliefs are true of this world, because
then they can be used reliably for goal reduction and action generation. But it
is also important that they be useful, in that they give rise to actions that lead
to states of the world that achieve the agent’s goals.

The World and Multi-agent Systems

In this vision of an agent situated in the world, other agents are just other
inhabitants of the shared world. Thus, when agents interact with one another,
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they do so, as in blackboard systems, by performing actions on their shared
environment. A message sent from one agent to another consists of a speech act
performed by the first agent on the environment, paired with a corresponding
observation made by the second agent.

The shared environment in such a multi-agent system is still a model theoretic
structure, which changes over time. It is not part of a logic program or part of
a logical theory, which describes actions and events. But it is a structure that
actually changes state, so far as anyone can tell, by destructively ”overwriting”
itself.

Compare this view of multi-agent systems with the conventional logic pro-
gramming view that programs can be or should be purely declarative. Not only
do logic programs lack the assignment statement of imperative programming
languages, but they lack the shared environment needed to implement at a high
level the kind of multi-agent systems that occur in nature.

No wonder, then, that concurrent logic programming languages have not
caught on. They lack the destructive assignment statement of imperative pro-
gramming languages, and they lack the shared environment needed for high-level
multi-agent systems. And all of this is because they can only think declaratively
about actions, without actually being able to perform them.

The World, the Frame Problem, and Destructive
Assignment

The lack of destructive assignment in pure logic programming languages is a spe-
cial case of the frame problem: namely the problem of representing and reasoning
about changing states of affairs. For example:

The state of an object after changing its state is its new state.
The state of an object after changing the state of some other object is
exactly what it was before the change took place.

No matter how you do it, using such frame axioms, there is an unaccept-
able computational overhead involved in reasoning about the current state of
affairs. Unfortunately, in pure logic programming languages without destructive
assignment, there is no alternative but to incur such overheads.

In closed systems, it might be possible to reason about the changing states
of objects. But in open systems, in which objects have a life of their own or in
which they can be changed unpredictably by the actions of other agents, it is
not even theoretically possible.

The alternative, when all you are concerned about is the current state of an
object, is to let the world look after it for you. Since the world is a semantic,
rather than a linguistic structure, it does not have to be declarative. It can
change destructively without remembering its past. However, in those cases,
when you need to reason about the past or the future, observing the current
state of the world can be combined with reasoning about it by means of suitable
frame axioms.
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Thus abductive logic programming can be combined with destructive assign-
ment, in a single more general-purpose programming language for multi-agent
systems. The abductive logic programming part of the language can be used to
implement the thinking part of individual agents. The destructive assignment
part can be used to implement an environment that can be shared with other
agents.

In fact, the resulting language is a lot like Prolog with its database of as-
sertions, augmented with integrity constraints. The assertions can be thought
of as a Herbrand model, which is an internal simulation of part of the external
environment. Like the external environment, it can also change destructively, in
this case as the result of actions such as ”assert” and ”retract”.

Conclusions

The view of logic programming that I have just sketched has both engineering
and cognitive science implications. From an engineering perspective, it suggests
a new kind of general-purpose computer language, which embeds abductive logic
programs together with integrity constraints in a perpetual input-output agent
cycle, with an interface to an environment with destructive assignment, possibly
shared with other agents. The language incorporates a number of features of
Prolog that are not catered for by pure logic programming. It also incorporates
features of object-oriented and imperative programming.

For the practical purpose of gaining wider acceptance, it might be better,
initially, to present the extended language as an implementation language for
a specification language such as some kernel UML. In that way, it need not
compete with other programming languages or with established programming
methodologies. In many cases, of course, the implementation of the specification
will be sufficiently efficient that lower programming-level implementation will
not be necessary. Logic programming through the back door!

From a cognitive science perspective, the extension goes far beyond the simple
logic programming model of problem solving by goal-reduction. It incorporates
the condition-action rule model of problem solving as an additional component,
and it embeds them both in a sensory-motor system that interacts with an
environment that gives meaning to an agent’s thoughts.

As a cognitive model, the proposed framework is still only a basic skeleton. It,
obviously, needs to be extended further with other problem solving mechanisms,
such as learning; and it needs to be reconciled with other cognitive models,
such as neural networks. Nonetheless, it seems to me that the framework has
the potential to serve as the basis for a more comprehensive symbolic model of
cognition.

I know of no other approach that has such potential to serve as a general
framework for both computing and cognitive science. Adding this consideration
to the other arguments for logic programming in both of these fields, I believe
there is good reason to expect logic programming to prosper in the future.
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Abstract. In this paper we describe a distributed object oriented logic
programming language in which an object is a collection of threads de-
ductively accessing and updating a shared logic program. The key fea-
tures of the language, such as static and dynamic object methods and
multiple inheritance, are illustrated through a series of small examples.
We show how we can implement object servers, allowing remote spawning
of objects, which we can use as staging posts for mobile agents. We give
as an example an information gathering mobile agent that can be queried
about the information it has so far gathered whilst it is gathering new
information. Finally we define a class of co-operative reasoning agents
that can do resource bounded inference for full first order predicate logic,
handling multiple queries and information updates concurrently.
We believe that the combination of the concurrent OO and the LP pro-
gramming paradigms produces a powerful tool for quickly implementing
rational multi-agent applications on the internet.

1 Introduction

In this paper we describe an object oriented extension of the multi-threaded
Qu-Prolog described in [7]. We show how this can be used to quickly implement
multi-agent applications on the internet in which agents have both reactive and
pro-active behaviours that utilize quite rich inference systems. The different
behaviours execute concurrently, as separated threads of an active object that
implements the agent.

The original Qu-Prolog [12] was developed as an implementation and tac-
tic language for interactive theorem provers, particularly those that carry out
schematic proofs. It has built-in support for the kinds of data values typically
needed when writing a theorem prover in Prolog: object variables - the variables
of the logical formulae being manipulated, substitutions for these object vari-
ables, and quantified terms, terms denoting object level formulae with explicit
quantifiers over the object level variables. As further support, the unification al-
gorithm of Qu-Prolog unifies such quantified terms up to alpha-equivalence, that
is it knows about equivalence up to changes of quantifier bound object variables.
It also carries out the occurs checks before binding a variable. This is essen-
tial for implementing sound inference systems. Qu-Prolog is the implementation
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language of the Ergo theorem prover [1], which has seen substantial use in the
development of verified software.

Motivated by a desire to implement a multi-threaded, multi-user version of
Ergo, we then added multi-threading and high-level inter-thread communication
between Qu-Prolog threads running anywhere on the internet [7]. Each thread
has a internet wide unique identity similar to an email address. It also has a
message buffer of received but unprocessed messages which it can periodically
search for messages of interest. Communication between threads in different
Qu-Prolog processes makes use of the store and forward ICM communications
system [17] developed for the April language [18]. This offers robust middleware
for distributed symbolic applications. As an example, it can be configured to
automatically store messages for threads running on hosts, such as laptops, that
are temporarly disconnected, delivering them when the laptop reconnects.

In [7] we describe the multi-threading and the inter-thread communication
facilities in detail and show how they can be used to implement a distributed
deductive data base in which each data base comprises the clauses of a program
being executed by a multi-threaded Qu-Prolog process. The clauses in each data
base can contain remote calls that are queries for relations defined in other data
bases. Such a remote call takes the form DB?Call, where DB is the global identity
of the query interface thread for the other Qu-Prolog process. DB typically has
a value such as interface:qupDB@‘zeus.doc.ic.ac.uk’. The interface thread
can fork a new query thread for each received remote query. Moreover, although
we did not illustrate this in [7], different deductive data bases can do inference
using a different logic, a non-resolution inference system or even a modal logic.
Since each can have rules that call for sub-proofs in other deductive data bases,
we can easily implement distributed hybrid reasoning systems.

Threads in different invocations of Qu-Prolog can only communicate using
messages, but threads within the same invocation can also communiciate via the
dynamic clause data base. Asserting or retracting a clause is an atomic operation
with respect to the multi-threading. In [7] we showed how we can use the shared
dymamic clauses to implement a Linda-style tuple space manager in Qu-Prolog.
In addition, threads can be made to suspend waiting for a particular clause to be
asserted. Suspension waiting for a clause of a certain form to be asserted enables
one to implement daemons. A daemon is a thread that is launched but which
immediately suspends until the trigger clause is asserted.

In [8] we sketched how multi-threaded Qu-Prolog could be used to implement
DAI applications. With this type of application in mind, we have recently added
a concurrent object oriented layer to Qu-Prolog. This OO layer, which in this
paper we shall refer to as QuP++, is transformed into the base Qu-Prolog using
the term expansion pre-processing facilities of Qu-Prolog. It allows OO software
engineering methodology to be used to construct distributed Qu-Prolog appli-
cations, in particular multi-agent applications.

In the next section we give a brief overview of the main features of QuP++.
This is followed by section 3 which is an example based introduction to pro-
gramming in QuP++. In section 4 we show how object servers allowing remote
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spawning of objects can be defined and used to create and manage mobile objects
and agents. In section 5 we introduce the features of Qu-Prolog that allow the
implementation of non-resolution inference. We show how they can be used to de-
fine a reasoning agent that can do resource bounded inference for full first order
predicate logic both to answer questions about what it believes and to check for
possible inconsistency before it adds new information to its belief store. We then
elaborate the agent to a co-operative reasoning agent that can ask other agents
to engage in sub-prrofs on its behalf. In section 6 we conclude with mention of
related research.

2 Overview of QuP++

QuP++ is a class based OO language with multiple inheritance. A class is a
named collection of static Qu-Prolog clauses with an optional state component
comprising a collection of dynamic predicates and state variables, the latter
being Qu-Prolog atoms. The stucture of a class definition is:

class C isa [S1,.Si-[r/2]..,Sn] % optional inheritance
state [d/3,a:=9,b,{k(g,h). k(j,l)},...] % state components
clauses{ % sequence of static clauses
p(...):- ...
...
p(...):-super?p(...).
....
}private [d/3,..] % preds that are private

The dynamic predicates (of the object state) must be disjoint from the static
predicates of the class and any of its super-classes. Instances of the class share
the static clauses but do not share clauses for their dynamic predicates and do
not share state variable values.

A class definition with a state component is the template for an object. An
object is an instance of the class. The static clauses of the class are the fixed
methods of the object. Objects are active, each is implemented as one or more
independently executing threads. The clauses for the dynamic predicates and
the values associated with the state variables are the state of the object. Default
initial clauses for the dynamic predicates can be given in the class definition, e.g.
the clauses for k/2 above, as can default initial values for the state variables,
e.g. a:=9. A default value for a state component given in a class C over-rides
any default value given for the same state component in a super-class of C. A
state variable value can only be accessed and updated from the methods of the
class, and clauses for a dynamic predicate can only be asserted and retracted by
a class method. However, the dynamic predicates of an object can be queried in
the same way as the static predicates. Externally they look like extra method
names. They are methods with dynamic definitions unique to each object.

Static predicate names and state component names can be re-used in differ-
ent classes, they are treated as distinct names. Inheritance, by default, makes
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all the static predicates of the super-classes of a class C static predicates of C.
If an inherited predicate is redefined in a class, the new definition over-rides
the inherited definition. However, the combined superclass definition for a pred-
icate p/n can always be accessed from inside C with a call super?p(...). Using
super?p(...) we can make the new definition extend what would have been
the inherited definition, as in:

p(...):- ...
...
p(...):-super?p(...).

More precisely, the definition for p/n given in a specific super-class S can also be
accessed with a call super(S)?p(...). If the predicate p/n is not redefined in
C, the definition that is inherited in C is exactly the same as if it were redefined
in C as:

p(X1,..,Xn):- super(S1)?p(X1,..,Xn);
super(S2)?p(X1,..,Xn);
...
super(Sj)?p(X1,..,Xn).

Here S1,..,Sj are all the superclasses of C from which inheritance of p/n has not
been explicitly suppressed. Inheritance of the clauses for p/n, from a specific
super-class S is suppressed by using of S-[p/n], rather than S in the isa list of
super-classes.

A call p(...) in a static clause of a class C always denotes a call to the
definition for p/n of the class C, even if the call is executed inside an object O
that is an instance of a sub-class SubC of C that has redefined p/n. In contrast, a
call self?p(...) in a static method of C executed by O will be evaluated using
the definition for p/n of SubC.

Inheritance unions the state components of a class C with the state com-
ponents of all its superclasses. That is, all state variables of a super-class are
automatically state variables of C, and all dynamic predicates of a super-class
are automatically dynamic predicates of C.

By default, all the static and dynamic predicates of a class are visible, that is
they can be used in queries to the object instances of the class. Both static and
dynamic predicates can also be declared as private, in which case they can only
be called from methods of the class and its sub-classes1. Queries to instances of
the class cannot access the clauses for the private predicates. Such a call to a
private predicate of an object will fail.

An object instance of a calls C is created with a call of the form:

new(C,...,O)

where O is an unbound variable which will be assigned a system generated glob-
ally unique identity for the new object. O is actually the identity of the object’s

1 Private predicates are inheritable and can be redefined in sub-classes.
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default execution thread. This thread will immediately call the init method
of class C, if this is defined. This can be used to launch sub-threads of object
O using the QuP++ object thread fork primitive. The object sub-threads can
communicate with one another either by explicit messages using the inter-thread
message primitives of Qu-Prolog, or by updating O’s dynamic clauses or state
variables. Special QuP++ self assert and self retract primitives enable any
thread within an object to update the dynamic clauses of the object. The QuP++

primitives *= and := enable any object thread to access and update the value
of one of the object’s state variables2. The init method can also be used to an-
nounce the object’s presence by remote calls to other objects, for example a call
to a directory server registering some description of the object. On termination
of the init method, the default thread enters a loop in which it repeatedly ac-
cepts and evaluates remote calls for O. It suspends if there are no pending remote
calls. It becomes the object’s external interface thread - its reactive component.

A remote call is a query Q sent to O from another concurrently executing
object, anywhere on the internet. The query can be sent as a call O?Q, or a call
O^^Q3. (The differences between the two forms of call will be explained shortly.)
Q can be an arbitrary Prolog query using any of the visible predicates of the class
of O or any Qu-Prolog primitive4. Multiple remote calls, whether synchronous or
asynchronous, are queued at an object in time order of arrival. The object will
respond to them in this order.

A ? call is a synchronous communication, the client querying thread Cl sus-
pends until an answer is returned, which may be a fail message. Backtracking in
the client thread will generate all solutions of the remote call5.

A call O^^Q is an asynchronous remote call. Q is executed by O as a single
solution call. There is no automatic answer response from O to such a query, no
client variables in Q will be bound as a result of the call, and on the client side
the call always immediately succeeds. Usually Q will cause some update of the
state of O, or cause O to execute a remote call. This remote call could be either
a synchronous or an asynchronous call back to the object from which the query
was sent. The architecture of a QuP++ object is depicted in figure 1.

During the evaluation of any remote call received by an object O, the global
identity of the object QO from which the query came can be found by executing
a call caller(QO). This will unify QO with the global identity of the querying

2 Execution of the dynamic clause and state variable update and access primitives is
an atomic action. However it is a useful discipline to restrict update of a particular
dynamic predicate or state variable to a particular sub-thread and have other threads
only access the value.

3 There is also a O??Q form of call with the semantics as given in [7]. We shall not use
this form of call in this paper.

4 In addition, any predicate of a Qu-Prolog program can be used in Q if we know that
it will have been loaded by the Qu-Prolog process in which O is running. To the
QuP++ application these are seen as extra Qu-Prolog primitives.

5 For a call O?Q all solutions to Q are immediately found by O using a findall call and
returned by O to Cl as a list. There is then local backtracking in Cl over the different
solutions in the returned list.
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Fig. 1. A QuP++ object

object, which remember is the global identity of its interface thread. This will be
the case even if the query came from another sub-thread of QO. The pair of calls,
caller(QO),QO^^RCall, thus sends an asynchronous query RCall to the object
QO which sent O the remote call it is currently evaluating. If O executes this pair
of calls whilst evaluating an asynchronous call, O^^Q, from QO, the return call
QO^^RCall is effectively a response to QO for the query Q. Use of ^^ remote calls
and caller/1 enables objects to have asynchronous conversations as well as
client server interactions. This is particularly useful when the objects implement
agents.

Tests on the value returned by a caller/1 call can also be used to restrict
use of certain methods to known objects, or objects satisfying certain properties.
For example, a method:

p(...):- caller(QO), allowed_to_call_p(QO), ...

causes a remote call to p to fail if the querying object is not allowed to call p.
allowed to call p/1 can be a dynamic predicate initialised when the object is
created, and perhaps updated by calls to a method:
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allow_to_call_p(NewO):-caller(QO),allowed_to_call_p(QO),
self_assert(allowed_to_call_p(NewO)).

from objects already allowed to call p/k.

3 QuP++ by Example

Let us begin with a simple example program. This is a class definition for a person
object. In this case there is no inheritance, except from a default system class
that defines a set of standard method predicates for all objects. One of these is
the reflective method predicate/1 which can be used to query an object to find
its visible predicates. A call O?predicate(V), where V is a variable, will return
one at a time the names and arities of O’s visible predicates. Another system
class predicate is class/1. A call O?class(C) will unify C with the class name
of O. There are two other reflective predicates: myid/1 and mystate/1 which
are actually used in the above class definition. They can only be called from a
method. myid/1 unifies its argument with global identity of the object that calls
it. mystate/1 returns the entire current state of the object that executes the
call as a list.

class person
state [firstname/1,surname/1,age:=0,sex/1,child/1,parent/1]
clauses{
adult :- age*=A,A>18.
family_name(N):-surname(N).
likes(O):-child(O).

new_child(Fn,Sx,O):-
nonvar(O),!,
self_assert(child(O)).

new_child(Fn,Sx,O):-
surname(Sn),
myid(Me),
new(person,

[firstname(Fn),surname(Sn),sex(Sx),{parent(Me). }],
O),

self_assert(child(O)).

get_married_to(Sp):-
myid(Me),
Sp?(class(person);class(married_person),spouse(Me)),
mystate(St),
become(married_person,

[spouse(Sp)|St]).

} private {surname/1}.
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Let us now look more closely at the above class definition. The state decla-
ration:

state [firstname/1,surname/1,age:=0,sex/1,child/1,parent/1]

tells us that instances of this class will record the state of the object using clauses
for five dynamic predicates and one state variable age. The state variable has a
default initial value of 0. When we create an instance of the class we can give
values for the dynamic predicates and we can override the default value 0 for
age. For example, the call:

new(person,[firstname(bill),surname(smith),sex(male),age:=23],O1)

will create a new instance of the person class, with the clauses given in the
state list second argument as initial definitions for its dynamic predicates, and
the value 23 for its age state variable. The clauses for the dynamic predicates
and the state variable initialisations can be given in any order. Notice that this
person object does not have clauses defining parent/1 and child/1.

When an object is created it can be given a set of clauses for some or all
of its dynamic predicates and values for some or all of its state variables. For
a dynamic predicate these either over-ride or add to any default clauses given
for the predicate of the class definition. The choice is signalled by the way the
clauses are given in the object creation call. For a state variable any value given
in the object creation call always over-rides any default value it might have in
the class definition.

new/3 is one of two QuP++ primitives for creating new objects. The above
call to new/3 returns the global indentity of the person object as the binding
for O1. We can access O1’s state as recorded by its visible dynamic predicates by
queries such as:

O1?sex(S)

which binds S to male. We cannot directly access the age of O1 since this is
recorded as the value of a state variable. However we can use the adult method
to indirectly access its value. For example,

O1?adult

will succeed. The call age*=A in the adult clause uses the QuP++ primitive
*=/2 to access the current value of the age state variable. This call can only be
used in a method. An attempt to use it in a remote call such as O1?age*=A will
fail.

A call:

O1?predicate(P)

will in turn bind P to each of:

new_child/3, adult/0, family_name/1, get_married_to/1,
likes/1, firstname/1, sex/1, child/1, parent/1
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surname will not be returned as it was declared as private to the class. Its
definition can be accessed indirectly via the family name method. We have a
separate family name definition because, when we define the married person
subclass, we shall redefine this predicate.

O1?class(C)

will bind C to person.
The person class has a method new child/3 that both updates the state of

the object that executes it and may create a new instance of the person clause,
which is the object representing the recorded child. The asserted child/1 clause
records the child object’s global identity. A new person object is created if the
third argument of the new child/3 method call, the object identity of the child,
is given as an unbound variable. Thus, a call:

O1?new_child(mary,female,O2)

will result in a new person object with the global identity the returned binding
for O2 being created with state:

[surname(smith),firstname(mary),age:=0,sex(female),parent(O1)]

The new child/3 second clause is used and this calls the dynamic predicate
surname/1 to access the surname for object O1 in order to define the surname/1
dynamic predicate of the new person object that it creates. It also calls the
QuP++ primitive myid to find the global identity of the object executing the
method6. This is in order to give an initial clause for the parent/1 dynamic
predicate of the new person object, which is deemed to be a child of the object
executing the new child method. Finally the new child/3 method adds the
clause child(O2) to the state of O1 using the QuP++ primitive self assert.
self assert rather than assert is used to ensure that the dynamic clauses for
the same predicate in different objects are kept distinct.

Now a query:

O2?firstname(F)

or the equivalent queries:

O1?child(C),C?firstname(F)

O1?(child(C),C?firstname(F))

6 In many OO languages the returned binding for Me is denoted by use of the term
self. In QuP++ self can only be used as the object identity of a call, as in
self?p(..). If we want to embed its value as an argument of a remote call, as
here, we must find its value using myid/1. As we remarked earlier, a self?p(...)

call can be used within a method of a class C to signal that the latest definition of p
should be called in case the method is being executed by an instance of a subclass
of C which redefines p. This is a standard use of self in OO languages.
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can be used to find the first name of the new child object. The last two queries
differ with respect to where the call C?firstname(F) is executed. In the first
query it is executed in the object that executes the call O1?child(C), and in
the second it is executed in the object O1. The second is a remote call contain-
ing a remote call. Remember all the objects are executing as separate threads
which repeatedly accept and execute remote calls. The differences between the
evaluations of the two queries is depicted in figure 2.

O1

O2

Client
child(C)

C=O2

firstname(F)

F=mary

Client
O1

O2

child(C),
C?firstname(N)

C=O1,N=mary

firstname(N)

N=mary

Fig. 2. Remote calls

Let us now look at the method get married to/1. This does not create a
new object but metamorphises the person object that executes it into an instance
of the married person class. This is as a result of the call to the the QuP++

primitive become/2. This can be called by a static method of any object O and
when the method that calls it terminates the object O becomes an instance of a
new class. Importantly, it retains the same global identity. The first argument
of the become/2 call is the name of the new class, the second is a list, just
like the list argument of a new/3 call, giving values for some or all the state
components for the object as an instance of the new class. In the case of the
become/2 call of the get married to/1 method the new state list is the state
list returned by executing the system class method mystate with the clause
spouse(Sp) added as a new component. Notice that the method only succeeds
if Sp is an instance of the person class (i.e. as yet unmarried), or Sp is an instance
of the married person call that has the person being told to get married (the
Me returned by the call myid(Me)) as its recorded spouse. A call to mystate/1
unifies its argument with a list giving the current complete state of the object O
that executes the call. The state of an object O as a married person is its state
as a person object with an extra clause for a new dynamic predicate spouse/1.
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This clause records the identity of the object to whom the married person is
married.

As one can imagine, the married person class is best defined as a sub-class
of the person class. Its definition is given below. The isa person-[get mar-
ried to/1] of the class declaration means that all the static clauses and state
components of the person class, except the clauses for get married to/1 which
is not inherited and family name/1 and likes which are redefined, are automat-
ically included in the married person class. Note that the sub-class redefines
the likes/1 predicate as:

likes(O):- spouse(O);super?likes(O).

This redefinition calls the definition that would be inherited so it just extends
the person definition for likes/1. Note that get married to/1 is removed from
the methods of the married person class.

The sub-class also has a clause for the predicate init. When a class contains
a definition for init, which is always deemed as private to the class, it is called
immediately after any instance of the class is created, either by a new call, or
a becomes call. Only when the init method terminates will the object accept
external queries.

class married_person isa person-[get_married_to]
state [spouse/1]
clauses {
init:- spouse(Sp),

myid(Me),
Sp?spouse(Me) -> true;

Sp^^get_married_to(Me).

likes(O):- spouse(O);super?likes(O).

family_name(N):- sex(male) -> surname(N) ;
spouse(Sp),Sp?surname(N).

get_divorced:-
mystate(St),
remove(spouse(Sp),St,NSt),
myid(Me),
(Sp?spouse(Me)->Sp^^get_divorced),
become(person,NSt).

}.

Let us see what the effect of the init is if we execute the conjunction:

new(person,[firstname(june),surname(jones),
sex(female),age:=20],O3),

O3^^get_married_to(O1)
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where O1 is the previously created male instance of the person class. The call
O3^^get_married_to(O1) is an asynchronous call. It always immediately suc-
ceeds whether or not the call get married to(O1) succeeds in the object O3. No
answer bindings are ever directly returned from an asynchronous call and so the
query of the call usually contains no unbound variables, as here.

When O3 receives the query it will eventually execute:

become(married_person,
[spouse(O1),firstname(june),surname(jones),
sex(female),age:=20])

and this causes O3 to become an instance of the married person class. This in
turn, will cause the automatic execution of the init method of this class by O3.
This will query O1, the recorded spouse of the metamorphised O3, to see if O1
‘knows’ that its spouse is the object executing the init method, i.e. O3. The
init method finds the global identity O3 by executing the call myid(Me). Since
O1 is at this time an instance of the person class, it will have no clauses for
spouse, and the call Sp?spouse(Me) will fail. This will result in the execution
by O3 of the asynchronous remote call:

O1^^get_married_to(O3)

and this will cause O1 to metamorphise into an instance of the married person
class, with recorded spouse O3. Now the init call executed when O1 becomes a
married person will find that its spouse O3 does ‘know’ that it is married to O1
and the distributed activity started by the init executed by O3 will terminate.
The init method ensures consistency between the state components of the two
married person objects.

Note that it is essential that the remote call to get married to/1 of the init
method is executed asynchronously. Before the remote call terminates, the ob-
ject that executes the call will itself be queried. The interaction between O1 and
O3 is as depicted in the figure 3. If O1 executed the remote get married to(O1)
query to O3 synchronously, that is if it suspended until the remote query suc-
cessfully terminated, it would not be able to respond to the synchronous query
spouse(O3) from O3. The two objects would deadlock, and neither would be
able to complete their init methods.

Finally let us look at the get divorced method for a married person. This
causes a married person object O to metamorphise back into a person object
and ensures that the recorded spouse, if it ‘believes’ it is still married to O,
similarly reverts to being a person.

4 Object Servers and Mobile Agent Objects

Below is a definition of an object server class. Instances of this class can be
sent messages to remotely spawn objects and can be used as stepping stones by
mobile agent objects.
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person object
        O3

person object
        O1

get_married_to(O1)

become(married_person,
              [spouse(O1),...])

married_person
    object O3

get_married_to(O3)

become(married_person,
              [spouse(O3),...])

married_person
    object O1

spouse(O3)

spouse(O1)

object  metamorphosis

fail

succeed

Fig. 3. Object state synchronisation

An object server accepts requests to create new objects for a particular
class keeping track of which objects it has created, in which class, in a dynamic
predicate class of/2. It also allows objects to be created with given public
names, as we shall describe below. It keeps track of these public names in a
dynamic relation used names. The two dynamic predicates are not private, so
both can be queried by other objects. Use of such an object server assumes that
the class definitions for all the classes for which it may need to create instances
have been loaded by the Qu-Prolog process in which the object server is running.

class object_server
state [class_of/2,used_name/1]
clauses {
newob(C,Inits,O) :-

var(O),
new(C,Inits,O),
self_assert(class_of(C,O)).

newob(C,Inits,N,O) :-
atom(N),
var(O),
\+ used_name(N),
new(C,Inits,N,O),
self_assert(used_name(N)),
self_assert(class(C,O)).

}.

The class has two methods, one for newob/3 and one for newob/4. The first
takes the name of the class and the state components and creates a new object
with a system generated identity O that will be returned to the client providing
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the method was invoked as a synchronous query. The method for newob/4 has
an extra argument, N, which must be an atom. It then calls the four argument
new primitive passing in this symbol N. This will use N to construct the global
identity O. For example, suppose we have an instance of the object server
class running on a machine ‘zeus.doc.ic.ic.ac’ within a Qu-Prolog process
with the name objects. The Qu-Prolog process can be given this name by a
command line option when it is started. If we send it the remote synchronous
query:

newob{person,[firstname(bill),...],billS,O)

then O will be bound to:

billS:objects@‘zeus.doc.ic.ac.uk’

providing billS is not already a used name for an object already created by the
object server. (The already used names can be found by querying its used names
dynamic relation.) This is a public global identity that can be used to refer to
this particular person object in any QuP++ application. A call:

billS:objects@‘zeus.doc.ic.ac.uk’?family_name(N)

from any QuP++ object, anywhere on the internet, will be routed to the object
via the ICM[17] message transport system7.

More usefully, we can give such a public identity to the object servers running
on each internet host. We can do this by launching each object server, in a Qu-
Prolog process with the name objects, with a call:

?-new(object_server,[],server,_).

If we do this on the host zeus.doc.ic.ac.uk, we can remotely launch an object
on this host with a remote call:

server:objects@‘zeus.doc.ic.ac.uk’?newob(person,[...],O).

or, if we want the launched object to have a public name, with a query:

server:objects@‘zeus.doc.ic.ac.uk’?newob(person,[...],billS,O).

As we remarked earlier, such a remote launch requires that the class definition for
person has been loaded on zeus.doc.ic.ac.uk. We could, however, elaborate
the object server so that it keeps track of which class definitions have been
loaded, loading new ones as required. Then all that we need to assume is that
we only use a given object server to create objects for classes to which it has
access to the class definition.

7 This typically requires ICM processes to be running on each host on which we have
a QuP++ process running.
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Consider now the class definitions:

class mobile_object
clauses {
move_to(Host,O):-
mystate(St),
class(C),
server:objects@Host?newob(C,St,O),
die.

}.

mobile_person isa [person,mobile_object].

The mobile object class is an abstract class. It will have no direct instances
but can be used as a super-class whenever we want some class of objects to be
re-locatable. The mobile person class inherits from this class, and the person
class.

The single method of the mobile object class takes the name of a host
machine, Host and relocates the object by sending a remote newob/3 query to
the publically named object server on that host. Executed by a mobile person
object, the call mystate(St) will bind St to the person state component and
the call class(C) will bind C to mobile person. The last action of the method,
executed if the remote newob call succeeds, is die. This terminates all the threads
executing within the object on the current host.

Suppose O1 is mobile person object initially created by a newob/3 query to
some object server. If we then execute8:

O1?move_to(‘pine.doc.ic.ac.uk’,O2)

then, providing there is an object server running on that host, the object O1
will relocate to become the object with global identity O2. This safely relocates
an object that only has the default interface thread executing at the time it is
relocating and the move to is executed by this thread. If we want to relocate a
multi-threaded object we should program it so that all threads but the interface
thread have terminated, perhaps after recording information about their execu-
tion state in the state of the object, before move to is executed. The object’s
class should then have an init method that will re-launch the additional threads
when the object is re-launched on the new host.

Of course, if we are to have objects moving from object server to object
server, we should augment the object servers so that they can be informed when
an object moves. We should add a new method to the object server class:

moved_to(NewHost):-
caller(O),
self_retract(class_of(O,C)),
(O=N:_@_,atom(N)->self_retract(used_name(N));true).

8 We can also identify the host using its IP number
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and the move to/1 method of a mobile object should be:

move_to(Host,O):-
mystate(St),
class(C),
server:objects@Host?newob(C,St,O),
myid(_:objects@CurrHost),
server:objects@CurrHost^^moved_to(Host),
die.

Notice that the new moved to/2 method of the object server uses caller /1
to find the identity of the local object that is moving, and the move to method
finds the identity of the object server that should be informed of the move by
massaging the term that is its own global identity. It makes the assumption that
all these moving objects are created by newob messages to object servers and
hence have global identities of the form:

Name:objects@CurrHost

This is the case even if the object is not given a public name, Name is then an
atom such as object234.

To many, a mobile agent is a mobile object with a purpose. The purpose
manifests itself in proactive behaviour when the agent object arrives at a new
site. Below is a class definition for a two threaded generic mobile agent object.

class mobile_agent isa mobile_object
state [name,hostlist,script/1,report_to]
clauses {
init:-

hostlist*=[CH|Hosts], % find where I am -- head of hostlist
hostlist:=Hosts, % update hostlist
report_to*=R, % find agent to report to
name*=N, % find my name
myid(Me), % find my current global id
R^^i_am_now(N,Me), % inform report_to agent of new id
object_thread_fork(_,script(CH)). % execute script for CH

% as a separate thread
} private [move_to].

It has a state component which is a list of hosts to visit, and a script of what
to do as it arrives at each host. The script is given by clauses for the dynamic
relation script/1. It has another state component, report to, which is the
global identity of an agent to which it should report, and one called name which
is some name by which it can be recognised. Each time it arrives at a host it
executes the init method. This sends an asynchronous call to the report to
agent object giving its current global identity. This is so that the report to
agent can send remote queries accessing its current state.
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The init method of this class also calls the script progam passing in the
name of the current host which is assumed to be the first host on hostlist.
The script is executed as a separate object thread so that the main thread of
the object can become the default interface thread responding to remote calls,
in particular calls from the report to agent that will have been informed of its
current identity. It also updates hostlist by removing the current host name.
The called script/1 program will typically end by executing a move to/1 call
on the inherited method of the mobile object class. To implement a mobile
agent we only need to assume that this generic class definition is available on
each host that the agent will visit. The actual script for the mobile agent will
be passed as part of the state component of the agent and will be agent specific.

server:objects@H1?newob(mobile_agent,
[hostlist:=[H1,...,’zeus.doc...’],report_to:=R,
{script(’zeus....’):- % script for home base
make_visible(found_pair/2),
!. % terminate script thread
script(H):- % script for elsewhere
make_visible(found_pair/2),
forall(server:objects@H?

class_of(Mp,married_person),
(Mp?(sex(male),spouse(Sp)),
self_assert(found_pair(Mp,Sp)))),

hostlist*=[H|_],
self^^move_to(H,_).}],_)

The above call creates a mobile agent that moves to each of the list of hosts
[H1,...’zeus.doc...’] reporting to an agent object �R. It is initially created
on H1. In all but the last host ’zeus.doc...’, which is its home base, perhaps
the host on which R resides, it queries all the local married person objects to
create a list of the married person pairs on that host. It finds the identities
of the married person objects by querying the class of relation of the local
object server. The found married person pairs, if any, are cached in a new dy-
namic relation found pair. self assert can be used to add clauses for dynamic
relations that are not declared in the state component of an object’s class. By
default they become additional private dynamic relations of the object and are
automatically collected as part of the state list constructed by mystate/1. So the
clauses for these additional dynamic relations will move with the mobile agent.
Any private dynamic predicate can be made visible if the object executes a call to
make visible/1. This is what our mobile agent script does at each host, allowing
the report to agent to query the found pair/2 relation each time the mobile
agent reports its new identity. Finally note that the last action of the script,
at other than the home host, is an asynchronous call self^^move_to(H,_) to
itself. This is instead of of a direct method call move to(H, ). The direct call
would result in the inherited move to method being executed in the script thread,
whereas the asynchronous self call results in its being sent as an asynchronous
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remote call to the interface thread of the mobile agent. Sending it for execution
in the interface thread is cleaner. It means that when it is executed the script
thread on the current host will have terminated because it immediately termi-
nates after sending the self call. It also means that any remote synchronous
call currently being executed by the interface thread, and any such calls that
are pending, will be completed before the move to method is executed by this
thread. (Remember that remote calls are queued and executed by the interface
thread in time order of arrival.)

This is a very simple mobile agent program but the agent, in its ability to
concurrently accept queries about the information it has gathered, whilst it is
gathering new information, is quite sophisticated. Its activity is as depicted in
figure 4. We can use the same program to launch mobile agents with scripts
that find out new hosts to visit, adding the host name to hostnames. We can
also define other mobile agent classes, inheriting from this class, or directly from
mobile object, that allow agents to be recalled or given new scripts on their
journey.

object
server object

server

report_to
agent

newob(mobile_agent,...)

launched
mob. ag.
with two threads

     

i_am_now(O)

 script
sub-thread

class_of(..)
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person obj.
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interface
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    O

self^^move_to(..)

newob(mobile_agent,...)

object state

Different hosts

Fig. 4. Simple mobile agent

5 Advanced Reasoning Agents

In this section we show how the Qu-Prolog support for quantifiers, substitutions
and object variables can be used to implement powerful reasoning agents that
go beyond Prolog inference.

In order to support the programming of such reasoning agents the Her-
brand Universe (or object-level) of Qu-Prolog extends that of normal Prolog.
Qu-Prolog’s Herbrand universe has quantified terms and object level variables.
Correspondingly the meta-level of Qu-Prolog includes terms to represent the



Agents as Multi-threaded Logical Objects 51

object-level quantified terms and variables. Object variables (or more strictly
object-variable variables) are meta-level variables that range over variables at
the object-level. This means that one object variable may be bound to another
during unification, but cannot be bound to any other kind of term.

Qu-Prolog also supports a notation for substitution application. Such a meta-
level term represents the application of a substitution to a term at the object-
level with change of bound variables as required.

Unification in up to alpha-equivalence. In other words, the unification algo-
rithm attempts to find instantiations of variables that make two terms equal up
to change of bound variables. We present some example unification problems
shortly to illustrate the unification of quantified terms.

Note that, in Qu-Prolog, there is a distinction between substituition and
instantiation. When talking about substitution we mean variable substitution
at the object-level and consequently change of bound variables is required when
‘pushing’ a substitution into a quantified term (at the object-level). On the other
hand, instantiation (often called substitution when discussing standard Prolog)
is really substitution at the meta-level. Instantiations therefore ‘move through’
terms representing object-level quantified terms without requiring change of
bound variables.

Object variables use the same syntax as Prolog atoms but are distinguished
from atoms by declaration. The declaration

?- obvar_prefix([x,y]).

declares x and y, as well as x and y followed by numbers or underscores and
numbers, as object variables. So, for example, x0, y_1 are also object variables.

Quantifier symbols are declared using the same method as declaring opera-
tors. So, for example,

?- op(500, quant, q).

declares q to be a quantifier symbol with precedence 500. Note, however, that
this declaration does not give any semantics to the quantifer symbols (other than
as an object variable binder) – the semantics are defined by the predicates of
the program.

Assuming the declarations above, the following interaction with the inter-
preter shows Qu-Prolog unification in action.

| ?- x = y.
x = y
y = y

| ?- x = a.
no

| ?- q x f(x) = q y f(y).
x = x
y = y
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| ?- q x A = q y B.
x = x
A = [x/y]B
y = y
B = B
provided:
x not_free_in [$/y]B

| ?- [A/x]B = 3.
A = A
x = x
B = B
provided:
[A/x]B = 3

The first example shows that object variables can be unified with each other.
The second example shows that object variables don’t unify with other terms.
The third example shows that unification of quantified terms is up to alpha-
equivalence – neither x nor y is instantiated by the unification.

The forth example extends the third example – to make the two terms alpha
equivalent all free occurrences of y in B are replaced by x. The notation [x/y]B is
the application of a substitution to B with this property. Note that, without more
information about B, the substitution cannot be evaluated. Also note that the
unification adds the constraint x not_free_in [$/y]B (where $ is an atom).
This constraint is also required in order to make the terms alpha-equivalent.
If x and y represent different object variables then the constraint reduces to
x not_free_in B – which says that since the left hand side of the unification
has no free x’s then neither can the right hand side. On the other hand if x and y
represent the same object variable then the constraint becomes true since there
are no free x’s in [$/x]B. Also, in this case there are no free x’s on either side
of the unification.

The final example shows a unification problem that delays, that is, becomes
a constraint. This is because the unification problem has two solutions: B = 3
and B = x, A = 3. Unification problems that have more than one solution or
problems for which it is hard to prove there is only one solution, delay in the hope
that some future computation will simplify the problem. The Qu-Prolog release
comes with an example program, incomplete_retry_delays that attempts to
find solutions to delayed unification problems. This program is used in the Ergo
prover to eliminate such delays on request and is used in our example below to
eliminate any remaining delayed unification problems.

Let us now look at the implementation in QuP++ of a reasoning agent whose
inference engine is a tableau style prover for full first order predicate logic. The
inference engine is given a list of sentences in first order logic and tries to find
a contradiction – in other words it tries to show the collection of sentences is
unsatisfiable. The inference engine is supplied with a resource bound that limits
the number of inference steps.
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We begin with a discussion of the inconsistency checker class (the inference
engine) and later look at the reasoning agent class.

The inconsistency checker and the reasoning agent and its clients need to
represent logical formulae as Qu-Prolog terms and this is aided with the following
declarations.

?- obvar_prefix([x,y]).
?- op(860, quant, all). % The universal quantifier
?- op(860, quant, ex). % The existential quantifier
?- op(810, fx, ~). % negation
?- op(820, xfy, and). % conjunction
?- op(830, xfy, or). % disjunction
?- op(840, xfy, =>). % implication
?- op(850, xfy, <=>). % equivalence

Following the declarations, the Qu-Prolog parser will then recognize the terms
below (for example).

all x p(x)
[A/x]B
all x_1 ex x_2 (p(x_1) => q(x_2))

The first term represents the quantified term whose quantifier symbol is all,
whose bound variable is x and whose body is p(x). The seond term represents
a substitution application where all free x’s in B are to be replaced by A.

The header for the inconsistency checker class is given below. The state
variable simplifier is the address of a simplifier agent that the inconsistency
checker uses to simplify the formulae.

class inconsistency_checker
state [simplifier]
inconsistent(Fs,R,RR):-

find_contradiction(Fs,R,RR,not_simplified_yet).

% ... clauses for find_contradiction/4 and make_instances/5
} private [find_contradiction/4,make_instances/5]

In the only public method of this class, inconsistent(Fs,R,RR), Fs is a list of
formulae and R is a resource bound – the maximum number of inference steps
allowed in trying to reduce Fs to an obviously inconsistent list of formulae. RR
is the remaining sumber of inference steps after an inconsistency is found. The
state variable simplifier holds the identity of a simplifier agent that can be
used, at most once, to do auxilary simplification reductions.

find_contradiction(_,0,_,_):- !,fail. % resource bound exceeded
find_contradiction(Fs,R,RR,STag) :-

member(~true, Fs),!,
RR is R-1.
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find_contradiction(Fs,R,RR,STag) :-
member(~(X=X), Fs),
incomplete_retry_delays,
!,
RR is R-1.

find_contradiction(Fs,R,RR,STag) :-
member(X, Fs),
member(~X, Fs),
incomplete_retry_delays,
!,
RR is R-1.

find_contradiction(Fs,R,RR,STag) :- % Split conjunct.
member_and_rest(A and B, Fs, Rst),
!,
NR is R-1,
find_contradiction([A,B|Rst],NR,RR,STag).

find_contradiction(Fs,R,RR,STag) :- % Remove an ex quantifier.
member_and_rest(ex x A, Fs, Rst),
x not_free_in Rst,
!,
NR is R-1,
find_contradiction([A|Rst],NR,RR,STag).

find_contradiction(Fs,R,RR,STag) :- % Branch on disjunct.
member_and_rest(A or B, Fs, Rst),
!,
NR is R-1,
find_contradiction([A|R],NR,IRR,STag),
find_contradiction([B|R],IRR,RR,STag).

find_contradiction(Fs,R,RR,STag) :- % Branch on implication.
member_and_rest(A => B, Fs, Rst),
!,
NR is R-1,
find_contradiction([~A|R],NR,IRR,STag),
find_contradiction([B|R],IRR,RR,STag).

find_contradiction(Fs,R,RR,STag) :- % Do univ. instantiations.
make_instances(Fs, Fs, NewFs, R, NR),
NR < R, % made at least one univ. instantiation
!,
find_contradiction(NewFs,NR,RR,STag).

% Call the simplifier - only if not been called before.
find_contradiction(Fs,R,RR,not_simplified_yet) :-

NR is R-1,
simplifier*=S,
S?simplify(Fs,SFs), % remote call to simplifier agent
find_contradiction(SFs,NR,RR,simplified).
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% Make instances of all universal and
% negated existential formulae.
make_instances([], New, New, R, R).
make_instances([H|T], Fs, NewFs, R, NR) :-

( H = all x A
->
IFs = [[_/x]A|Fs],
IR is R - 1

;
H = ~ex x A
->
IFs = [~[_/x]A|Fs],
IR is R - 1

;
IFs = Fs,
IR = R

),
make_instances(T, IFs, NewFs, IR, NR).

The private method find_contradiction/4 attempts to reduce its Fs argu-
ment to a contradictary list and succeeds if it can do this within the resource
bound of R steps. The last argument is a symbol flag that switches to simplified
when the simplifier agent has been used in a particular inference, preventing
another use. The third argument will return the final resource count when a con-
tradiction is found. It is not of interest for a top level call, but it must be used
when an inference splits into two sub-proofs to ensure that the second sub-proof
uses only the resource left after the first sub-proof succeeds.

The first clause for find_contradictition/4 causes the call to fail when the
resource bound has been reduced to 0. The next three clauses deal with direct
contradictions in its list of formulae first argument. The remainder deal with the
logical operators and simplification. We only give representitive examples of this
last group of clauses. The predicate member_and_rest(E,L,R) succeeds if E is
somewhere on L and R is L with E removed.

The sixth clause eliminates existential quantifiers. The call to the built-in
predicate not_free_in/2 constrains x to be not-free-in R as required.

The universal instantiation rule makes an instance of each universal and
negated existential formula and adds this to the list of formulae. For example,
the formula all x A is instantiated to A with all free x’s in A replaced by a new
meta-variable representing a yet-to-be-determined instance and this is added as
a new formula. Since the universally quantified formulae remain, the rule can
be re-applied any number of times providing there is at least one new formula
added by its application. Repeated application of the rule to the same formulae
is needed because sometimes a proof requires several different instantiations of a
universally quantified formula. After each application we can expect that earlier
rules will apply to the augmented list of formulae and these will be exhaustively
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applied before it is re-used. The earlier rules always remove the formula to which
they apply.

The universal instantiation rule is made to fail if no universal instantiation
is found by the call to the auxiliary predicate make_instances/5 to prevent
repeated, pointless application to lists of formulae which contain no universally
quantified formulae. In this case, when the universal instantiation rule is first
called and fails, only the simplification rule can be used, as a last resort. After
this has been used once, when all the earlier rules have been exhaustively applied
and the universal instantiation rule is recalled and again fails, the entire proof
fails.

The last clause sends a message to a simplifier agent that attempts to simplify
the formula list according to its own simplification rules. The prover agent waits
until the simplifier returns a simplified list. This clause demonstrates how one
reasoning agent can take advantage of the skills of other reasoning agents in
solving its problems. The simplifier might, for example, be a rewrite system for
arithmetic subexpressions.

We now give an example of the inference engine in action by showing the
sequence of transformations that find_contradictition would generate given
a list of formulae.

(initial list)
[ ~ex x r(x), p(a) or ex x1 q(x1), all y1 ~q(y1),

all z1 p(z1) => r(z1)]

(or rule on: p(a) or ..)
[ ~ex x r(x), p(a), all y1 ~q(y1), all z1 p(z1) => r(z1)],

[~ex x r(x), ex x1 q(x1), all y1 ~q(y1), all z1 p(z1) => r(z1)]

(univ. instant. rule on: ~ ex x .., all y1 .., all z1 ..
of first list)

[~r(X1), p(a), ~q(Y1), p(Z1) => r(Z1), ~ex x r(x),
all y1 ~q(y1), all z1 p(z1) => r(z1)],

[~ex x r(x), ex x1 q(x1), all y1 ~q(y1), all z1 p(z1) => r(z1)]

(implies rule on: p(Z1)=>r(Z1) of first list)
[~r(X1), p(a), ~q(Y1), ~p(Z1), ...],

[~r(X1), ~q(Y1), r(Z1), ...],

[~ex x r(x), ex x1 q(x1), all y1 ~q(y1), all z1 p(z1) => r(z1)]

(contradiction rule appied to: p(a),~p(Z1) of first list
and to: ~r(X1),r(Z1) of second list)

[~ex x r(x), ex x1 q(x1), all y1 ~q(y1), all z1 p(z1) => r(z1)]
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(ex rule applied to: ex x1 q(x1))
[~ex x r(x), q(x2), all y1 ~q(y1), all z1 p(z1) => r(z1)]

(univ. instant. rule applied to:
~ex x r(x), all y1 ~q(y1), all z1 p(z1) => r(z1))

[~r(X2), ~q(Y2), p(Z2) => r(Z2), ~ex x r(x), q(x2), ...]

(contradiction rule applied to: ~q(Y2),q(x2))
success

When the ex rule is applied the new object variable (which comes from the
rule instance) is set to be not free in all the other formulae in the list.

Note that we can use find_contradiction to attempt answer extraction
during the proof. If, for example, we have the formula ~r(X), instead of the
formula ~ex x r(x) in the list of formulas at the start of the above contradiction
derivation, a contradiction will also be found generating the binding X=a. In fact,
if the formulae in the knowledge base are essentially horn clauses and the ‘query’
formula is of the right form then find_contradiction behaves as a Prolog goal
evaluator.

However, answer extraction is not always possible. If we take ~ex y r(y) as
the query formula and if the knowledge base consists of the formula ex x r(x) or
the formula r(a) or r(b) then find_contradiction will succeed. If, however,
the query formula is ~r(X) then a contradiction cannot be found. In the first case,
the use of the rule for existential quantification causes a not-free-in condition to
be generated that prevents X from being instantiated to x. In the second case,
two different instantiations are required during the proof.

We now turn our attention to an example of a reasoning agent class. This is
the class definition for a reasoning agent. Each reasoning agent object contains
a knowledge base of believes facts that can be initialised when the agent is
created and added to whilst it is alive. Clients of the reasoning agent can use the
ask method to see if the agent believes the supplied formula. The agent believes
the formula if it is in the knowledge base or can be deduced from the knowledge
base within the supplied inference step resource bound.

class reasoner isa inconsistency_checker
state [believes/1, told/1, mentor/1]
clauses{
init :- object_thread_fork(_,absorb_told_info).

absorb_told_info:-
thread_wait_on_goal(self_retract(told(F)),
findall(S, believes(S), Fs),
( inconsistent([F|Fs],200,_) ->

true
;
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self_assert(believes(F))
),
absorb_told_info.

tell(B) :-
caller(M),
mentor(M),
self_assertz(told(B)).

ask(F,_) :-
believes(F),
!,
caller(Cl),
Cl^^proved(F).

ask(F,R):-
nonvar(F),
integer(R),
R>0,
caller(Cl),
object_thread_fork(_,try_to_prove(F, R, Cl)).

try_to_prove(F, R, Cl) :-
findall(S, believes(S), Fs),
( inconsistent([~F|Fs],R,RR) ->

Cl^^proved(F,RR)
;
Cl^^not_proved(F,RR)

).
}
private [try_to_prove/2, absorb_told_info/0, inconsistent/2,

told/1].

As an example use of this program, suppose we execute:

new(reasoner,[{believes(p(a) or ex x1 q(x1)). ..},..],Ag)

where the agent is given the formulas:

p(a) or ex x1 q(x1), all y1 ~q(y1), all z1 p(z1) => r(z1)

as its initial beliefs. If some other agent Cl then sends the query:

Ag^^ask(r(X),100)

Ag will spawn a contradiction sub-proof trying to reduce:

[ ~r(X), p(a) or ex x1 q(x1), all y1 ~q(y1),
all z1 p(z1) => r(z1)]

to a contradiction. Since this will succeed, the reply:

Cl^^proved(r(a))

will be sent to the client agent.
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The mentor/1 dynamic predicate is used to tell the agent which other agents
are allowed to give it new information by calling its tell method. Notice that
the method does not immediately add a believes/1 fact. Instead a told/1 fact
is asserted and it is the responsibility of the absorb_told_info ‘daemon’, that
runs as a separate thread launched by the init method, to check if the told
sentence F is inconsistent with the sentences already in the knowledge base. If it
can prove inconsistency within a resource limit of 200 inference steps then the
told sentence is ignored. Otherwise the told sentence is added to the knowledge
base. This is potentially dangerous since it could produce a knowledge base with
‘deep’ contradictions, but it is pragmatic. That the agent will not accept tell/1
calls except from its mentors is another safeguard.

The meta-call predicate thread_wait_on_goal, used in the reasoner class
definition, causes the thread to suspend until the goal which is its argument
succeeds. That is, the argument goal is tried. If it succeeds, the meta-call succeeds
and no further solutions of the argument goal are sought on back-tracking. If
it fails, the thread executing the meta-call suspends until there is some update
to the dynamic clause data base, or the record date base. The argument call
is then retried. This try, fail, retry, continues indefinitely until the argument
goal succeeds. In this case it will cause the absorb_told_info object thread to
suspend until some told(F) fact is asserted by the interface thread. The thread
deletes the asserted fact and asserts a believes(F) fact if F cannot be shown to
be inconsistent with the agent’s current beliefs within 200 inference steps. If it
can be shown to be inconsistent with the current beliefs no belief fact is asserted.
The absorb_told_info thread then recurses to handle the next asserted told/1
fact.

This is one simple example of a reasoning agent. Another possibility is to
define a cooperative reasoning agent that can be used to implement a distributed
knowledge base. The system would contain a collection of agents, each with their
own local knowledge base, that would cooperate to produce proofs based on the
combined knowledge of the group. Each agent could have meta knowledge about
which other agents ‘know about’ particular predicates and hence can be asked to
prove or disprove predications (or their negations) containing these predicates.

To achieve this we can define a sub-class coop_reasoner of the reasoner
class. This is given below.

It has an extra dynamic predicate:

has_proved_false(L,Ag,RR)

which is used by the agent to record answers to isfalse/2 queries it has sent
out to other agents. It also has extra methods for accepting asynchronous calls
isfalse(L,R), that cause the agent to try to contradict L within R inference
steps, and for accepting asynchronous proved_false(L,RR) replies to such calls
that it has sent to other agents. Here RR is the number of inference steps left
from the resource R given in the isfalse/2 request.

The three new clauses for find_contradiction/4 add a new way for ter-
minating a contradiction proof. When a literal L is found in the current list of
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formulas with a predicate P, and the agent believes that some other agent Ag
knows about P, providing the complement literal to L is not in the currentl list,
Ag is sent an asynchronous isfalse(L,RforAg) call. The proof then continues
with asked(L,A) replacing L in the list of formulas. (For this reason we need
the second new clause for find_contradiction/4 that terminates a proof when
a literal is found for which there is an asked/2 formula mentioning its comple-
ment.) RforAg is a number of inference steps that Ag should use in trying to
contradict L. It is got by dividing up the remaining inference steps in a manner
dependent upon L. We leave this undefined. A suitable default definition would
just halve the remaining inference steps, no matter what L is. Notice that when a
sub-contracted proof is achieved inside the given resource bound, signalled by the
eventual self asserting of a has_proved_false(Ag,L,RR) dynamic clause by the
concurrently executing interface thread as a result of a proved_false(L,RR)
call, the unused inference steps RR of the sub-contracted proof are added to the
still unused inference steps of the main proof to give a more accurate value for
the unused the inference steps of the main proof.

The agent’s interface thread will concurrently be responding to queries from
other agents, including any proved false(L) reply sent back from Ag. The in-
terface thread will respond to this by self asserting a has proved false(L,Ag).
These dynamic facts are handled by the second new clause. This second clause
looks for asked(L,Ag) reminders left in the current list of formulas. For each
such reminder it checks to see if has proved false(L,Ag) holds, i.e. if such a
fact has been asserted by the concurrently executing interface thread. If any such
replies have been received to the sub-contracted proofs, the main contradiction
proof immediately terminates.

class coop_reasoner isa reasoner
state [has_proved_false/3]
clauses {
find_contradiction(Fs,R,RR,STag) :-

member_and_rest(L, Fs, Rst),
literal(L),
predicate_of(L,P), % perhaps should sub-contract L
believes(knows_about(P,Ag)), % to Ag but should not if
complement(L,CompL), % Fs contains complement of L
\+ member(CompL,Rst), % or a note that Ag has been
\+ member(asked(CompL,Ag)), % asked about its complement
divide_up(L,R,RforAg,NR),
!,
isfalse(L,RforAg)^^Ag,
find_contradiction([asked(L,Ag)|Rst],NR,RR,STag).

find_contradiction(Fs,R,RR,STag) :-
member(L, Fs),
literal(L),
complement(L,CompL), % find complement to L
member(asked(CompL,_), Fs), % equiv. to having CompL
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incomplete_retry_delays,
!,
RR is R-1.

find_contradiction(Fs,R,CRR,STag) :-
member_and_rest(asked(L,A),R),
has_proved_false(L,A,RR), % reply has come from A about L
incomplete_retry_delays,
CRR is R + RR,
!.

find_contradiction(Fs,R,RR,STag):-
super?find_contradiction(Fs,R,RR,STag).

proved_false(L,RR):-
caller(Ag),
self_assert(has_proved_false(L,Ag,RR).

isfalse(L,R):-
caller(Ag),
findall(S,believes(S),Fs),
object_thread_fork(_,try_to_contradict(L, R, Ag)).

try_to_contradict(F, R, Ag) :-
findall(S, believes(S), Fs),
inconsistent([F|Fs],R) -> proved_false(L)^^Ag ; true.

} private [has_proved_false].

6 Related Work

With repect to its OO features the design of QuP++ has been much influenced by
L&O [16] and DK-Parlog++ [9]. L&O is an OO extension for a single threaded
Prolog and the objects are not active. However, QuP++ borrows its inheritance
semantics from L&O. DK-Parlog++ is an OO extension of a distributed hy-
brid of Parlog[6] and the multi-threaded IC-Prolog II[10]. DK-Parlog++ classes
have both procedural methods (Parlog clauses) and knowledge methods (Pro-
log clauses). Object state, as in QuP++, is represented by both state variables
and dynamic clauses. QuP++ methods are the equivalent of the DK-Parlog++
knowledge methods. However, DK-Parlog++ has only single inheritance and
does not have built in support for multi-threaded objects where all the threads
can access and update the object’s state with atomic operations. It is also re-
stricted to a local area network, whereas QuP++ objects can be distributed over
the internet.

DLP [11] is perhaps the closest distributed OO LP language to QuP++. DLP
has classes with multi-inheritance and class instances run as separate threads.
Object state can only be recorded as state variables, not as clauses. Method
invocation is a remote synchronous call. The default is that such a call spawns
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a query sub-thread in the target object. This is similar to the O??Q remote call
of QuP++ that we have not discussed in this paper. For a query O??Q the dif-
ferent solutions are returned by O to the caller Cl, one at a time, as required
by backtracking within Cl. This is distributed backtracking and its QuP++ im-
plementation is sketched in [7]. For a O?Q call all its solutions are returned to
Cl in a list with local backtracking within Cl. DLP does not have the equiva-
lent of the ? and ^^ remote calls. In addition, it appears objects can only be
single threaded. An object can have the equivalent of an init method but this
cannot spawn sub-threads, it can only spawn new objects that have a separate
state. Because of this the DLP init method must periodically expiclitly inter-
rupt its pro-active execution to accept remote calls. One cannot have QuP++

style multi-threaded objects, with one thread accepting remote calls whilst the
other threads concurrently engage in their own specific activities interacting, if
need be via the shared object state. In addition, neither DLP and DK-Parlog++
have reflective methods such as class/1 and mystate/1 and consequently do
not allow easy programming of mobile agents. Both are also OO extensions of
normal Prolog, with no special support for writing inference systems.

CIAO Prolog is a rich Prolog systems that also has multi-threading[4], with
inter-thread communication via atomic updates of the dynamic data base, and a
module system which has been used to implement an OO extenssion O’CIAO[5].
O’CIAO supports multiple inheritance between classes with class methods being
static clauses and object state being represented as dynamic clauses. Dynamic
clauses for the different object instances are distinguished in the same way as in
QuP++ by adding the object identity as an extra argument to the predicate they
define. The objects of O’CIAO are passive objects, the instances do not run as
separate threads, however CIAO itself has active modules which can also have
state, repesented as dynamic clauses local to the module. These active modules
can be given global identities that can be stored in files and client modules
can make use of the active module by referencing this file and declaring which
predicates it is using from amongst those that are exported by the module.
These exported predicates are then called in the normal way within the client
module, but the implementation will do a remote call to the active module. The
concept of an active module/class could be added to O’CIAO to give it active
objects. Also, the multi-threading of CIAO could be used to allow multi-threaded
objects sharing the same dynamic clause object state, but this integration of all
the features of CIAO has apparently not yet been done. CIAO Prolog also has
constraint handling but has no built in support for programming non-clausal
theorem provers.

Mozart-Oz[19] is a multi-paradigm distributed symbolic programming lan-
guage with support for logic programming, functional programming and con-
straint handling. It is being used for distributed agent applications[22]. It also
has passive objects, essentially records of functions which can access and update
state local to the record. Mozart-Oz is multi-threaded with the threads shar-
ing a common store of values and constraints. The store is used for inter-thread
communication. Constraints are posted to the store and the store can be queried
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as to whether some particular constraint is entailed by the current constraint
store. A thread executing such a query will suspend until the store entails the
constraint. This is a generalisation of our use of thread_wait_on_goal/1 in
QuP++.

In Mozart-Oz any data value, including on object or an unbound variable
of the constraint store, can be shared across different Mozart-Oz processes by
creating a ticket for the data value using a special primitive. The ticket is an
ASCII string and is similar to the global identity of an active object in QuP++,
which is a term constructed from three symbols. This ticket string can then
be used in another Mozart-Oz process to access the value associated with the
ticket, even if it is held in a non-local store, by calling another ticket value access
primitive.

Active objects can be programmed by using a Mozart-Oz port which can be
sent a message from any thread that has access to the port, perhaps via a ticket.
A port is rather like an object’s message queue in QuP++. Another thread then
accesses the messages sent to the port as elements of an incrementally generated
list, calling an appropriate method of some local passive object for each accessed
message. Such a port/thread/object combination behaves very like a QuP++

active object, but the calling of the object’s methods and the sending of replies
has to be achieved in Mozart-Oz using explict asynchronous message sends to
ports and explicit accesses of messages from the port message streams. That is,
what we have referred to as the interface thread has to be explictly programmed
as a wrapper for an object to make it active. This is how the remote calls of
QuP++ are implemented, using the inter-thread communication primitives of
Qu-Prolog[7], but QuP++ presents to a programmer the higher level abstraction
of synchronous and asynchronous remote calls directly to an object’s methods.

Gaea[20] is a multi-threaded OO Prolog system with active objects which
have dynamic methods and modifiable inheritance trees. Gaea is not a class
based OO system. Instead each active object, which in Gaea is just a thread
with an associated cell of clauses, executes in an environment of a list of parent
cells for its cell. These parent cells have the role of super-classes, but the list of
parent cells can be dynmically constructed as the object is created. Each of
these parent cells can itself have an associated list of parent cells. So an object
executes in an tree structured environment of ancestor cells rooted at its cell.
This is similar to a QuP++ object executing in tree structured environment of
the static methods of its super classes (the parent hierarchy of Gaea cells) with
its own state component of dynamic clauses and state variables (the root cell
directly linked with the Gaea object/thread). The difference is that in Gaea, the
inheritance structure is created dynamically, as the active object is forked, and
it can be modified whilst the object is executing. Any parent cell of a cell can be
removed and new ones can be added. So the entire inheritance hierarchy for an
object is dynamic. These modifications to the inheritance structure can be made
by the object itself, or by another object executing in the same Gaea process.

Cells can contain cell variables as well as clauses. The cell variables are similar
to the state variables of a QuP++ object. The cell clauses can be updated using
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special cell assert and retract primitives, similar to the self assert and retract
of QuP++, as can the cell variables. Objects communicate via the clauses and
cell variables of the cells they both have access to. In addition, a call can be
evaluated relative to a named cell. When this is the root cell linked with an
object, this is equivalent to a call to the methods of that object, even though the
call is executed in the caller, rather than the callee. Clearly this is only possible
when the different objects execute in the same Gaea process, for only then will
each have access to the cell clauses of the other objects. Gaea is not a distributed
system.

The ability to modify the inheritance structure of an object is a much more
dymamic way of changing an object’s behaviour than the become/2 primitive of
QuP++. However, the flexibility may come at a cost of program transparency.
Gaea has no special support for writing theorem provers.

λProlog, see for example [2], is a logic programming language with built-in
support for λ-terms and consequently can be used as an implementation language
for theorem provers in much the same way as is done in Qu-Prolog. λProlog
does not, however, appear to provide as much support as Qu-Prolog does for
implementing interactive theorem provers, nor does it appear to have support
for multiple threads or even high-level communication bewteen different λProlog
processes.

In this paper we have shown how simple multi-threaded agents can readily be
implemented in QuP++. Since our main concern was illustrating the features of
the language we have not developed any complex agent architectures. However,
it would be no great effort to implement logic based agent architectures such
as those described in [3], [21], [23]. Implementing more complex architectures,
with both sophisticated reasoning and reactive capabilities, is the subject of our
on-going research.

Bob Kowalski wrote a short paper in 1985 [13] which anticipated many of
the ideas now being discussed with respect to logic based agents. In particular,
the paper discusses the need for information assimilation by resource bounded
reasoning agents, interacting with one another and the world. Our co-operative
reasoning agents are a partial realisation of the ideas expressed in that paper. His
ideas have since been elaborated in [14] and [15] to allow interleaving of action
and reasoning within an agent, in order to reconcile the need for rationality and
reactivity. The agent architectures sketched in these more recent papers could
also easily be implemented in QuP++.
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Abstract. We specify the major characteristics of the Internet under
the headings: heterogeneity, service characteristics, dynamic nature, no
global notions, and unreliability (i.e. security and partial failure). In the
process, we identify five categories of Internet services: hosts, active en-
tities, agents, semistructured data, and passive code.
Logic Programming (LP) languages for the Internet are divided into six
broad groups: shared variables, coordination, message passing, client-
side execution, server-side execution, and integration of heterogeneous
data sources. Within each group we attempt to highlight the advantages
and disadvantages for Internet programming in terms of our Internet
characteristics and services, and describe LP languages that typify the
group.

1 Answering the Challenge

In the mid 1980’s, Carl Hewitt argued that Logic Programming (LP) was in-
adequate for modeling open systems [67]. Hewitt’s objections rest on classical
logic’s use of a static, globally consistent system which cannot represent dynamic
activities, inconsistencies, and non-global concerns.

At the time, his broadside was addressed by two papers. Kowalski [77] agreed
that model theoretic formulations of logic were lacking, and proposed the use
of knowledge assimilation to capture change, along with additional elements
to deal with belief systems. Kowalski’s subsequent work on the event calculus
and reactive and rational agents [78,79] can be viewed as developments of these
ideas. Kahn and Miller suggested concurrent LP as the logical framework for
open systems [75].

Another way of answering Hewitt is to look to the Internet, the World’s
largest open system. Among other things, this survey shows that LP is a suc-
cessful component of Internet programming languages, employed for tasks rang-
ing from security semantics, composition of heterogeneous data, to coordination
‘glue’. Many approaches have moved beyond first order logic (e.g. to concurrent
constraints, linear logic, higher order), and LP is frequently combined with other
paradigms (e.g. mutable state, objects). Furthermore, many of the programming
concerns for the Internet are still less than fully understood: for example, there
are unanswered problems related to mobility, security, and failure. No single
Internet language, including an Internet LP language, has all the answers yet.
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2 From LAN to Internet

Cardelli [25] argues that the Internet is not some scaled-up version of a LAN, but
actually violates our familiar assumptions about distributed systems, learnt from
multiprocessor and LAN-based applications. We specify the differences under five
headings: 1) Heterogeneity; 2) Service Characteristics; 3) Dynamic Nature; 4)
No Global Notions; and 5) Unreliability.

2.1 Heterogeneity

Due to wide variations in Internet components, it is impossible to make predic-
tions about overall behaviour. This covers topics such as processor capabilities,
available resources, response time, and latency. In particular, bandwidth fluctua-
tions due to unpredictable congestion or partitioning means that any guarantees
of services will be guesses at best, and that failure becomes indistinguishable
from long delays.

In the next sub-section, we identify five kinds of Internet service: hosts, active
entities, agents, semistructured data, and passive code. Each of these exhibit
quite different capabilities and behaviours, and have a variety of owners and
authors.

2.2 Service Characteristics

Hosts Hosts are services which stay in one (virtual) location, perhaps acting as
a Web server, virtual machine, or resource provider. Virtual locations are defined
in terms of their position within administrative domains, through which mobile
services (e.g. agents) must move. Domains may be nested, and a mobile service
must have suitable capabilities to move in and out of those domains it visits.

The utilisation of administrative domains (a non-technical constraint on pro-
gramming) gives rise to a view of the Internet as a hierarchical set of spaces with
non-flat addressing, non-transparent routing, and non-free mobility – a radical
departure from a LAN-derived model [26].

Active Entities Typically criteria for an active entity are autonomy, reactivity,
concurrency, and non-determinism [67,75].

The arguments for employing the object oriented paradigm as part of an
Internet model are so strong that other paradigms, such as LP, must find ways to
reconcile themselves with it. Several recent object oriented deductive languages
are compared in [82]. An older survey of LP-based object oriented languages is
[44].

The disconnected nature of entity communication is often modeled by asyn-
chronous message passing (to decouple communication delay from computation).
Other reasons for an arm’s length relationship are to maintain security and pre-
vent failure of one entity affecting others.
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Active entities may be mobile, deciding for themselves where to go – this is
part of their autonomous behaviour. The inclusion of mobility into a program-
ming language and/or system makes network transparency very hard to maintain
[19]. Mobile entities require knowledge about current node (or host) connectivity
and the location of site-specific resources. Mobility can mean different things:
moving the entity’s code, moving a reference to the entity (its execution loca-
tion remaining unchanged), the entity’s state, or relocating its computation or
closure. Designing suitable abstractions for these approaches, especially inside
an open system architecture, are difficult problems.

Agents There are various definitions of agents [60,55], which are considered
in more depth elsewhere in this volume. We will not discuss agent theories or
languages.

Semistructured Data Semistructured data on the Web/Internet has been
investigated extensively by Abiteboul [1]. It has an irregular structure (usually
involving nested or cyclic structures), a mix of typed and untyped elements, and
parts of the data are implicitly structured or partially specified. Significantly,
these kinds of structural requirements are beyond the representational powers
of many calculi and algebras.

Two important aspects of semistructured data on the Web is how to query
it, and how to combine data from heterogeneous sources.

Passive Code A familiar example of passive code is the Java applet. In terms
of functionality, passive code is similar to an active entity, the main difference
being its means of mobility. An active entity decides for itself where to go,
while another service (e.g. a Web browser) decides whether to download passive
code. It is in that sense that the code is passive – it does nothing until another
service executes it. Passive data mobility (sometimes called code fetching) is
usually implemented via copying, while active entities actually move. This has
consequences for the semantics of updates.

2.3 Dynamic Nature

Nothing is permanent on the Internet: all the services described in section 2.2 can
change over time, new services appear, others disappear or move. This implies the
need for white and yellow page services but, due to the lack of global knowledge,
they will never be able to index everything. In any case, administrative domains
will hide certain services.

Connectivity will also change, perhaps because of hardware issues, or because
logical link information is passed around the system. Assumptions based on
topology and routing behaviour will be suspect – for example, that messages
arrive in the order they are sent.
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2.4 No Global Notions

The Internet has no global time or state (knowledge base). Administrative do-
mains mean there is no single naming scheme. Control/coordination is decen-
tralised: to avoid bottlenecks in communication, because it is more scalable, and
due to the impossibility of organising a single locus of control or coordination.

2.5 Unreliability

Security There can be no global trust, which implies the need for security.
Until recently, security issues were concerned with the safe handling of messages,
including the problems of eavesdropping, masquerading, tampering, and replay
[39]. With the growing importance of mobile code, security concerns have become
more complex.

Moore [95] identifies two problematic areas of mobility: a host requires pro-
tection against malicious mobile services (i.e. active entities, agents, downloaded
passive code), and a mobile service must guard itself against dangerous hosts.

Thorn [123] considers four issues in the malicious mobile service category:
maintaining the confidentiality of a host’s private information, retaining the
integrity of its information, preventing denial of service attacks, and visitor au-
thentication. These issues are complicated by security being potentially ‘spread’
through many layers in a host.

Security is arguably at the heart of mobile entity design, since it defines
the boundaries of control and responsibility between the entity and its host’s
execution environment.

Partial Failure Partial failures of the Internet fall into two main parts: node
(host) failure and network link failures, with numerous subdivisions. For exam-
ple, Coulouris et al. [39] identify node failures where the current state is lost,
corrupted, or an earlier state is restored on restart. Other types of error, which
may be caused by node or link failure, include message loss, message corruption,
or message delay beyond some time limit.

In practice, fault tolerant protocols utilise time-outs and retransmission of
messages based on assumptions about the maximum likely response time of a
service and the likelihood of repeated message loss. Another approach is to use
transactions, either implicitly added to the client by the system, or as a language
construct. A popular language solution is to pass detected failures to the client
as exceptions.

Waldo et al. [128] names partial failure as one of the four areas which makes
distributed computing fundamentally different from local computation (the oth-
ers are latency, memory accesses, and concurrency). Waldo believes that it is
impossible to satisfactorily integrate failure handling for local and remote enti-
ties without introducing unacceptable compromises.
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3 Let the Games Commence

This survey utilises the classification structure given in Figure 1. Within each
category, we identify the advantages and disadvantages for Internet program-
ming, and describe languages which typify that category.

– Shared Variables
• Concurrent (Constraint) LP
• Distributed Oz/Mozart

– Coordination
• Linda and LP
• Parallel Multiset Rewriting

– Message Passing
• IC-Prolog II and Friends
• PVM-Prolog
• Mercury

– Client-side Execution
• Libraries
• Query Languages
• Web Pages as Programs
• Java and LP

– Server-side Execution
• Libraries
• Modifications to CGI

– Integration of Heterogeneous Data Sources
• Classical Integration
• New Wave Integration

Fig. 1. Categories of LP Languages for the Internet.

A useful online resource for Internet and Web programming using LP and
constraint LP is http://www.clip.dia.fi.upm.es/lpnet/index.html. It con-
tains links to numerous workshops and other resources.

4 Shared Variables

The languages described here utilise shared logic variables as a communications
mechanism between processes. This approach raises many questions: Are shared
variables alone expressive enough for the range of communication protocols re-
quired? Can such a technique be efficiently implemented? Are shared variables
really any better than conventional communications devices (e.g. message pass-
ing, mailboxes)? What do the introduction of these ideas do to the semantics of
the logic language?

Most research has addressed the communications aspects of using shared
variables. Little consideration has been given to partial failure, security or mo-
bility.
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4.1 Concurrent (Constraint) LP

We will not discuss the concurrent LP and concurrent constraint LP paradigms
in depth, as they are considered elsewhere in this volume; we also recommend
[109,122,105]. The impact of concurrent LP on client-side and server-side Web
programming is deferred to sections 7 and 8.

Paradigm Features Concurrent LP offers a process reading of logic programs,
which is quite different from sequential LP, but well suited for the implementa-
tion of reactive, dynamically changing systems with encapsulated mutable state.

There are no global notions in concurrent LP languages: communication is
based solely on shared variables which must be explicitly allocated between the
processes. A process network is equivalent to a conjunction of AND-parallel
goals.

Programs utilise very fine grained parallelism at the level of individual goal re-
ductions. Even in distributed memory multiprocessor implementations, the over-
head of goal management (e.g. task creation, migration to a processor, switching,
scheduling, communication) compared to the amount of computation in the goal
is of concern [5]. Across the Internet, it becomes imperative that task granularity
be controlled. One solution is to add extra notation to the language for grouping
related predicates and goals.

Programming Techniques The logic variable is an expressive communica-
tions mechanism; for instance, it can be used to encode stream communica-
tion (sequenced message passing), channels (partially ordered message streams),
point-to-point delivery, multicasting, many-to-one links (stream merging), and
blackboards.

Logix is a high-level environment/OS for developing FCP programs, written
entirely in FCP [68]. Logix offers four layers of control over programs, defined us-
ing meta-interpreters. The failure mechanism only catches logical process errors
not hardware/node failure.

Meta-interpreters are also used for implementing process to processor map-
ping [121]. Again a layered approach is utilised, with the program being mapped
to a virtual machine topology, and then combined with a separate layer mapping
the virtual machine to the physical architecture. At the program level, goals are
positioned dynamically on virtual nodes using LOGO-like turtle annotations.

Process to processor mapping is a powerful abstraction away from the phys-
ical network. However, its success relies on the closely linked behaviour of the
underlying architecture. The less well-ordered topology of the Internet may prove
harder to abstract.

Efficient Communication A severe concern for language designers is the cost
of output unification. In the case of FCP(:) the tell part of the guard carries out
general unification, but this must be undo-able if the clause is ultimately not
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selected [76]. The cost of such atomic unification is similar to an atomic trans-
action, only possibly more prohibitive since partial bindings of data structures
may be involved.

Strand makes the assumption that there is only one producer for a variable,
thereby avoiding the “multiple tellers” problem altogether [58]. Janus is more
restrictive in that there must only be one consumer and producer of a binding
[106]. Strand and Janus programs cannot fail due to conflict bindings, and so
do not have to implement atomic unification. Strand goes further and simplifies
output binding to be assignment only.

The designs used in Janus and Strand have major consequences for Internet-
based concurrent LP: they show that efficient communication between processes
using logic variables is possible (i.e. by using non-atomic publication) while re-
taining their expressiveness.

PCN (Program Composition Notation) has been described as a hybrid of
Strand and C, based around a few concepts: concurrent composition, single as-
signment variables, and nondeterministic choice [59]. Mutable variables are in-
cluded, mainly as an optimisation, and to interface to pre-existing code. PCN
utilises the mapping mechanisms, scheduling pragma, and virtual and physical
topologies found in Strand.

PCN is novel in showing that the single assignment variable can be used as
communications ‘glue’ for code written in non-logic programming languages.

Another approach to the multiple teller problem is to include special-purpose
many-to-one communication mechanisms in the languages.

DRL [53] introduces logic channels as an efficient version of shared logic vari-
ables. Logic channels can contain messages made up of terms, logic variables,
or other logic channels, thereby allowing dynamic reconfiguration of communi-
cation paths. This mechanism proved so useful that it was later extracted from
DRL to become a coordination model suitable for any type of language [52]. The
model also supports a virtual machine layer for grouping processes. PVM is used
to implement remote process creation and message passing.

Failure Concurrent LP languages handle logical failure in one of two ways:
those from the Concurrent Prolog ‘camp’ utilise meta-interpreters as described
above for Logix. The other method, typified by Parlog, is to use a meta-call
primitive [35].

The most developed concurrent LP language for failure handling is Sandra
[54]. It borrows the guardian mechanism from Argus as a way of encapsulating
processes, mutable state, a communications interface and a many-to-one commu-
nication port. A guardian instance represents a fail-stop logical multiprocessor.
Every guardian has stable persistent storage (used in the recovery protocol), and
can be relocated to a working processor in the event of failure.

Sandra utilises both forward and backward recovery. Forward recovery is
based on exceptions (both logical and at the node level), which are processed by
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a separate handler in each guardian. Its semantics are specified using a meta-
interpreter. Backward recovery is based on optimistic recovery using periodic
logging and checkpointing.

The following predicate can signal (raise) an exception when a get message
cannot be satisfied. no-value exceptions are dealt with by code in resource/2
itself, as are hardware connection errors. Unprocessed exceptions will be passed
out to the enclosing handler.

resource([get(X)|In], [X|L]) :- % normal behaviour
resource(In, L).

resource([get(X)|In], []) :- % raise exception
signal( no-value(get(X)) ).

resource(In, L) :- % handle exceptions
otherwise( no-value(get(X)) ) |
X = nothing, resource(In, L).

resource([_|In], L) :-
otherwise( connect-error(resource) ),
emergency_action(resource, In, L).

Security Security has been poorly considered by concurrent LP languages, per-
haps because of the prevalence of uniprocessor and LAN-based implementations.
Shapiro [109] reports that one use for read-only variables in Concurrent Prolog
is to protect process communication across trust boundaries. The essential idea
is to make the incomplete part of the output data structure read-only to its
consumers, and keep write access inside the issuing process.

A related approach, implemented in FCP so that read-only variables could
be used, is described in [94]. A protocol similar in style to public key encryption
is proposed which uses pairs of unforgeable IDs issued by a dedicated ‘locksmith’
process.

4.2 Distributed Oz

Distributed Oz (or Oz 3) is a rich mix of paradigms and techniques, including
symbolic computation, inference, objects, concurrency, and distribution [66].

Oz 3 introduces distributed programming and fault detection (Mozart is the
name of the current implementation [125]). The main aim is to make programs as
network transparent as possible – a program should perform the same computa-
tion independently of how it is partitioned over the network. In other words, Oz
3 tries to support the illusion of a single network-wide abstract store / address
space, making distributed execution indistinguishable from concurrent evalua-
tion. For example, no program level distinction is made between local and remote
references.
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Distributed Semantics The intention is to make the distributed semantics a
natural extension of the centralised (local) meaning of a program, the practical
benefit being that a stand-alone program requires virtually no changes to convert
it to a distributed application.

Centralised and distributed semantics are presented in [65], and state (mu-
table pointers) is considered in [126,124]. The main addition to the distributed
semantics is site location for program entities.

Logic Variables Oz shows that logic variables can be efficiently supported in
a distributed programming language while retaining the expressiveness seen in
concurrent (constraint) LP [65]. In addition, Oz can make use of other aspects
of the language (e.g. state, search) to improve on these algorithms. An example
is the use of ports for many-to-one communication, which have constant time
behaviour compared to the cost of concurrent LP merge networks (at best O(log
n) for n senders).

Explicit networking benefits of logic variables include increased latency tol-
erance since producers and consumers are decoupled, and third-party indepen-
dencies. This arises when two variables have been unified at a site, since that
site is no longer involved in the network communication of future bindings.

Logic variables have proved so useful that the Oz group has added them to
versions of Java (called CCJava) and ML [65]. Their main use in CCJava is as
a replacement for monitors, allowing Java to utilise the dataflow threads tech-
niques of Oz [112]. This requires the addition of statement-level thread creation.

Their approach is very similar to the extensions to C++ in Compositional
C++ (CC++) [27], which include single assignment variables (called sync vari-
ables) and statement level threads. When a read is attempted on an unbound
sync variable it causes the thread to block. CC++ also includes atomic functions,
similar to synchronized methods in Java.

Beyond Network Transparency Although network transparency is a com-
mendable design goal for distributing concurrent programs over a network, it
seems unlikely to be wholly successful for Internet-based applications, such as
mobile agents. However, Oz does support these kinds of programs by means of
tickets and functors.

A ticket is a global reference (usually a URL) to an Oz entity (usually a
logic variable), stored as an ASCII string. A ticket can be accessed by a system
newcomer to obtain a language level communication link.

Functors are module specifications that list the resources that a module needs
in order to execute. Their purpose is tied to an Oz programming technique called
remote compute servers, which are procedures executed at fixed sites.

This example shows producer and consumer threads communicating via a
data stream, with the consumer located remotely on a compute server:

proc {Generate N Max L} % outputs N to Max-1 integers
if N < Max then L1 in
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L=N|L1 {generate N+1 Max L1}
else L=nil end

end

fun {Sum L A} % return A + sum of L’s elements
case L
of nil then A
[] X|Ls then {sum Ls A+X}

end

local CS L S in
CS={NewComputeServer ’sinuhe.sics.se’} % remote server
thread L = {Generate 0 150000} end % local producer
{CS proc {$} S={Sum L 0} end} % remote consumer
{Print S} % print result locally

end

Fault Tolerance Oz 3’s support for fault tolerance is based on the assumptions
that sites are fail-stop nodes (i.e. that permanent site failure is detectable) and
that network failure is temporary. The basic response is to raise an exception
when failure is detected, which can either be handled automatically or be pro-
cessed by a user-defined procedure call. Typical default behaviour for network
failure is to attempt to restart the TCP connection using a cache of existing
TCP connections.

Van Roy [124] has shown how the centralised and distributed semantics for
mutable pointers can be extended to include exception raising when a fault
occurs.

The search for higher-level abstractions for fault tolerance in Oz is an active
research goal. One approach is the global store, a globally fault-tolerant trans-
actional memory, implemented as a Mozart library [6]. Internally, the store uses
process redundancy: with n copies of a process it can tolerate up to n-1 fail-stop
process failures. There is an agent API on top of the store which provides fault
tolerance and agent mobility without site dependencies.

Security Security concerns are still under investigation in Oz. Language secu-
rity centers around lexical scoping, first-class procedures and the unforgeability
of variable references.

An interesting point is the appearance of read-only views of variables (called
futures). As in Concurrent Prolog, they allow the scope of variables to be limited
so that, for instance, a stream cannot be altered by its readers [89]. Unlike
Concurrent Prolog, the read-only mechanism imposes no efficiency penalty when
it is absent.

Below the language level, Oz uses a byte-code emulator to protect machine
resources, and can create virtual sites. A virtual site appears as a normal site,
but its resources are under the control of a separate master process on the same
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machine. If the virtual site crashes, the master is notified, but is not otherwise
affected.

5 Coordination

A perceived drawback of the coordination model is the use of a single shared
space, which would introduce significant latency and reliability problems if ap-
plied to the Internet, as well as being very difficult to manage [98]. This has led
to the introduction of multiple spaces to make the mapping to a decentralized ar-
chitecture easier and scalable. Hierarchical spaces are also useful for representing
nested domains with trust boundaries.

A major question is how these richer models should be integrated with ex-
isting Internet services. Various solutions include adding spaces as new services,
masking Internet services as shared spaces, and introducing special purpose
agents to mediate between the shared spaces and services [34].

Another trend has been the augmentation of the coordination laws of the
shared space so that its behaviour can be modified. This has proved useful in
an Internet setting for creating enforceable ‘social behaviour’ which malicious
entities cannot bypass [51].

Several problems are only starting to be considered: the conflict between
coordination (which encourages communication) and security (which restricts
it), and partial failure.

Linda Linda supports a shared dataspace, called a tuple space, and a small set
of operations for reading, adding, and removing tuples from the space [23].

Multiple flat tuple spaces were introduced quite quickly to facilitate dis-
tributed programming [63]. Hierarchical tuple spaces followed, most notably in
a major revision to the Linda model by its authors, called Bauhaus Linda [24].
Bauhaus removes the distinction between tuples and tuple spaces, leading to a
hierarchy based on multisets. Since tuple spaces are also tuples, they are first
class citizens, and so can be moved around easily. The distinction between passive
and active data is removed, making it simpler to reposition processes and copy
them. Movement between spaces is based on short steps, either to the parent or
one of the space’s children.

Linda extensions especially for the Web/Internet include JavaSpaces [113],
PageSpace [31], and WCL [92].

SeCoS [19] supports secure spaces which allows tuples to be locked with a
key. A matching key for unlocking can be passed to other processes. This is quite
similar to public key cryptography.

Another popular security device is to assign access rights (e.g. read and write
permissions) to tuples. Menezes et al. [92] suggests including group permissions
so that capabilities can be supported.
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5.1 Linda and LP

Ciancarini [30] suggests four approaches to creating LP coordination models.
The first is to add the Linda primitives and shared dataspace into Prolog. The

typical mapping is to represent tuples by terms, and replace pattern matching
with unification. Backtracking is not supported for the reading, writing, and
removal operations. Terms added to the dataspace are copies, so it is not possible
to create dynamic communication links by including variables in the terms shared
with other processes.

Several Prolog systems include Linda-style libraries, including BinProlog [16]
and SICStus Prolog [110]. The SICStus library has been used widely as an im-
plementation tool (e.g. [97,114]).

An operational semantics for a Linda-like coordination language using ground
terms as tuples and unification for pattern matching is presented in [96].

The second approach is a variation of the first, where backtracking is allowed
over the primitives. Functionality of this kind is very complex to implement, and
difficult to reason about, which may explain why it has never been utilised in a
coordination setting.

A third alternative is to create a new abstract machine for Prolog based on
the Linda model. This line of research has not been investigated to date.

A fourth possibility is to permit the logic language to use the concurrent pro-
cess model inherent in the Linda style of programming. Ciancarini and others
have concentrated on this approach, resulting in Shared Prolog and its descen-
dents.

In the following we survey the work in the first and fourth categories relevant
to Internet programming.

µlog and Its Relatives µlog supports a tuple-based dataspace/blackboard
[73]. No distinction is made between passive and active data, the latter being
executed as goals, allowing processes to be dynamically created.

The operational and denotational semantics of µlog are investigated in [46,48].
Subsequent versions of the language added multiple named blackboards, primi-
tives with optional guards/constraints, and bulk operations [48].

µ2log introduced distributed blackboards, and virtual boards as local ‘aliases’
for boards on remote hosts [47]. Boards are treated as another form of data by
the Linda primitives, which allows them to be moved between locations easily.

An operational semantics for µ2log is outlined in [47].

Multi-BinProlog µ2log was a strong influence on the design of Multi-BinProlog
[49]. It implements the virtual board device using RPCs: a local process transpar-
ently communicates with a remote RPC server representing the remote board. It
carries out the board operations locally, using a dedicated thread for the request.

LogiMOO LogiMOO is a virtual world framework which rests on top of Multi-
BinProlog [120,118]. It supports the notions of places, objects, and agents using
the underlying boards and threads of Multi-BinProlog. A place corresponds to a
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board at a remote site, objects to terms and URLs of Web pages and multimedia,
and agents are collections of threads.

BinProlog’s binarization preprocessor has been extended to support first or-
der continuations, which are the basis of mobile threads programming [119].

Jinni The on-going integration of BinProlog and Java led to Jinni (the Java
INference engine and Networked Interactor) [117]. It uses Prolog engines (coded
in Java) to execute goals, with each engine in a separate thread. If a thread wants
to communicate with a remote board it must move to its place by utilising first
order continuations and socket links.

A suggested Jinni solution to malicious hosts is to have a thread take its own
interpreter with it when it moves. This is feasible due to the small size of Jinni’s
Prolog engine. Also, returning threads can be checked since they are first order
entities.

Shared Prolog and Its Descendents Shared Prolog supports the creation
of parallel processes consisting of Prolog programs extended with a guard mech-
anism [18]. The processes communicate via a shared dataspace of terms, using
unification for matching.

ESP and Polis Extended Shared Prolog (ESP) [20] is based on the Polis model
[30,32] which introduced the notion of multiple tuple spaces and the storage and
manipulation of rules inside the dataspaces as first-class entities (called program
tuples).

A tuple space (called a place or sometimes a theory) is represented by a
named multiset of tuples; operations are annotated with the place name where
they are to occur. Names can be freely passed around inside tuples, so allowing
dynamic reconfiguration. Places can be dynamically created by a process.

The following is a Polis theory called eval f which consumes a tuple
tuple(Input), calls f/4, then produces a result tuple(Ouput) and recurses.

theory eval_f(State) :-
eval

{ tuple(Input) } --> % consume
f(input, State, Output, NewState) % process
{ tuple(Output), eval_f(NewState) } % output

with
f(I, S, O, NS) :- ... % Prolog defn

Later versions of the language allowed spaces to be distributed [30]. This
was implemented on top of a network version of Linda (Network-C-Linda) that
supports clusters of workstations

The Polis model was further extended to support hierarchies of multiple tuple
spaces [32]. It uses a naming mechanism similar to Bauhaus Linda to allow a
multiset to refer to its parent and children.
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An operational semantics for Polis and a formal semantics using a temporal
logic of actions are presented in [32]. An alternative approach is to specify place
behaviour using a chemical interpretation in which ‘molecules’ float, interact,
and change according to reaction rules [29].

ACLT and Tuple Centers Processes in ACLT (Agents Communicating
through Logic Theories) interact with named logic theories (tuple spaces holding
Prolog clauses) [97]. One mode of interaction is via Linda operations, which may
cause the theory to change. The other mode uses demo-style predicates to exe-
cute goals against the theory. This means that ACLT spaces can be interpreted
either as communication channels or as knowledge repositories.

Later work on ACLT [51] introduced a separate first order logic language
called ReSpecT (Reaction Specification Tuples). ReSpecT reaction rules are
used by the ACLT coordination model to define the behaviour of its theories
in response to communication operations. Logical theories are now called tuple
centers because of their programmable coordination feature.

For instance, the following reaction

reaction(out(p(_)), (
in_r(p(a)), in_r(p(X)), out_r(pp(a,X)) ))

is triggered whenever a new p/1 tuple is inserted into the tuple space. Its intended
effect is to replace two p/1 tuples (one of them should be p(a)) with a single
pp/2 tuple.

This approach has the advantage (and disadvantage) of allowing the normal
meaning of a Linda operation (e.g. an out) to be varied. The most important
benefit is that additional coordination logic can be located in the tuple center
itself, augmenting the standard behaviours of operations. This makes it easier
to specify enforceable global coordination behaviours for processes.

Another advantage of reaction rules is that less communication operations are
required to implement nonstandard protocols (which is important in a network
setting). Rules can also support security features such as the cancellation of an
illegal agent operation.

TuCSoN TuCSoN (Tuple Centers Spread over Networks) extends the tuple cen-
ter approach to the Internet [41]. The Internet is viewed as a hierarchical col-
lection of locality domains [42]. A mobile entity must dynamically acquire infor-
mation about the location of resources and their availability (to that entity) as
it moves over the network. There may be parts of the network with restricted
access, which requires a means to authenticate entities and allocate them per-
missions.

Tuple centers are located on Internet nodes, and are used as the building
blocks for coordination, and for resource control and access. An Internet domain
is defined in terms of a gateway which controls access to places inside the domain
and to subdomains gateways.

The following example outlines how an agent might explore a domain inside
TuCSoN:
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<goto d> % migrate to gateway d
<identify> % authenticate agent with d
?rd(places) % get places info
?rd(commspaces) % get tuple centres
<for pl in places do>
<goto pl> % visit place pl
<for tc in commspaces do>

tc?op(tuple) % ask tuple centre tc of place pl
% to execute op(tuple)

5.2 Parallel Multiset Rewriting

Parallel multiset rewriting gained wide notice in Gamma [15]. A program is a
collection of condition/action rules which employ a locality principle – if several
conditions hold for disjoint subsets of the multiset being processed then the
actions can be carried out in parallel.

One of the benefits of this programming style is its chemical solution metaphor.
The multiset is the solution, and rules specify chemical reactions which work on
distinct parts of the solution, changing sets of molecules into others [14].

LO Linear Objects (LO) [10] was originally proposed as a merger of LP and ob-
ject oriented programming. It extends Prolog with multi-headed formulae which
work on a multiset of terms. OR-parallelism can be used for rule evaluation,
which implies the atomic removal of terms from the multiset. Later versions of
LO include the ability to clone new multisets and to terminate a multiset [9]. A
broadcast operator can send a copy of a term to all the multisets.

Around this time, Interaction Abstract Machines (IAMs) were developed
as a model for concurrent multi-agent worlds [9]. The IAM can be used as a
computation model for LO.

CLF CLF (Coordination Language Facility) utilises parallel rewrite rules as a
scripting language for specifying and enacting the coordination of distributed
objects [8].

A typical coordination action consists of the atomic removal of a number of
resources from some objects, followed by the insertion of resources into other
objects. This atomic removal and insertion is captured succinctly by rewrite
rules.

The objects refereed to in the rules can contain sophisticated protocols for
extracting resources from distributed services (e.g. based on negotiation, atomic
performance). The objects also locate suitable services, which may be distributed
over the Internet.

6 Message Passing

Most LAN and Internet-based message passing languages utilise existing com-
munication protocols (e.g. TCP/IP) or libraries (e.g. PVM). This supplies useful
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functionality immediately, such as guarantees of service in TCP and failure detec-
tion in PVM, as well as support for interaction across heterogeneous platforms
and processes written in varied languages. However, there are several disad-
vantages, related to the mismatch between the LP paradigm and the low-level
(imperative) viewpoint offered by these protocols and libraries.

Invariably, the LP level must restrict the use of logic variables in messages
in order to maintain the uni-directional nature of the message passing at the
lower levels. This usually means renaming variables as they are transmitted, so
eliminating the possibility of dynamic communication channels. Backtracking is
also ruled out since the underlying primitives are deterministic. Some libraries,
such as early versions of MPI [62], do not support dynamic process creation,
which naturally affects process support in the LP layer

The typical unit of computation is a sequential Prolog process, which pro-
motes a coarser grained parallelism than in concurrent LP. This may be a benefit
since it makes it easier to justify the communication costs of distributing tasks
between machines. Several languages also support threads, often for handling
subtasks inside a process.

6.1 IC-Prolog II and Friends

IC-Prolog II can create concurrently executing Prolog threads, possibly spread
over separate machines [28]. Threads are independent, sharing no data, but can
communicate using pipes if the threads are on the same host, or with primitives
utilising TCP/IP if the threads are on different machines. The messaging oper-
ations are non-backtrackable and send/receive terms with variables renamed.

A concurrent server example using TCP:

conc_server(Port) :-
tcp_server(Port, Socket), % listen for connections
multi_serve(Socket).

multi_serve(Socket) :-
tcp_accept(Socket, New), % get a connection
fork( service(New) ), % create thread to service it
multi_serve(Socket). % look for more connections

Processes can employ mailboxes; a message is sent to a mailbox by referring
to its ID or name, which is globally unique. Mailboxes can be linked so that
messages placed in one box are automatically copied to other boxes. Links allow
the creation of arbitrary communication topologies.

April April is a concurrent language, offering distributed objects as lightweight
processes [88]. Each process has a globally unique handle, which can be registered
with DNS-like April name servers. The communications model is point-to-point,
being based on TCP/IP. A receiving process can use pattern matching to search
for a suitable incoming message stored in a message buffer.
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A server which executes a task:

server([any]{}?T) {
repeat {

[do,any?arg] -> { % request a task using arg
T(arg); % execute it
done >> replyto % reply when finished

}
} until quit % server continues until a quit

};

The server is forked and its name (server1) is registered with the local name
server:

server1 public server(taskName)

Processes can send messages to the server at its location (foo.com for example):

[do,taskArg] >> handle?server1@foo.com

April combines several paradigms, including LP. It includes a variety of data
types based on tuples and sets, higher-order features such as lambda, procedure
and pattern abstractions, real-time support, and an expressive macro language.

Qu-Prolog Qu-Prolog has been extended with April-like communication sup-
port and multi-threading [38]. Threads located on the same machine can utilise
Linda-style operations on a shared dynamic database.

Qu-Prolog extends Prolog with support for qualified terms, object variables,
and substitutions, which allows it to easily express inference rules for many
kinds of logics, and implement theorem provers efficiently. These features are
particularly suited for building agent systems.

QuP++ is an object oriented layer on top of the Qu-Prolog/April work [37].
It offers a class-based language with multiple inheritance, where a class is a col-
lection of static (unchangeable) and dynamic clauses and state variables, and
an object is a collection of one or more independently executing threads. Syn-
chronous and asynchronous remote method calls are available, including a form
of distributed backtracking.

Go! Go! is a higher order (in the functional programming sense), multi-threaded
LP language, making use of April’s symbolic message communication technology
[36]. Go! does not support Prolog’s meta features for interpreting data as code;
instead of assert and retract, Go! has a restricted assignment mechanism.

6.2 PVM-Prolog

PVM-Prolog can create distributed Prolog processes communicating by message
passing [43]. It differs from the other Internet-based languages described here in
that it uses the PVM messaging library [61].
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The principle advantages of PVM over TCP/IP are that it offers a higher
level communications layer (messages rather than byte streams), a virtual ma-
chine, and plentiful commands for process/resource management (e.g. for fault
tolerance).

PVM-Prolog has two components – the Parallel Prolog Virtual Machine
(PPVM) and a process engine (PE). The PPVM acts as a LP interface to PVM;
for instance, it supports Prolog terms as messages. A PE executes Prolog pro-
cesses, and several may be created on a single virtual machine.

In a later version of PVM-Prolog, threads were introduced to support fine-
grain concurrency within a process [107]. Each thread represents an independent
query over the process’ database, but they can interact via shared term queues.

6.3 Mercury

Mercury is a pure logic/functional programming language, utilising a strong
type system with parametric polymorphism and higher-order types, mode dec-
larations on predicates, extra determinism information, and a module system.

MCORBA is a binding to the CORBA distributed object framework for
Mercury [74]. The approach is made possible by utilising Mercury’s type classes
and existential types. A type class offers a form of constrained polymorphism
which is quite similar to a Java interface – the class is specified in terms of
method signatures which can be instantiated later. An existential type allows
a predicate to return a variable whose type is constrained to be of a particular
type class but not an actual concrete type instance. This is useful for supporting
CORBA functions that return generic objects which are later ‘narrowed’ to a
specific object type.

A compiler back-end is being developed for Mercury which targets Microsoft’s
.NET Web services framework. This will allow components coded in Mercury to
inter-operate with other .NET elements programmed in C#, Visual Basic, C++,
and other languages. Preliminary details are available at
http://www.cs.mu.oz.au/research/mercury/information/dotnet/
mercury and dotnet.html.

7 Client-side Execution

Sections 7 and 8 are complementary since they describe client/server mecha-
nisms, which are still the most common way of using the Web (e.g. a Web
browser communicating with a server).

In general, client-side code can be more closely integrated with the browser
and so can offer more sophisticated user interfaces than server-side solutions.
Also, once client-side code is downloaded it does not need to communicate with
the server, thereby avoiding networking problems that can affect server-side ap-
plications. Only the code which is needed for the current task has to be down-
loaded and, since it is a copy of the original, it can be changed or combined with
other code without affecting the original.
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A disadvantage of the client-side approach is security when running foreign
code locally.

We consider four topics: libraries, query languages, Web pages as programs,
and the combination of Java and LP. Parts of this section previously appeared
in [83].

7.1 Libraries

Most modern Prologs contain libraries for creating TCP and UDP sockets (e.g.
SICStus, BinProlog, Amzi, LPA, Quintus). With these it is possible to code
support for protocols such as HTTP and NNTP. System calls to telnet can
also be employed as a foundation for network functionality.

PiLLoW PiLLoW is the most elaborate Web library [21]. The main client-side
predicate, fetch urls/2, downloads a page corresponding to a URL with addi-
tional options specifying such things as a timeout limit, the maximum number of
retries before the predicate fails, and user ID and password details for protected
sites. PiLLoW’s parsing predicates extract HTML tag attributes and values from
a page string, returning them as Prolog terms. It is possible to convert an entire
page into a list of terms, making it more amenable to manipulation.

The following call fetches two documents, also getting the type and the size
of the first, and checking for non-fatal errors in the second, and allowing only
one socket to be used:

fetch_urls([ doc(’http://www.foo.com’,
[content(D1), content_length(S1), content_type(T1)] ),

doc(’http://www.bar.com/drinks.htm’,
[content(D2), errors(non_fatal,E)] ) ],

[sockets(1)]
).

Streaming Download Davison [45] models page retrieval using a stream-based
approach, in the context of a concurrent LP language. download/4 returns a page
incrementally as a partially instantiated list (stream) of characters, and includes
Parlog meta-call arguments for status reporting and control. download/4 can
be used as a building block for AND- and OR- parallel Web search, time-outs,
repeated attempts to download, and the cancellation of slow retrievals.

A retrieval predicate with a time-out facility (using deep guards):

mode timeout(?, ?, ^, ^, ?).
timeout(_Time, Request, Text, Result, Stop) :-
download(Request, Text, Result, Stop) : true.

timeout(Time, _, _, err(timeout), _) :-
sleep(Time) : true.
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download/4 executes the request and returns the text of the page, unless it is
stopped or the second clause succeeds because the timeout has expired.

Webstream, a macro extension to April, also views Web page downloading
as incremental stream-based retrieval [69]. It extends the idea with a pipelining
mechanism (reminiscent of UNIX pipes) which allows stream data to be filtered
concurrently.

7.2 Query Languages

A more abstract approach to client-server computation is to view the Web as
a vast heterogeneous collection of databases, which must be queried in order to
extract information.

In fact, in many ways the Web is not similar to a database system: it has no
uniform structure, no integrity constraints, no support for transaction process-
ing, no management capabilities, no standard query language, or data model.

Perhaps the most popular data model for the Web is the labelled graph,
where nodes represent Web pages (or internal components of pages) and arcs
correspond to links. Labels on the arcs can be viewed as attribute names for the
nodes. The lack of structure in Web pages has motivated the use of semistruc-
tured data techniques, which also facilitate the exchange of information between
heterogeneous sources.

Abiteboul [1] suggests the following features for a semistructured data query
language: standard relational database operations (utilising a SQL viewpoint),
navigational capabilities in the hypertext/Web style, information retrieval influ-
enced search using patterns, temporal operations, and the ability to mix data
and schema (type) elements together in a query.

Many languages support regular path expressions over the graph for stating
navigational queries along arcs. The inclusion of wild cards allows arbitrarily
deep data and cyclic structures to be searched, although restrictions must be
applied to prevent looping.

Query Computability The question of query computability is considered in
[3,91]. Mendelzon and Milo [91] focus on two aspects that distinguish Web data
access from database manipulation: the navigational nature of the access, and
the lack of concurrency control. They investigate the Web Calculus, a query
language quite similar to WebSQL, under the assumption that the Web is static
(no updates), and the more realistic dynamic case.

The main open problem is how to characterize queries which definitely ter-
minate. One sufficient condition is to avoid the use of the regular expression *
pattern in paths.

Abiteboul and Vianu [3] differ from Mendelzon and Milo in assuming that the
Web is infinite, an assumption which seems somewhat dubious. They examine
the computability of first order logic, Datalog, and Datalog with negation.
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Queries Languages for HTML Pages

Relational WebSQL models the Web as an extremely large relational database
composed of two relations: Document and Anchor [12]. Document contains one
tuple for each Web document, and the Anchor relation has one tuple for each
anchor in each document.

An interesting feature of the language is its use of regular expressions involv-
ing URL links to define paths between documents. For example, ‘->’ denotes
a link between two pages at the same site, while ‘=>’ is a link to a page at
another site. Chains of links (called path regular expressions) are created using
sequential, alternating, and multiplicative operators.

For example, suppose we want to find a tuple of the form (d,e), where d is a
document stored on our local site (http://www.foo.com), and e is a document
stored elsewhere. The query to express this is:

SELECT d.url, e.url
FROM Document d SUCH THAT "www.foo.com" ->* d,

Document e SUCH THAT d => e

d is bound in turn to each local document, and e is bound to each document
directly reachable from d.

Datalog, F-logic WebLog utilises a Datalog-like language to retrieve information
from HTML documents and to build new documents to hold the results [80]. It
represents links as first class entities, specified using molecular formulas (some-
what like F-logic terms). A molecular formula for a URL lists attribute/value
pairs for the relevant data inside the page. Attributes can be keywords, page
substrings, links or tags. Backtracking allows alternative matching URLs to be
found.

This example collects all the links in the page http://www.foo.com, and
retrieves the titles of the pages pointed to by the links. It stores the results in a
new Web page ans.html.

ans.html[title->"All Links", hlink->>L, occurs->>T] <--
http://www.foo.com[hlink->>L], % a molecule
href(L,U), U[title->T].

FLORID is a prototype deductive object oriented database using F-logic,
containing builtins for converting Web documents and their links into objects
[86].

The FLORID database corresponds to a labelled graph where nodes are
logical object IDs (OIDs) and object and class methods are labelled edges.

FLORID provides general path expressions, very similar to those in Lorel
(discussed below), which simplify object navigation and avoids the need for ex-
plicit join conditions. The operations (e.g. *, +, ?, |) are specified and imple-
mented in F-logic, making them amenable to simplification rules and to being
extended (e.g. with path variables).
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Web documents are modeled by two classes: url and webdoc. url represents
a link and has a get() method for retrieving the referenced page as a webdoc
object. The webdoc class has methods for accessing the text in a page, its links,
and various meta-level details.

The program below collects the set of Web documents reachable directly or
indirectly from http://www.foo.com by links whose labels contain the string
“database”.

("www.foo.com":url).get.(Y:url).get <-
(X:url).get[ hrefs@(L) =>> {Y} ],
substr("database",L).

The Web->KB Project The Web->KB Project [40] demonstrates the poten-
tial of using machine learning techniques for extracting knowledge bases from
Web sites. The best approach uses a combination of statistical and relational
rule learners; for example, a Naive Bayes text classifier combined with FOIL.
This merger is well suited to the Web/hypertext domains because the statistical
component can characterise text in terms of word frequency while the relational
component can describe how neighbouring documents are related by hyperlinks
[111].

Labelled Graph Models Much of the present research on semistructured data
query languages centers on object models for edge-labelled directed graphs. Little
of the work is logic-based, but the proposals embodied by these languages are
sufficiently important to strongly influence logic programming approaches. To
some extent this can be seen in FLORID.

Lorel is a query language in the style of SQL and OQL [2], originally used
within the TSIMMIS system (discussed in section 9.1). Its object model, OEM
(Object Exchange Model), is an extension of the structured object database
model ODMG.

Lorel offers regular path expression, with wild cards and path variables, for
specifying navigation over the graph. Path expressions extend Lorel’s function-
ality beyond that of SQL and OQL.

The following Lorel query finds the names and zipcodes of all the “cheap”
restaurants in a GoodFood database.

SELECT GoodFood.restaurant.name,
GoodFood.restaurant(.address)?.zipcode

WHERE GoodFood.restaurant.%grep "cheap"

The “?” makes the address part optional in the path expression. The wildcard
“%” will match any sub-object of restaurant, which is then searched with grep
to find the string “cheap”.
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Queries to Pages Using XML or RDF XML (eXtensible Markup Language)
is a notation for describing labelled ordered trees with references [130]. It is
possible to type portions of XML data with DTDs (Document Type Definitions).
A DTD defines the types for elements, and what attributes can appear in each
element. The specification is written using regular expressions.

Specifying a query language for XML is an active area of research, much of it
coordinated through a W3C (the World Wide Web Consortium) working group
[127]. The suggested features for such a language are almost identical to those
for querying semistructured data [56].

It is hardly surprising that most proposals utilise models which view XML
as an edge-labelled directed graph, and use semistructured data query languages
(e.g. Lorel). The main difference is that the elements in an XML document are
sometimes ordered.

Relational Models Shanmugasundaram et al. [108] investigate the possibility of
using a traditional relational database engine to process XML documents con-
forming to DTDs. Problems with query translation center on handling regular
path expressions which frequently translate into many SQL queries and expen-
sive joins. This suggests that while regular path expressions are high-level, they
are also costly to execute in many cases.

Functional Programming Approaches XDuce is a tree transformation language,
similar to functional programming languages, but specialized for XML processing
[70]. It adds regular expression types and regular expression pattern matching,
similar to pattern matching in ML. The result is that XML document fragments
can be manipulated as XDuce values.

XMλ is a small functional language (very close to Haskell) which maps DTDs
into existing data types [90]. Document conformance to a DTD becomes a matter
of type correctness.

Declarative Description Theory The Declarative Description Theory (DDT) is
an extended definite clause logic language where substitution is generalised to
specialization [4]. Specializations permit language elements to have specific op-
erations for variable expansion and instantiation.

DDT is utilised in [11] to define a specialization system for XML elements
and attributes. This allows clauses to use variables which may be partially in-
stantiated XML elements or attributes, containing further variables. Pattern
matching and binding use the specialization operators to manipulate these vari-
ables according to their XML definitions.

RDF RDF (Resource Description Framework) is an application of XML aimed
at facilitating the interoperability of meta-data across heterogeneous hosts [131].

The SiLRi (Simple Logic-based RDF interpreter) utilises an RDF parser
(called SiRPAC) to translate RDF statements into F-logic expressions [50].

Metalog is a LP language where facts and rules are translated and stored
as RDF statements [87]. Facts are treated as RDF 3-tuples, while rule syntax
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is supported with additional RDF schema statements for LP elements such as
head, body, if and variable.

7.3 Web Pages as Programs

LogicWeb The LogicWeb system [83] resides between the browser and the
Web. As pages are downloaded, they are converted into logic programs and
stored locally.

A Web page is converted into several predicates, including facts holding meta-
level information about the page, a fact containing the page text, and page links
information. Programs can be composed together using operators inspired by
work on compositional LP, implication goals, and contextual LP. There is a
context switching operator which applies a goal to a program specified by its
ID. If the program required by the goal in the context switch is not in the local
store, then it is transparently downloaded. This behaviour hides low-level issues
concerning page retrieval and parsing.

The query:

?- subject_page("LP", "http://www.foo.com", P).

will bind P to a URL which is related to “LP” and is linked to the starting page.
subject page/3 is defined as:

subject_page(Subject, StartURL, URL) :-
lw(get,StartURL)#>link(_, URL),
lw(get,URL)#>h_text(Source),
contains(Source, Subject).

The lw/2 call retrieves the starting Web page using an HTTP GET message and
selects a link URL. The source text of that page is examined to see if it contains
“LP”; if it does not then a different link is selected through backtracking.

An extension of the LogicWeb system deals with security aspects of client-
side evaluation [84] – LogicWeb code can be downloaded with a digital signature.
This is decrypted using the page’s public key in order to authenticate the code.
The decrypted signature is also used as an ID to assign a policy program to the
code during its evaluation.

A concurrent LP version of LogicWeb is outlined in [45]: it allows queries to
be evaluated using parallel versions of the composition operators. It utilises the
download/4 operator described in section 7.1, and requires an atomic test-and-
set primitive so that the client-side program store is updated atomically.

W-ACE and WEB-KLIC The concurrent constraint-based LP language W-
ACE has explicit support for Web computation [101]. Some of its novel ideas
include representing Web pages as LP trees and the use of constraints to manip-
ulate tree components and the relationship between trees.

The following predicates extend the current HTML graph (GraphIn) with all
the documents linked to Page, resulting in GraphOut.
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update(Page, GraphIn, GraphOut) :-
Links = { X : ref(X) <= Page}, % make a links set
addLks(Links, Page, GraphIn, GraphOut).

addLks(0, _, GIn, GOut) :- GOut = GIn.
addLks(X:Rest, Page, GIn, GOut) :-
get_url(X,Tree), !, % get the page tree for X
GNew = {(Page,Tree)} U GIn,
addLks(Rest, Page, GNew, GOut).

addLks(X:Rest, Page, GIn, GOut) :-
GNew = {(Page,dead)} U GIn, % dead link info.
addLks(Rest, Page, GNew, GOut).

W-ACE also contains modal operators for reasoning about groups of pages,
and composition operators very similar to those in LogicWeb.

The authors of W-ACE have been working on a Web version of the concurrent
LP language KLIC, called WEB-KLIC [98]. Their primary goal has been the
augmentation of its CGI facilities (i.e. for server-side computation).

7.4 Java and LP

A spate of Java/LP systems have appeared in recent years. A connection to Java
gives an LP language immediate access to a very wide range of classes for GUIs,
imaging, multimedia, business components, and networking support. However,
there are some serious disadvantages, the main one being the mismatch be-
tween the Java programming model (imperative/object oriented) and LP, which
occurs in all multi-paradigm approaches. For instance, how should traditional
control flow be combined with non-determinism, how should destructive assign-
ment be reconciled with logic variables, and how are the variety of data struc-
tures/types/classes in Java mapped to atoms and terms? How should garbage
collection be handled in a hybrid environment?

Calejo [22] categories Java and LP systems into two broad camps: “Prolog in
Java” and “Prolog+Java”. URLs for most of the current systems can be found
at his Web site: http://dev.servisoft.pt/interprolog/systems.htm.

Prolog in Java The ‘in’ crowd can be divided into those systems that compile
Prolog code into Java (e.g. jProlog, LLPj, MINERVA), and those that utilise a
Prolog interpreter as a Java class (e.g. BirdLand Prolog, DGKS Prolog, JavaLog,
Jinni, W-Prolog).

A benefit of “Prolog in Java” is the close integration, which permits Prolog
code to more directly employ Java functionality, and be downloaded to browsers
alongside Java applets.

Prolog+Java The “Prolog+Java” camp consists of systems which link Prolog
and Java via their foreign language interfaces (e.g. Amzi! Prolog, Jasper, JIPL,
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JPL, NanoProlog), and systems which use a network link (usually socket based),
such as InterProlog.

The following fragment shows how the Jasper package in the SICStus library
can be used by Java. A Prolog query connected("Wilmslow","Stockport",
Route) is constructed, passed to the Prolog engine which applies it to the pro-
gram in train.ql, and all the different possible routes are printed back on the
Java side.

SICStus sp = new SICStus(argv,null); % Prolog engine
sp.load("train.ql");

SPPredicate pred = new SPPredicate(sp, "connected", 3, "");
SPTerm to = new SPTerm(sp, "Wilmslow");
SPTerm from = new SPTerm(sp, "Stockport");
SPTerm route = new SPTerm(sp).putVariable();

SPQuery q = sp.openQuery(pred,
new SPTerm[]{from, to, route}); % build query

while (q.nextSolution())
System.out.println( route.toString() );

An obvious disadvantage of “Prolog+Java” over “Prolog in Java” is the re-
quirement to have two distinct systems running for any application. This makes
programs harder to write, debug, maintain, and complicates portability.

CCJava A somewhat different perspective on combining Java and LP is em-
bodied in CCJava [112]. As mentioned earlier in the section on Distributed Oz
(section 4.2), it adds single assignment variables and statement-level threads to
Java as a way of enhancing its thread communication features. This permits a
Java program to use techniques such as incremental and back communication
popularized in concurrent LP.

8 Server-side Execution

Server-side evaluation typically involves the user in completing a form on their
browser, which is submitted across the network to a Web server to be processed.
The most widespread server-side evaluation mechanism is the Common Gateway
Interface (CGI) which delivers form details to programs, and routes any output
from the code back to the user.

In general, server-side software is ideal for controlling resources such as
databases which cannot be sent over the Web for various reasons. Also, hav-
ing all users communicate with a central location makes it easier to program
applications with more complex communication requirements, such as chat sys-
tems or market places.

One disadvantage of server-side programming is the difficulty of extending
the user interface. For instance, it is not possible to intercept the activation of a
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hypertext link or to augment the forms interface with additional GUI elements.
Also, since server-side scripts are usually located on different machines from
the forms which use them, communication latency can be a problem. A further
drawback is the load on the server caused by multiple clients running scripts.

Parts of this section previously appeared in [83].

8.1 Libraries

There are many libraries which enable Prolog programs to process informa-
tion from CGI input, and generate suitable replies (typically, new Web pages)
[7,21,85].

The following server-side program uses the PiLLoW library [21] to extract
a name from CGI input, call a user-defined response/2 predicate to get an
answer, and then construct a Web page.

main(_) :-
get_form_input(Input), % read CGI input
get_form_value(Input, person_name, Name),
response(Name, Response), % lookup response
output_html([ form_reply, start,

title(’Response’),
heading(2, ’Response’),
Response, end ]).

get form input/1, get form value/3, and output html/1 are PiLLoW library
predicates.

8.2 Modifications to CGI

A CGI script is newly invoked for each query from a client, which can be a prob-
lem if the script has to load very large support software. Much of this overhead
can be avoided by using shared dynamically linked libraries, and utilising com-
pilers which generate fast object code and small executables. Also, it is far from
clear whether the poor performance of a particular Prolog CGI script is due to
its coding in Prolog, or because of network and machine overheads, and/or the
slowness of CGI.

A related issue is that the client-server model allows a server to process
several clients concurrently, which implies that several invocations of the same
script may need to be running simultaneously. This may not be practical because
of the size of the system, and also makes changes to shared resources more
complicated.

Separating Interface and Process Another server-side solution is to separate
query processing into two parts: a light-weight CGI script which acts as an
interface to a separate heavy-weight task process. A key feature of the task
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process is that it is continually running, and so only needs to be loaded once. In
the context of LP, this process might be a Prolog system or logic database.

This approach is used in the EMRM knowledge base of medical records,
which utilises the OR-parallel Aurora system to process multiple queries at once
[115].

The PiLLoW/CIAO library supports a higher level communications layer be-
tween the interface and task processes based on Active modules. Each invocation
of the interface script communicates with the task process as if it was calling a
module [21]. The authors speculate on using &-Prolog/CIAO to parallelise their
Prolog engine.

Another problem, addressed in the EMRM system, is how to deal with
lengthy browser interactions, which require the task process to suspend while
the user enters further details. A related difficulty, peculiar to LP systems, is
how to deal with backtracking to a previous stage in the user interaction. The
ProWeb system [85] records the pages associated with earlier stages, and can
redisplay them as required. Backtracking may also make it necessary to rollback
changes to (shared) resources. These problems can occur with any multi-user LP
application, but are compounded by the forms-based user interface supplied by
CGI, and the stateless nature of the HTTP protocol.

Replacing the Server A third server-side technique is to completely replace
the traditional Web server by software which combines the functionality of a
server with the particular task.

A notable LP solution in this style is the ECLiPSe HTTP server library, which
allows a basic server framework to be customized for different communication
protocols [17]. Indeed, the major advantage of this technique is the way that the
server can be specialized for specific applications and communication modes.
The main drawback is the large amount of work required to implement a fully
featured server with concurrency control, error handling, administrative tools,
and so on.

9 Integration of Heterogeneous Data Sources

The issues related to data integration on the Web/Internet are similar to those for
integrating heterogeneous database systems, but are arguably more complex due
to the large number, and evolving nature, of Web sources, the lack of meta-data
(i.e. schema) about the sources, and the degree of source autonomy. Semantic
heterogeneity – the representation of the same or overlapping data in two or
more ways – is a difficult problem.

Hull [71] identifies a number of data management architectures: mediation
systems (integrated read-only views of data), mediation with updates (which
introduce the view update problem, federated systems, and work flow architec-
tures.

Research on Web data integration focuses on mediation, and borrows from
the DARPA I3 reference architecture [72]. Wrappers are employed at the lowest
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level to translate between a Web source’s local language, model and concepts
and the global concepts embodied by the system. Mediators obtain information
from the components below them (which may be wrappers or other mediators).

The wrapper and mediator architecture has two distinguishing features over
integrated heterogeneous databases: a mediator does not directly communicate
with a source, instead interacting with its wrapper, and a user does not pose
queries in the schema of the data sources, instead using the mediated, global
schema. This last point requires the mediator to reformulate queries using some
kind of source description.

There are two main approaches to specifying a mediated schema and its
reformulation, which Hull terms “classical integration” and the “new wave” [71].

Classical integration defines global, mediated schema as views over the local
schema. Query reformulation becomes very simple – view unfolding or partial
evaluation until the query is expressed in terms of the local schema elements.
A survey of this approach, as applied to heterogenous databases, can be found
in [93]. Many Web-based systems use classical integration (e.g. TSIMMIS [100],
described below).

The new wave considers global schema to be independent of the local schema
to a large extent. Data held at the sources are expressed as views over the chosen
global schema, to specify how mediated schema relations are to be translated.
An advantage is the ease of adding/removing sources since they do not require
a view mechanism to be altered at the mediator level.

Many new wave systems utilise description logics as glue between local and
global schema (e.g. Information Manifold [81], described below). A description
logic is typically a subset of first order logic with specialized syntax that makes it
suitable for describing and reasoning about entities and relationships. It is often
combined with a Datalog-based query language which handles other aspects of
inference.

Two good sources of papers on this topic are the 1999 Workshop on LP and
Distributed Knowledge Management [99], and the recent JLP special issue on
logic-based heterogeneous information sources [104].

9.1 Classical Integration

TSIMMIS TSIMMIS (The Stanford-IBM Manager of Multiple Information
Sources) implements a mediator hierarchy, where a mediator may converse with
sub-mediators or with wrappers [100]. The system concentrates on the querying
of semistructured or unstructured data, and utilises the OEM (Object Exchange
Model) data model. The query language is MSL (Mediator Specification Lan-
guage), which is also used to describe mediators and wrappers in various ways.

MSL is an object logic with a Datalog-like syntax. Mediators are specified
using MSL rules. Each rule maps a set of objects at a source into a ‘virtual’
object at the mediator. Mediator objects with the same OID are fused together
in ways specified by the rules. Mediator rules are like a database view since the
sources are only queried for objects when a query arrives.
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For example, the rule paper is defined as:

<paper { <title T><author A><abstract B><conf C> }> :-
<entry { <title T><author A><abstract B> }>@s1,
<entry { <title T><conf C> }>@s2.

paper is essentially a join of the views exported by sources s1 and s2, with title
being the join attribute. The head consists of an OEM object with the label
paper, and a list of sub-objects describing the title, author, and so on.

MSL without negation and OIDs can be considered a variant of Datalog. Full
MSL can be converted to Datalog with function symbols and negation.

A query is evaluated by expanding the applicable mediator rules using un-
folding until the query is expressed in terms of source information only. This can
lead to exponential growth in the rule set as m query conditions unify with n
rules to produce nm expanded rules. TSIMMIS employs a range of techniques
to limit such growth.

Medlan The Medlan system [13] implements a declarative analysis layer on top
of a commercial GIS. The layer consists of multiple logic theories which can be
composed together using meta-level operations, which form a program expression
for the resulting collection of theories. A goal can be executed against a program
expression. The operations in Medlan and LogicWeb (discussed in section 7.3)
are similar.

9.2 New Wave Integration

Information Manifold New wave integration is typified by Information Man-
ifold [81] which provides uniform access to a heterogeneous collection of more
than 100 information sources, most of them on the Web. Its query language is
based on a dialect of the description logic CARIN, which offers a fragment of first
order logic almost equivalent to non-recursive Datalog. The Information Man-
ifold architecture is based on global predicates, where each information source
has one or more views defined in terms of those predicates.

Context Interchange The context interchange strategy primarily addresses
the issue of semantic heterogeneity, where information sources have different
interpretations arising from their respective contexts [64].

The global domain utilises the COIN data model; the COINL language offers
a mixture of deductive and object oriented features, similar to those in F-logic.

Elevation axioms say how source values are mapped to semantic objects in
the global domain. Context axioms include conversion functions which state how
an object may be transformed to comply with the assumptions of a context. Con-
version functions are crucial for allowing semantic objects to be moved between
contexts.

An interesting feature of query rewriting in this approach is the use of ab-
duction. Initially domain model axioms, elevation axioms and context axioms
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are rewritten as Horn clauses, with the addition of generic axioms defining the
abductive framework and other integrity constraints. The abductive rewriting
of the query is achieved through backward chaining until only source relations
(and builtins) are left. Backtracking is used to generate alternative rewrites.

The abductive process is implemented using ECLiPSe and its Constraint
Handling Rules (CHR) library. However, the authors remark on the suitability
of Procalog for this purpose. Procalog is an instantiation of the work of Wetzel,
Kowalski, and Toni on unifying abductive LP, constraint LP, and semantic query
optimisation [129].

10 Conclusions

LP is a natural choice when a programming task requires symbolic manipula-
tion, extended pattern matching, rule-based representation of algorithms, infer-
ence/deduction, a high degree of abstraction, and notation which reflects the
mathematical basis of computation. It is not surprising that LP languages have
found wide usage in the Internet domain.

A crucial requirement for Internet programming is a clear, unambiguous
model of the Web/Internet. The most popular is the labelled graph, where nodes
represent Web pages (or parts of them) and arcs correspond to links. This model
can be directly translated into a LP framework, as seen for example in LogicWeb
[83] and FLORID [86].

Logic variables are a powerful and efficient communications mechanism (e.g.
see Janus [106], Strand [58], Distributed Oz [66]), and one which offers benefits
to non-LP paradigms (e.g. see PCN [57], CC++ [27], CCJava [112]). One benefit
is the possibility of using concurrent (constraint) LP programming techniques
such as incomplete messages, bounded buffers, and short circuits.

(LP) coordination languages are sometimes discounted for being unable to
encompass the size and complexity of the Web/Internet. Development of richer
dataspaces based on multiple, hierarchical domains, the introduction of first
order representations of tuple spaces, and the cross-fertilization of ideas from
parallel rewrite systems has shown this view to be wrong. Coordination languages
seem certain to play an important role in representing and controlling mobility,
and in the integration of heterogeneous data sources.

Message passing languages illustrate the advantages of building on existing
protocols and systems (e.g. TCP/IP, PVM, CORBA), and thereby gaining fea-
tures like fault tolerance and reliable communication. The downside of using
existing protocols is that it is difficult to retain LP elements such as logic vari-
ables.

Joining Java and LP is a growth area at present, although frequently driven
only by the wish to gain access to Java’s extensive libraries. However, CCJava
shows how Java can benefit from logic variables [112], and Jinni is a close inte-
gration of Java and Prolog in a blackboard setting [117].

The server-side execution of LP code has been standardised into libraries
which make it easy to develop CGI-based applications [21]. However, several
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issues remain concerning the suitability of combining LP and HTTP. One of these
is the interaction between backtracking in the LP code and the ‘backtracking’
possible in a typical multiple forms interface.

Many query languages for semistructured data seem quite distant from LP,
concentrating on relational database manipulation, information retrieval search
techniques, temporal operators, and navigation based on regular path expres-
sions. Nevertheless, Datalog and F-logic (and their many variants) are popular
tools, although sometimes hidden behind SQL-like syntax (e.g. Lorel [2]).

There seems to be little LP involvement in the current development of query
languages for XML. This contrasts with the rather active participation of the
FP community, which have found interesting ways of using types to capture the
regular expression aspects of DTDs.

Datalog and F-logic (and variants) are widely used for the integration of
heterogeneous data sources, and there is much work to be done on applying
results from heterogeneous database integration to the semistructured domain.
Of particular note is the use of abduction in the context interchange strategy [64],
and the deployment of inductive LP ideas for information discovery and data
mining [40]. Also, as mentioned above, there seems scope for the application of
LP coordination languages.

Failure handling is a difficult problem in an Internet setting; Sandra [54] and
Distributed Oz [66] both offer a range of practical proposals. Approaches based
on the meta-call also are worth further investigation.

Security is another under-developed topic, although we noted the use of read-
only variables from FCP [94], and the meta-interpreter for client-side security
in LogicWeb [84]. An approach with great flexibility is the tuple center [41] for
enforcing ‘social behaviour’ as coordination laws.

The importance of mobility is being increasingly recognised: Distributed Oz
takes an implicit view [66], while languages like TuCSoN [41], Jinni [117], and
TeleLog [116] make mobility explicit. It appears that a visible notion of mo-
bility is suited to most Web/Internet applications, where resources have stated
locations.

One thread running through this paper is the utility of meta-level ideas.
For example, meta-level mechanisms are used to specify security in LogicWeb,
which can be viewed as a more expressive way of defining Java-like ‘sandbox’
restrictions [84]. Meta-level programming is at the heart of layered program
approaches (e.g. in Logix [68]) and in process-to-processor mapping notations.
Meta-level features often facilitate language extensions.

One Internet trend if the rise of components (e.g. ActiveX controls, Jav-
aBeans) as the building blocks of applications. A key element of the compo-
nent architecture is reflection – the ability of a component to manage its own
resources, scheduling, security, interaction, and so on. Meta-level concepts are
central to reflection, and so LP seems an ideal way of building such components.
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Abstract. This paper presents a case for the use of higher-order logic as
a foundation for computational logic. A suitable polymorphically-typed,
higher-order logic is introduced and its syntax and proof theory briefly
described. In addition, a metric space of closed terms suitable for knowl-
edge representation purposes is presented. The approach to representing
individuals is illustrated with some examples, as is the technique of pro-
gramming with abstractions. The paper concludes by placing the results
in the wider context of previous and current research in the use of higher-
order logic in computational logic.

1 Introduction

In 1974, Robert Kowalski published the seminal idea that predicate logic could
be used as a programming language [10]. The setting for Kowalski’s idea was
first-order logic, in fact, the Horn clause fragment of that logic. Since 1974, there
has been an explosion of research activity that has pushed the fundamental idea
in many different directions.

Once the idea that logic can be used as a programming language is appre-
ciated, it is natural to ask what other logics might be useful in this context.
Indeed, one can ask the question more generally: what logics are useful as a
basis for the field of computational logic, where computational logic is to be un-
derstood broadly as the use of logic in Computer Science? There are a number
of good answers to this question that depend to some extent on which part of
computational logic one wishes to study. Some of these are explored elsewhere
in this volume. In this paper, I make a case for the use of higher-order logic as
the theoretical basis for computational logic.

I begin by giving an overview of a suitable higher-order logic. This logic has
its origins in Church’s simple theory of types [4], but is significantly extended
by a polymorphic type system that is needed for its application to declarative
programming languages. I briefly describe the syntax and proof theory of the
logic. Next I introduce a metric space of certain closed terms. This space is
highly suitable for modelling individuals in diverse applications and, unusually,
includes certain abstractions that represent (finite) sets and multisets. A much
more detailed account of the logic, including its semantics and the proofs of all
the propositions in this paper, is contained in [13].
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I then turn to some more practical issues. First, there is a discussion, illus-
trated by two examples, of the approach to the representation of individuals.
This knowledge representation issue is crucial in many applications. For exam-
ple, in machine learning, there are individuals about which something has to be
learned (for example, a classification or a regression value) and these individuals
can have complex internal structure for which the full power of the higher-order
logic is needed to represent them. In particular, it is often necessary to use lists,
sets and multisets, all of which are provided directly by the logic. The second
practical issue is the technique of programming with abstractions which is illus-
trated with some examples. This technique provides an elegant and convenient
method of processing sets and multisets.

The last section sets the contributions of this paper in the context of previous
and current research in the use of higher-order logics for computation. In par-
ticular, I discuss briefly three higher-order declarative programming languages
Haskell [9], λProlog [15], and Curry [8]. The paper ends with some suggestions
for future research in higher-order computational logic.

2 Types

Definition. An alphabet consists of four sets:

1. A set T of type constructors.
2. A set P of parameters.
3. A set C of constants.
4. A set V of variables.

Each type constructor in T has an arity. The set T always includes the type
constructors 1 and Ω both of arity 0. 1 is the type of some distinguished sin-
gleton set and Ω is the type of the booleans. The set P is denumerable (that is,
countably infinite). Parameters are type variables and are typically denoted by
a, b, c, . . . . Each constant in C has a signature (see below). The set V is also
denumerable. Variables are typically denoted by x, y, z, . . . . For any particular
application, the alphabet is assumed fixed and all definitions are relative to the
alphabet.

Types are built up from the set of type constructors and the set of parameters,
using the symbols → and ×.
Definition. A type is defined inductively as follows.

1. Each parameter in P is a type.
2. If T is a type constructor in T of arity k and α1, . . . , αk are types, then

T α1 . . . αk is a type. (For k = 0, this reduces to a type constructor of arity
0 being a type.)

3. If α and β are types, then α→ β is a type.
4. If α1, . . . , αn are types, then α1× . . .×αn is a type. (For n = 0, this reduces

to 1 being a type.)



Higher-Order Computational Logic 107

S denotes the set of all types obtained from an alphabet (S for ‘sort’). The
symbol → is right associative, so that α→ β → γ means α→ (β → γ).

Definition. A type is closed if it contains no parameters.

Notation. Sc denotes the set of all closed types obtained from an alphabet.

Note that Sc is non-empty, since 1 , Ω ∈ Sc.
Example. In practical applications of the logic, a variety of types is needed.
For example, declarative programming languages typically admit the following
types (which are nullary type constructors): 1 , Ω, Int (the type of integers),
Float (the type of floating-point numbers), Char (the type of characters), and
String (the type of strings). Another useful type in applications is Nat (the type
of natural numbers).

Other useful type constructors are those used to define lists, trees, and so on.
In the logic, List denotes the (unary) list type constructor. Thus, if α is a type,
then List α is the type of lists whose elements have type α.

Use will be made later of the concept of one type being more general than
another.

Definition. Let α and β be types. Then α is more general than β if there exists
a type substitution ξ such that β = αξ.

Note that “more general than” includes “equal to”, since ξ can be the identity
substitution.

Example. Let α = (List a)×Ω and β = (List Int)×Ω. Then α is more general
than β, since β = αξ, where ξ = {a/Int}.

3 Terms

Definition. A signature is the declared type for a constant.

Notation. The fact that a constant C has signature α is sometimes denoted by
C : α.

I distinguish two different kinds of constants: data constructors and functions.
In a knowledge representation context, data constructors are used to represent
individuals. In a programming language context, data constructors are used to
construct data values. In contrast, functions are used to compute on data values;
functions have definitions while data constructors do not. In the semantics for
the logic, the data constructors are used to construct models. As examples, the
constants� (true) and⊥ (false) are data constructors, as is each integer, floating-
point number, and character. The constant : (cons) used to construct lists is
a data constructor. The constants ⊆ and concatenate introduced in examples
below are both functions.
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The set C always includes the following constants (where a is a parameter).

1. (), having signature 1 .
2. =, having signature a→ a→ Ω.
3. � and ⊥, having signature Ω.
4. ¬, having signature Ω → Ω.
5. ∧, ∨, −→, ←−, and ←→, having signature Ω → Ω → Ω.
6. Σ and Π , having signature (a→ Ω)→ Ω.

The intended meaning of = is identity (that is, = x y is � iff x and y are
identical), the intended meaning of � is true, the intended meaning of ⊥ is false,
and the intended meanings of the connectives ¬, ∧, ∨, −→, ←−, and←→ are as
usual. The intended meaning of Σ is that it is true iff its argument is a predicate
that is true on some domain element, and the intended meaning of Π is that it
is true iff its argument is a predicate that is true on every domain element.

Note. In this paper, the equality symbol ‘=’ is overloaded. On the one hand,
‘=’ is a constant in the alphabet of a higher-order logic. On the other hand, ‘=’
is a symbol of the informal meta-language in which the paper is written with the
intended meaning of identity. The meaning of any occurrence of the symbol ‘=’
will always be clear from the context. Equality is nearly always written infix.

Data constructors always have a signature of the form σ1 → · · · → σn →
(T a1 . . . ak), where T is a type constructor of arity k, a1, . . . , ak are distinct pa-
rameters, and all the parameters appearing in σ1, . . . , σn occur among a1, . . . , ak
(n ≥ 0, k ≥ 0). Furthermore, for each type constructor T , I assume that
there does exist at least one data constructor having a signature of the form
σ1 → · · · → σn → (T a1 . . . ak).

Example. The data constructors for constructing lists are [] having signature
List a and : having signature a → List a → List a, where : is usually written
infix. [] represents the empty list. The term s : t represents the list with head s
and tail t. Thus 4 : 5 : 6 : [] represents the list [4, 5, 6].

The next task is to define the central concept of a term. In the non-polymorphic
case, a simple inductive definition suffices. But the polymorphic case is more
complicated since, when putting terms together to make larger terms, it is gen-
erally necessary to solve a system of equations and these equations depend upon
the relative types of free variables in the component terms. The effect of this is
that to define a term one has to define simultaneously its type, and its set of
free variables and their relative types.

Definition. A term, together with its type, and its set of free variables and
their relative types, is defined inductively as follows.

1. Each variable x in V is a term of type a, where a is a parameter.
The variable x is free with relative type a in x.

2. Each constant C in C, where C has signature α, is a term of type α.
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3. (Abstraction) If t is a term of type β and x a variable in V, then λx.t is a
term of type α → β, if x is free with relative type α in t, or type a → β,
where a is a new parameter, otherwise.
A variable other than x is free with relative type σ in λx.t if the variable is
free with relative type σ in t.

4. (Application) If s is a term of type α→ β and t a term of type γ1 such that
the equation
α = γ,
augmented with equations of the form
ρ = δ,
for each variable that is free with relative type ρ in s and is also free with
relative type δ in t, have a most general unifier θ, then (s t) is a term of type
βθ.
A variable is free with relative type σθ in (s t) if the variable is free with
relative type σ in s or t.

5. (Tupling) If t1, . . . , tn are terms of type α1, . . . , αn
2, respectively, such that

the set of equations of the form
ρi1 = ρi2 = . . . = ρik ,
for each variable that is free with relative type ρij in the term tij (j =
1, . . . , k and k > 1), have a most general unifier θ, then (t1, . . . , tn)3 is a
term of type α1θ × . . .× αnθ.
A variable is free with relative type σθ in (t1, . . . , tn) if the variable is free
with relative type σ in tj , for some j ∈ {1, . . . , n}.

The type substitution θ in Parts 4 and 5 of the definition is called the asso-
ciated mgu.

Notation. L denotes the set of all terms obtained from an alphabet and is
called the language given by the alphabet.

Definition. A term is closed if it contains no free variables.

Example. Let M be a nullary type, and A : M and concatenate : List a ×
List a → List a be constants. Recall that [] : List a and (:) : a → List a →
List a are the data constructors for lists. I will show that (concatenate ([], [A]))
is a term. For this, ([], [A]) must be shown to be a term, which leads to the
consideration of [] and [A]. Now [] is a term of type List a, by Part 2 of the
definition of a term. By Parts 2 and 4, (: A) is a term of type List M → List M ,

1 Without loss of generality, one can suppose that the parameters in α → β, taken
together with the parameters in the relative types of the free variables in s, and the
parameters in γ, taken together with the parameters in the relative types of the free
variables in t, are standardised apart.

2 Without loss of generality, one can suppose that the parameters of each αi, taken
together with the parameters in the relative types of the free variables of ti, are
standardised apart.

3 If n = 1, (t1) is defined to be t1. If n = 0, the term obtained is the empty tuple, (),
which is a term of type 1 .



110 John W. Lloyd

where along the way the equation a = M is solved with the mgu {a/M}. Then
((: A) []) (that is, [A]) is a term of type List M by Part 4, where the equation
List M = List a is solved. By Part 5, it follows that ([], [A]) is a term of type
List a×List M . Finally, by Part 4 again, (concatenate ([], [A])) is a term of type
List M , where the equation to be solved is List a × List a = List a × List M
whose mgu is {a/M}.
Example. Consider the constants append : List a→ List a→ List a→ Ω and
process : List a→ List a. I will show that (((append x) []) (process x)) is a term.
First, the variable x is a term of type b, where the parameter is chosen to avoid a
clash in the next step. Then (append x) is a term of type List a→ List a→ Ω,
for which the equation solved is List a = b. Next ((append x) []) is a term of
type List a→ Ω and x has relative type List a in ((append x) []). Now consider
(process x), for which the constituent parts are process of type List c → List c
and the variable x of type d. Thus (process x) is a term of type List c and x
has relative type List c in (process x). Finally, we have to apply ((append x) [])
to the term (process x). For this, by Part 4, there are two equations. These are
List a = List c, coming from the top-level types, and List a = List c, coming
from the free variable x in each of the components. These equations have the
mgu {c/a}. Thus (((append x) []) (process x)) is a term of type Ω.

Notation. Terms of the form (Σ λx.t) are written as ∃x.t and terms of the
form (Π λx.t) are written as ∀x.t (in accord with the intended meaning of Σ
and Π). In a higher-order logic, one may identify sets and predicates – the
actual identification is between a set and its characteristic function which is
a predicate. Thus, if t is of type Ω, the abstraction λx.t may be written as
{x | t} if it is intended to emphasise that its intended meaning is a set. The
notation {} means {x | ⊥}. The notation s ∈ t means (t s), where t has type
α→ Ω and s has type α, for some α. Furthermore, notwithstanding the fact that
sets are mathematically identified with predicates, it is sometimes convenient to
maintain an informal distinction between sets (as “collections of objects”) and
predicates. For this reason, the notation {α} is introduced as a synonym for the
type α → Ω. The term (s t) is often written as simply s t, using juxtaposition
to denote application. Juxtaposition is left associative, so that r s t means
((r s) t). Thus (((append x) []) (process x)) can be written more simply as
append x [] (process x).

For the later definition of a statement, the concept of one term being type-
weaker than another will be needed.

Definition. Let s be a term of type σ and t a term of type τ . Then s is type-
weaker than t, denoted s - t, if there exists a type substitution γ such that
τ = σγ, every free variable in s is a free variable in t, and, if the relative type of
a free variable in s is δ, then the relative type of this free variable in t is δγ.

Example. Let s = y and t = f x y, where f : M → N → N . Let γ = {b/N},
where b is the type of y. Then bγ = N and s is type-weaker than t.
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Example. Let s = y and t = f y x, where f : M → N → N . Then s is not
type-weaker than t since no suitable γ exists.

Definition. Two terms s and t are type-equivalent, denoted s ≈ t, if they have
the same types, the same set of free variables, and, for every free variable x in s
and t, x has the same relative type in s as it has in t (up to variants of types).

4 Schemas

The above definition of terms is sufficient for many knowledge representation
tasks. However, it turns out that a more flexible notation on top of the term
syntax is needed in some applications, the prime example of which is program-
ming languages. Here is an example to motivate the ideas.

Example. Consider the programming problem of writing some code to imple-
ment the subset relation between sets. Here is a possible definition of the function
⊆ : (a→ Ω)→ (a→ Ω)→ Ω, which is written infix.

{} ⊆ s = �
{x | x = u} ⊆ s = u ∈ s

{x | u ∨ v} ⊆ s = ({x | u} ⊆ s) ∧ ({x | v} ⊆ s).

At first sight, all these equations look like terms. However, closer inspection
of the third equation reveals that u and v there are not ordinary variables.
Intuitively, these are intended to stand for expressions (possibly) containing x
as a free variable. Technically, they are syntactical variables in the meta-language
that range over object-level terms. Syntactical variables are distinguished from
(ordinary) variables by writing them in bold font.

This use of syntactical variables is common in the presentation of axioms for
logics. The third equation in the above example is thus a schema rather than a
term in which the syntactical variables u and v range over object-level terms.

The definition of a schema can be obtained from the previous one for a term
by also allowing syntactical variables to appear. The details are given in [13].

A schema can be reified to obtain a term.

Definition. A reifier is a finite set of the form {x1/t1, . . . ,xn/tn}, where each
xi is a syntactical variable, each ti is a term, and x1, . . . ,xn are distinct.

Definition. Let s be a schema whose syntactical variables are included in
{x1, . . . ,xn} and Ψ = {x1/t1, . . . ,xn/tn} a reifier. Then sΨ , the reification
of s by Ψ , is the expression obtained from s by replacing each occurrence of a
syntactical variable xi in s by the term ti, for i = 1, . . . , n.

Under certain natural conditions discussed in [13], sΨ is a term. The concepts
of type-weaker and type-equivalence for schemas will be needed.
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Definition. Let s be a schema of type σ and t a schema of type τ . Then s is
type-weaker than t, denoted s - t, if there exists a type substitution γ such that
τ = σγ, every free variable in s is a free variable in t and, if the relative type of
a free variable in s is δ, then the relative type of this free variable in t is δγ, and
every syntactical variable in s is a syntactical variable in t and, if the relative
type of a syntactical variable in s is ρ, then the relative type of this syntactical
variable in t is ργ.

Definition. Two schemas s and t are type-equivalent, denoted s ≈ t, if they
have the same types, the same set of free variables and, for every free variable x
in s and t, x has the same relative type in s as it has in t, and the same set of
syntactical variables and, for every syntactical variable x in s and t, x has the
same relative type in s as it has in t (up to variants of types).

5 Statements and Statement Schemas

Next the definition of a class of terms (and schemas) that can serve as statements
in declarative programming languages whose programs are equational theories
is presented.

Definition. A statement is a term of the form h = b, where h has the form
f t1 . . . tn, n ≥ 0, for some function f , and b is type-weaker than h.

The term h is called the head and the term b is called the body of the state-
ment. The statement is said to be about f .

Example. Consider the function append : List a× List a× List a → Ω. Then
the following term is a statement about append .

append (u, v, w) = (u = [] ∧ v = w) ∨
∃r.∃x.∃y.(u = r : x ∧ w = r : y ∧ append (x, v, y)).

The head has type Ω and the free variables u, v, and w have relative type List a
in the head. The body also has type Ω and its free variables u, v, and w have
relative type List a in the body. Thus the body is type-weaker than (in fact,
type-equivalent to) the head.

Usually, the head and the body of a statement are type-equivalent, but this
is not always the case.

Example. Consider the statement

concatenate ([], x) = x

about the function concatenate : List a × List a → List a. Here h is
concatenate ([], x) and b is x. Then h has type List a and b has type a′, for
some parameters a and a′. Thus b is type-weaker than h with γ = {a′/List a}.

Schemas should also be allowed to appear in programs.
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Definition. A statement schema is a schema of the form h = b, where h has
the form f s1 . . . sn, n ≥ 0, for some function f , and b is type-weaker than h.

The schema h is called the head and the schema b is called the body of the
statement schema. The statement schema is said to be about f .

Each statement is a statement schema.

Example. Consider the function ⊆ studied earlier.

{} ⊆ s = �
{x | x = u} ⊆ s = u ∈ s

{x | u ∨ v} ⊆ s = ({x | u} ⊆ s) ∧ ({x | v} ⊆ s).

The first two are statements, while the third is a statement schema. In the first
statement, the body is type-weaker than the head, but not type-equivalent to
the head because of the extra variable s. For the second statement and the third
statement schema, the body is type-equivalent to the head.

Example. Consider the function powerset : (a → Ω) → (a → Ω) → Ω. The
following is a statement schema in which the head is type-equivalent to the body.

powerset {x | if u then v else w} =
if v then powerset {x | u ∨w} else powerset {x | ¬u ∧w}.

The condition that the body of a statement (or statement schema) be type-
weaker than the head is needed to prove the important property that run-time
type checking is unnecessary in the computational model [13].

Definition. The definition of a function f is the collection of all statement
schemas about f , together with the signature for f .

Definition. A program is a collection of definitions.

6 Proof Theory

I now turn to the proof-theoretic aspects of the logic. The main goal here is to
define a suitable operational behaviour for programs in declarative programming
languages whose programs are equational theories. Throughout this section, I as-
sume that each definition is given in the context of some program. Two terms are
said to be α-equivalent if they differ only in the names of their bound variables.

Definition. A redex of a term t is an occurrence of a subterm of t that is α-
equivalent to either an instance of the head of a statement or an instance of a
reification of the head of a statement schema.
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Example. Consider the function ⊆ again.

{} ⊆ s = �
{x | x = u} ⊆ s = u ∈ s

{x | u ∨ v} ⊆ s = ({x | u} ⊆ s) ∧ ({x | v} ⊆ s).

The term

({} ⊆ {D}) ∧ ({y | (y = A) ∨ (y = B)} ⊆ {A,C,D})
has two redexes. The first is

{} ⊆ {D},
which is an instance of the head of the first statement by the substitution
{s/{D}}. The second is

{y | (y = A) ∨ (y = B)} ⊆ {A,C,D},
which is α-equivalent to an instance of a reification of the head of the third
statement schema. The reifier is {u/(x = A),v/(x = B)} and the substitution
is {s/{A,C,D}.
Definition. Let L be the set of terms constructed from the alphabet of a pro-
gram and DSL the set of subterms of terms in L (distinguished by their occur-
rence). A selection rule S is a function from L to the power set of DSL satisfying
the following condition: if t is a term in L, then S(t) is a subset of the set of
outermost redexes in t.

A redex is outermost if it is not a (proper) subterm of another redex. Typical
selection rules are the parallel-outermost selection rule for which all outermost
redexes are selected and the leftmost selection rule in which the leftmost outer-
most redex is selected. The choice of using outermost redexes is motivated by
the desire for evaluation strategy to be lazy.

Definition. A term s is obtained from a term t by a computation step using
the selection rule S if the following conditions are satisfied:

1. S(t) is a non-empty set, {ri}, say.
2. For each i, the redex ri is α-equivalent to either an instance hiθ of the head

of a statement hi = bi or to an instance of a reification h′
iΨθ of the head of

a statement schema h′
i = b′i.

3. s is the term obtained from t by replacing, for each i, the redex ri by biθ or
b′iΨθ, respectively.

Note that a computation step is essentially a (multiple) application of the
inference rule of type theory (Rule R) [1, p. 164]. Each computation step is
decidable in the sense that there is an algorithm that can decide for a given
subterm whether or not there is an instance of the head of a statement or an
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instance of a reification of the head of a statement schema that is α-equivalent
to the subterm. This algorithm is similar to the (first-order) unification algo-
rithm. In particular, the undecidability of higher-order unification [16] is not
relevant here because α-equivalence is demanded rather than βη-equivalence (or
β-equivalence) for higher-order unification.

Definition. A computation from a term t is a sequence {ti}ni=1 of terms such
that the following conditions are satisfied.

1. t = t1.
2. ti+1 is obtained from ti by a computation step, for i = 1, . . . , n− 1.

The term t1 is called the goal of the computation and tn is called the answer.

7 Normal Terms

Next I identify a class of terms, called basic terms, suitable for representing
individuals in diverse applications. For example, this class is suitable for machine
learning applications. From a (higher-order) programming language perspective,
basic terms are data values. The most interesting aspect of the class of basic
terms is that it includes certain abstractions and therefore is much wider than is
normally considered for knowledge representation. These abstractions allow one
to model sets, multisets, and similar data types, in an elegant way. Of course,
there are other ways of introducing (extensional) sets, multisets, and so on,
without using abstractions. For example, one can define abstract data types or
one can introduce data constructors with special equality theories. The primary
advantage of the approach adopted here is that one can define these abstractions
intensionally as shown in Section 13.

The definition of basic terms is given in several stages: first I define nor-
mal terms, then define an equivalence relation on normal terms, and finally
define basic terms as distinguished representatives of equivalence classes. Before
getting down to the first step of giving the definition of normal terms, some
motivation will be helpful. How should a (finite) set or multiset be represented?
First, advantage is taken of the higher-order nature of the logic to identify sets
and their characteristic functions, that is, sets are viewed as predicates. With
this approach, an obvious representation of sets uses the connectives, so that
λx.(x = 1)∨ (x = 2) is the representation of the set {1, 2}. This was the kind of
representation used in [12] and it works well for sets. But the connectives are,
of course, not available for multisets, so something more general is needed. An
alternative representation for the set {1, 2} is the term

λx.if x = 1 then � else if x = 2 then � else ⊥

and this idea generalises to multisets and similar abstractions. For example,

λx.if x = A then 42 else if x = B then 21 else 0
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is the multiset with 42 occurrences of A and 21 occurrences of B (and nothing
else). Thus I adopt abstractions of the form

λx.if x = t1 then s1 else . . . if x = tn then sn else s0

to represent (extensional) sets, multisets, and so on.
However, before giving the definition of a normal term, some attention has

to be paid to the term s0 in previous expression. The reason is that s0 in this
abstraction is usually a very specific term. For example, for finite sets, s0 is ⊥
and for finite multisets, s0 is 0. For this reason, the concept of a default term
is now introduced. The intuitive idea is that, for each closed type, there is a
(unique) default term such that each abstraction having that type as codomain
takes the default term as its value for all but a finite number of points in the
domain, that is, s0 is the default value. The choice of default term depends on
the particular application but, since sets and multisets are so useful, one would
expect the set of default terms to include ⊥ and 0. However, there could also
be other types for which a default term is needed. For each type constructor T ,
I assume there is chosen a unique default data constructor C such that C has
signature σ1 → · · · → σn → (T a1 . . . ak). For example, for Ω, the default data
constructor could be ⊥, for Int , the default data constructor could be 0, and for
List , the default data constructor could be [].

Definition. The set of default terms, D, is defined inductively as follows.

1. If C is a default data constructor having signature σ1 → · · · → σn →
(T a1 . . . ak) and t1, . . . , tn ∈ D (n ≥ 0) such that C t1 . . . tn ∈ L, then
C t1 . . . tn ∈ D.

2. If t ∈ D and λx.t ∈ L, then λx.t ∈ D.
3. If t1, . . . , tn ∈ D (n ≥ 0) and (t1, . . . , tn) ∈ L, then (t1, . . . , tn) ∈ D.

There may not be a default term for some closed types.

Example. Assume the alphabet contains just the nullary type constructors M
and N (in addition to 1 and Ω) and the data constructors F : M → N and
G : N → M . (Recall that each type constructor must have an associated data
constructor.) Let G be the default data constructor for M . Then there are no
closed terms of type M and hence there is no default term of type M .

However, if it exists, one can show that the default term for each closed type
is unique.

Proposition 7.1. For each α ∈ Sc, there exists at most one default term having
type more general than α.

Now normal terms can be defined. In the following, λx.s0 is regarded as the
special case of

λx.if x = t1 then s1 else . . . if x = tn then sn else s0

when n = 0.
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Definition. The set of normal terms, N, is defined inductively as follows.

1. If C is a data constructor having signature σ1 → · · · → σn → (T a1 . . . ak)
and t1, . . . , tn ∈ N (n ≥ 0) such that C t1 . . . tn ∈ L, then C t1 . . . tn ∈ N.

2. If t1, . . . , tn ∈ N, s1, . . . , sn ∈ N (n ≥ 0), s0 ∈ D and

λx.if x = t1 then s1 else . . . if x = tn then sn else s0 ∈ L,
then

λx.if x = t1 then s1 else . . . if x = tn then sn else s0 ∈ N.
3. If t1, . . . , tn ∈ N (n ≥ 0) and (t1, . . . , tn) ∈ L, then (t1, . . . , tn) ∈ N.

Part 1 of the definition of the set of normal terms states, in particular, that
individual natural numbers, integers, and so on, are normal terms. Also a term
formed by applying a constructor to (all of) its arguments, each of which is a
normal term, is a normal term. As an example of this, consider the following
declarations of the data constructors Circle and Rectangle.

Circle : Float → Shape
Rectangle : Float → Float → Shape.

Then (Circle 7.5) and (Rectangle 42.0 21.3) are normal terms of type Shape.
However, (Rectangle 42.0) is not a normal term as not all arguments to Rectangle
are given. Normal terms coming from Part 1 of the definition are called normal
structures and always have a type of the form Tα1 . . . αn.

The abstractions formed in Part 2 of the definition are “almost constant”
abstractions since they take the default term s0 as value for all except a finite
number of points in the domain. They are called normal abstractions and always
have a type of the form β → γ. This class of abstractions includes useful data
types such as (finite) sets and multisets (assuming ⊥ and 0 are default terms).
More generally, normal abstractions can be regarded as lookup tables, with s0

as the value for items not in the table.
Part 3 of the definition of normal terms just states that one can form a tuple

from normal terms and obtain a normal term. These terms are called normal
tuples and always have a type of the form α1 × . . .× αn.

Proposition 7.2. D ⊆ N.
It will be convenient to gather together all normal terms that have a type

more general than some specific closed type.

Definition. For each α ∈ Sc, define Nα = {t ∈ N | t has type more general
than α}.

The intuitive meaning ofNα is that it is the set of terms representing individ-
uals of type α. Note that N =

⋃
α∈Sc Nα. However, the Nα are not necessarily

disjoint. For example, if the alphabet includes List , then [] ∈ NList α, for each
closed type α.
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8 An Equivalence Relation on Normal Terms

Several syntactically distinct terms in N can represent the same individual. For
example,

λx.if x = 1 then � else if x = 2 then � else ⊥,
λx.if x = 2 then � else if x = 1 then � else ⊥,

and

λx.if x = 3 then ⊥ else if x = 2 then � else if x = 1 then � else ⊥

all represent the set {1, 2}. To reflect this, a relation ≡ is defined on N.

Definition. The binary relation ≡ on N is defined inductively as follows. Let
s, t ∈ N. Then s ≡ t if there exists α ∈ Sc such that s, t ∈ Nα and one of the
following conditions holds.

1. α = T α1 . . . αk, for some T, α1, . . . , αk, and s is C s1 . . . sn, t is C t1 . . . tn
and si ≡ ti, for i = 1, . . . , n.

2. α = β → γ, for some β, γ, and
s is λx.if x = t1 then s1 else . . . if x = tn then sn else s0,
t is λy.if y = u1 then v1 else . . . if y = um then vm else s0

and, ∀r ∈ Nβ ,
(∃i, j. r ≡ ti ∧ r �≡ tk(∀k < i) ∧ r ≡ uj ∧ r �≡ um(∀m < j) ∧ si ≡ vj) ∨
(∃i. r ≡ ti ∧ r �≡ tk(∀k < i) ∧ r �≡ uj(∀j) ∧ si ≡ s0) ∨
(∃j. r �≡ ti(∀i) ∧ r ≡ uj ∧ r �≡ um(∀m < j) ∧ s0 ≡ vj) ∨
(r �≡ ti(∀i) ∧ r �≡ uj(∀j)).

3. α = α1× . . .×αn, for some α1, . . . , αn, and s is (s1, . . . , sn), t is (t1, . . . , tn)
and si ≡ ti, for i = 1, . . . , n.

Proposition 8.1. For each α ∈ Sc, ≡|Nα is an equivalence relation on Nα.

Later I will need the following concept.

Definition. Let t be λx.if x = t1 then s1 else . . . if x = tn then sn else s0 ∈
Nβ→γ and r ∈ Nβ . Then V (t r) is defined by

V (t r) =
{
si if r ≡ ti and r �≡ tk(∀k < i)
s0 if r �≡ ti(∀i)

Intuitively, V (t r) is the “value” returned when t is applied to r.
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9 A Total Order on Normal Terms

The equivalence relation ≡ was introduced because several syntactically distinct
terms in N can represent the same individual. Rather than deal with all the
normal terms in an equivalence class in some Nα, it is preferable to deal with a
single representative from the equivalence class. For this purpose, a (strict) total
order on normal terms is introduced.

Recall that a (strict) partial order on a set A is a binary relation < on A such
that, for each a, b, c ∈ A, a �< a (irreflexivity), a < b implies b �< a (asymmetry),
and a < b and b < c implies a < c (transitivity). In addition, a (strict) partial
order is a (strict) total order if, for each a, b ∈ A, exactly one of a = b or a < b
or b < a holds.

If < is a (strict) total order on a set A, then < can be lifted to (strict)
total order, also denoted by <, on the set of sequences of elements in A by
a1 . . . an < b1 . . . bm if either
(i) a1 = b1, . . . , an = bn and n < m, or
(ii) there exists j such that 1 ≤ j ≤ n, a1 = b1, . . . , aj−1 = bj−1 and aj < bj .
The order < on the sequences is called the induced lexicographic ordering.

In the definition of the binary relation < below, it is assumed that, for each
T ∈ T, there is defined a (strict) total order ≺T on the set of all data construc-
tors associated with the type constructor T . For standard types, such as Int
and Float , the usual order provides an appropriate total order. To simplify the
statement of the definition, the concept of the trace of an abstraction will be
useful.

Definition. Suppose that s is a normal abstraction

λx.if x = t1 then s1 else . . . if x = tn then sn else s0.

Then the trace of s, trace(s), is the sequence t1 s1 t2 s2 . . . tn sn. (For the normal
abstraction λx.s0, the trace is the empty sequence ε.)

Definition. The binary relation < on N is defined inductively as follows. Let
s, t ∈ N. Then s < t if there exists α ∈ Sc such that s, t ∈ Nα and one of the
following conditions holds.

1. α = T α1 . . . αk, for some T, α1, . . . , αk, and s is C s1 . . . sn, t is D t1 . . . tm
and either C ≺T D or C = D and there exists j such that 1 ≤ j ≤ n,
s1 = t1, . . . , sj−1 = tj−1 and sj < tj .

2. α = β → γ, for some β, γ, and trace(s) < trace(t), where < is the induced
lexicographic ordering.

3. α = α1× . . .×αn, for some α1, . . . , αn, and s is (s1, . . . , sn), t is (t1, . . . , tn)
and there exists j such that 1 ≤ j ≤ n, s1 = t1, . . . , sj−1 = tj−1 and sj < tj .

Proposition 9.1. For each α ∈ Sc, <|Nα is a (strict) total order on Nα.
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10 Basic Terms

Finally, the definition of the key concept of a basic term can be given.

Definition. The set of basic terms, B, is defined inductively as follows.

1. If C is a data constructor having signature σ1 → · · · → σn → (T a1 . . . ak)
and t1, . . . , tn ∈ B (n ≥ 0) such that C t1 . . . tn ∈ L, then C t1 . . . tn ∈ B.

2. If t1, . . . , tn ∈ B, s1, . . . , sn ∈ B, t1 < . . . < tn, si �∈ D, for 1 ≤ i ≤ n
(n ≥ 0), s0 ∈ D and

λx.if x = t1 then s1 else . . . if x = tn then sn else s0 ∈ L,

then

λx.if x = t1 then s1 else . . . if x = tn then sn else s0 ∈ B.

3. If t1, . . . , tn ∈ B (n ≥ 0) and (t1, . . . , tn) ∈ L, then (t1, . . . , tn) ∈ B.

The basic terms from Part 1 of the definition are called basic structures, those
from Part 2 are called basic abstractions, and those from Part 3 are called basic
tuples.

Proposition 10.1. D ⊆ B ⊆ N.
As for normal terms, the basic terms of a particular type can be gathered

together.

Definition. For each α ∈ Sc, define Bα = {t ∈ B | t has type more general
than α}.

Proposition 10.2. For each α ∈ Sc, Bα ⊆ Nα.
The next result shows that, for basic terms, the equivalence relation≡ reduces

to the identity relation.

Proposition 10.3. Let s, t ∈ B. Then s ≡ t iff s = t.

The next proposition justifies restricting attention to basic terms for knowl-
edge representation purposes.

Proposition 10.4. If s ∈ Nα, for some α ∈ Sc, then there is a unique t ∈ Bα

such that s ≡ t.

Definition. Let s ∈ Nα, for some α ∈ Sc. The unique t ∈ Bα such that s ≡ t
is called the basic form of s.

Here is an example to illustrate how the basic form can be computed.
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Example. Let s be the normal term

λx.if x = 3 then ⊥ else if x = 2 then � else if x = 1 then � else
if x = 3 then � else ⊥.

Assume that the total order on the integers is the usual order. In the first step,
each of 1, 2, 3, and � and ⊥ are replaced by their basic form. Since each of these
is already a basic term, this step has no effect. Second, the component of the
if-then-else containing the duplicated occurrence of x = 3 is dropped to obtain

λx.if x = 3 then ⊥ else if x = 2 then � else if x = 1 then � else ⊥.

Third, the component containing the occurrence x = 3 is dropped since the
corresponding value is ⊥ to obtain

λx.if x = 2 then � else if x = 1 then � else ⊥.

Finally, the sequence 2 1 is ordered according to the total order and the compo-
nents of the if-then-else are reordered accordingly to obtain

λx.if x = 1 then � else if x = 2 then � else ⊥,

which is the basic form of s.

11 A Metric on Basic Terms

For a number of reasons, it is important to have a metric defined on basic terms.
For example, in instance-based learning, such a metric is needed to determine
those terms that are “nearby” some given term [14, Ch.8]. Thus I give now the
definition of a suitable function d from B ×B into R, where R denotes the set
of real numbers.

The definition of this function depends upon some given functions ρ and ϕ.
The real-valued function ρ is defined on the product of the set of data construc-
tors with itself and is assumed to satisfy the following conditions:

1. For each type constructor T ∈ T, ρ is a metric on the set of data constructors
associated with T .

2. For the set of data constructors associated with a type constructor for which
there is at least one data constructor of arity > 0, ρ is the discrete metric.

For example, the type constructor List has two data constructors : (of arity > 0)
and [], and so ρ([], :) = 1. In contrast, Nat has only nullary data constructors
and hence the second condition does not apply. As will become apparent in the
definition below of the function d, it is only necessary to be concerned about the
value of ρ(C,D) for those data constructors C and D that are associated with
the same type constructor. The next example gives typical choices for ρ.
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Example. For the types 1 and Ω, ρ could be the discrete metric. For the types
Nat , Int , and Float , one could use ρ(n,m) = |n − m|. For a type constructor
like Shape in Section 7, it is natural to employ the discrete metric on the set of
data constructors {Circle,Rectangle}.

The second function ϕ must be a non-decreasing function from the non-
negative reals into the closed interval [0, 1] such that ϕ(0) = 0, ϕ(x) > 0 if
x > 0, and ϕ(x+ y) ≤ ϕ(x) + ϕ(y), for each x and y.

Example. Typical choices for ϕ could be ϕ(x) = x
1+x or ϕ(x) = min{1, x}.

Definition. The function d : B×B→ R is defined inductively on the structure
of terms in B as follows. Let s, t ∈ B.

1. If s, t ∈ Bα, where α = T α1 . . . αk, for some T, α1, . . . , αk, then

d(s, t) =

{
ρ(C,D) if C �= D
(1/2) max

i=1,... ,n
ϕ(d(si, ti)) otherwise

where s is C s1 . . . sn and t is D t1 . . . tm.
2. If s, t ∈ Bα, where α = β → γ, for some β, γ, then

d(s, t) =
∑
r∈Bβ

d(V (s r), V (t r)).

3. If s, t ∈ Bα, where α = α1 × . . .× αn, for some α1, . . . , αn, then

d(s, t) =
n∑
i=1

d(si, ti),

where s is (s1, . . . , sn) and t is (t1, . . . , tn).
4. If there does not exist α ∈ Sc such that s, t ∈ Bα, then d(s, t) = 1.

In Part 1 of the definition, if n = 0, then maxi=1,... ,n ϕ(d(si, ti)) = 0. The
purpose of the function ϕ is to scale the values of the d(si, ti) so that they lie
in the interval [0, 1]. Thus maxi=1,... ,n ϕ(d(si, ti)) ≤ 1. The factor of 1/2 means
that the greater the “depth” to which s and t agree, the smaller will be their
distance apart. So for lists, for example, the longer the prefix on which two lists
agree, the smaller will be their distance apart.

In Part 2 of the definition, the sum
∑

r∈Bβ
d(V (s r), V (t r)) is finite since s

and t differ on at most finitely many r in Bβ . In the case of sets,∑
r∈Bβ

d(V (s r), V (t r)) is the cardinality of the symmetric difference of the
sets s and t (assuming that ρ is the discrete metric for Ω).

It should be clear that the definition of d does not depend on the choice of α
such that s, t ∈ Bα. (There may be more than one such α.) What is important
is only whether α has the form T α1 . . . αk, β → γ, or α1 × . . .× αn, and this is
invariant.
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The definition given above for d is, of course, only one of a number of pos-
sibilities. For example, one could use instead the Euclidean form of the metric
(with the square root of the sum of the squares) in Part 3 or a more specialised
metric for lists in Part 1. For a particular instance-based learning application,
such fine tuning would be almost certainly needed. These variant definitions for
d are likely to share the following properties of d; in any case, the proofs of these
properties for d show the way for proving similar properties for the variants.

Example. Suppose that ρ is the metric given by ρ(n,m) = |n−m| for Int and
Float . Then d(42, 42) = 0, d(21, 42) = 21 and d(42.1, 42.2) = 0.1.

Example. Suppose that ρ is the discrete metric for List and also for the set of
data constructors {A,B,C,D} (of some unnamed type) and that ϕ(x) = x

1+x .
Let s be the list [A,B,C] and t the list [A,D]. (See Figure 1.) Then

d(s, t) = d([A,B,C], [A,D])

=
1
2
max{ϕ(d(A,A)), ϕ(d([B,C], [D]))}

=
1
2
ϕ(d([B,C], [D]))

=
1
2
ϕ(

1
2
max{ϕ(d(B,D)), ϕ(d([C], []))})

=
1
2
ϕ(

1
2
max{ϕ(1), ϕ(1)})

=
1
2
ϕ(

1
2
· 1
2
)

=
1
2
·

1
4

1 + 1
4

=
1
10

.

Example. Let BTree be a unary type constructor, and Null : BTree a and
BNode : BTree a → a → BTree a → BTree a be data constructors. Here
BTree a is the type of binary trees, Null represents the empty binary tree, and
BNode is used to represent non-empty binary trees. Let A,B,C,D : M be data
constructors. Suppose that ρ is the discrete metric on M and ϕ(x) = x

1+x . Let
s be

BNode (BNode Null A Null) B (BNode Null C (BNode Null D Null)),

a binary tree of type BTree M , and t be

BNode (BNode Null A Null) B (BNode Null D Null).
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A

(:)

(:)

(:)
B

C []

[A, B, C] [A, D] 

(:)

A

D []

(:)

Fig. 1. Two lists

(See Figure 2.) Then

d(s, t) =
1
2
max{ϕ(d(BNode Null A Null ,BNode Null A Null)), ϕ(d(B,B)),

ϕ(d(BNode Null C (BNode Null D Null),BNode Null D Null))}
=

1
2
ϕ(d(BNode Null C (BNode Null D Null),BNode Null D Null))

=
1
2
ϕ(

1
2
max{ϕ(d(Null ,Null)), ϕ(d(C,D)),

ϕ(d(BNode Null D Null ,Null))})
=

1
2
ϕ(

1
2
max{ϕ(1), ϕ(1)})

=
1
2
· ϕ(1

4
)

=
1
2
·

1
4

1 + 1
4

=
1
10

.

Notation. The basic abstraction λx.if x = t1 then � else . . . if x = tn then �
else ⊥ ∈ Bβ→Ω is a set whose elements have type more general than β and is
denoted by {t1, . . . , tn}.
Example. Suppose that ρ is the discrete metric for Ω. If s is the set {A,B,C} ∈
Bβ→Ω and t is the set {A,D} ∈ Bβ→Ω, then d(s, t) =

∑
r∈Bβ

d(V (s r), V (t r)) =
1 + 1 + 1 = 3.
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BNode

BNode BNode

BNodeNull Null Null

Null Null

A C

D

BNode

BNode BNode

Null Null Null NullA D

B

B

Fig. 2. Two binary trees

Notation. The basic abstraction λx.if x = t1 then m1 else . . . if x =
tn then mn else 0 ∈ Bβ→Nat is a multiset whose elements have type more
general than β and is denoted by 〈t1, . . . , t1, . . . , tn, . . . , tn〉, where there are
mi occurrences of ti, for i = 1, . . . , n. (That is, the number of times an ele-
ment appears in the expression is its multiplicity in the multiset.) Obviously,
this notation is only useful for “small” multisets.

Example. Suppose that ρ is the metric for Nat given by ρ(n,m) = |n−m|. If
s is 〈A,A,B,C,C,C〉 ∈ Bβ→Nat and t is 〈B,C,C,D〉 ∈ Bβ→Nat , then d(s, t) =∑

r∈Bβ
d(V (s r), V (t r)) = 2 + 1 + 1 = 4.

Proposition 11.1. For each α ∈ Sc, (Bα, d) is a metric space.

I now give a generalised definition of cardinality for basic abstractions.

Definition. Let t be λx.if x = t1 then s1 else . . . if x = tn then sn else s0 ∈
Bβ→γ . Then the (generalised) cardinality of t is defined as follows:

card(t) =
∑
r∈Bβ

d(V (t r), s0).

The function card measures how much a basic abstraction deviates from
being constant.

Example. Suppose that ρ is the discrete metric for Ω. If t is the set {A,B,C},
then card(t) = 3. That is, card(t) is the cardinality of the set t.
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Example. Suppose that ρ is the metric for Nat given by ρ(n,m) = |n−m|. If
t is the multiset 〈A,B,A,B,C〉, then card(t) = 2 + 2 + 1 = 5. That is, card(t)
is the sum of the multiplicities of the elements of the multiset t.

12 Representation of Individuals

In this section, some practical issues concerning the representation of individuals
are discussed and the ideas are illustrated with two examples.

To make the ideas more concrete, consider an inductive learning problem, in
which there is some collection of individuals for which a general classification
is required [14]. Training examples are available that state the class of certain
individuals. The classification is given by a function from the domain of the
individuals to some small finite set corresponding to the classes.

I adopt a standard approach to knowledge representation. The basic princi-
ple is that an individual should be represented by a (closed) term; this is referred
to as the ‘individuals-as-terms’ approach. Thus the individuals are represented
by basic terms. For a complex individual, the term will be correspondingly com-
plex. Nevertheless, this approach has significant advantages: the representation
is compact, all information about an individual is contained in one place, and
the structure of the term provides strong guidance on the search for a suitable
induced definition.

What types are needed to represent individuals? Typically, one needs the
following: integers, floats, characters, strings, and booleans; data constructors;
tuples; sets; multisets; lists; trees; and graphs. The first group are the basic types,
such as Int , Float , and Ω. Also needed are data constructors for user-defined
types. For example, see the data constructors Abloy and Chubb for the nullary
type constructor Make below. Tuples are essentially the basis of the attribute-
value representation of individuals, so their utility is clear. Less commonly used
elsewhere for representing individuals are sets and multisets. However, sets, espe-
cially, and multisets are basic and extremely useful data types. Other constructs
needed for representing individuals include the standard data types, lists, trees,
and graphs. This catalogue of data types is a rich one, and intentionally so. I ad-
vocate making a careful selection of the type which best models the application
being studied.

Consider now the problem of determining whether a key in a bunch of keys
can open a door. More precisely, suppose there are some bunches of keys and a
particular door which can be opened by a key. For each bunch of keys either no
key opens the door or there is at least one key which opens the door. For each
bunch of keys it is known whether there is some key which opens the door, but it
is not known precisely which key does the job, or it is known that no key opens
the door. The problem is to find a classification function for the bunches of keys,
where the classification is into those which contain a key that opens the door
and those that do not. This problem is prototypical of a number of important
practical problems such as drug activity prediction [5], as a bunch corresponds
to a molecule and a key corresponds to a conformation of a molecule, and a
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molecule has a certain behaviour if some conformation of it does. I make the
following declarations.

Abloy ,Chubb,Rubo,Yale : Make
Short ,Medium ,Long : Length
Narrow ,Normal ,Broad : Width.

I also make the following type synonyms.

NumProngs = Nat
Key = Make × NumProngs × Length ×Width
Bunch = {Key}.

Thus the individuals in this case are sets whose elements are 4-tuples. The func-
tion to be learned is

opens : Bunch → Ω.

Here is a typical example.

opens {(Abloy , 4,Medium ,Broad),
(Chubb, 3,Long,Narrow),
(Abloy , 3,Short ,Normal)} = �.

For further details on this example, see [2] or [3].
As another example of knowledge representation, consider the problem of

modelling a chemical molecule. The first issue is to choose a suitable type to
represent a molecule. I use an undirected graph to model a molecule – an atom
is a vertex in the graph and a bond is an edge. Having made this choice, suit-
able types are then set up for the atoms and bonds. For this, the nullary type
constructor Element , which is the type of the (relevant) chemical elements, is
first introduced. Here are the constants of type Element .

Br , C,Cl , F,H, I,N,O, S : Element .

I also make the following type synonyms.

AtomType = Nat
Charge = Float
Atom = Element ×AtomType × Charge
Bond = Nat .

For (undirected) graphs, there is a “type constructor” Graph such that the type
of a graph is Graph v e, where v is the type of information in the vertices and e
is the type of information in the edges. Graph is defined as follows.

Label = Nat
Graph v e = {Label × v} × {(Label → Nat)× e}.
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Here the multisets of type Label → Nat are intended to all have cardinality
2, that is, they are intended to be regarded as unordered pairs. Note that this
definition corresponds closely to the mathematical definition of a graph: each
vertex is labelled by a unique integer and each edge is uniquely labelled by the
unordered pair of labels of the vertices it connects. Also it should be clear by
now that Graph is not actually a type constructor at all; instead Graph v e is
simply notational sugar for the expression on the right hand side of its definition.

The type of a molecule is now obtained as an (undirected) graph whose
vertices have type Atom and whose edges have type Bond . This leads to the
following definition.

Molecule = Graph Atom Bond .

Here is an example molecule, called d1, from the mutagenesis dataset available
at [17]. The notation 〈s, t〉 is used as a shorthand for the multiset that takes
the value 1 on each of s and t, and is 0 elsewhere. Thus 〈s, t〉 is essentially an
unordered pair.

({(1, (C, 22,−0.117)), (2, (C, 22,−0.117)), (3, (C, 22,−0.117)),
(4, (C, 195,−0.087)), (5, (C, 195, 0.013)), (6, (C, 22,−0.117)),
(7, (H, 3, 0.142)), (8, (H, 3, 0.143)), (9, (H, 3, 0.142)),
(10, (H, 3, 0.142)), (11, (C, 27,−0.087)), (12, (C, 27, 0.013)),
(13, (C, 22,−0.117)), (14, (C, 22,−0.117)), (15, (H, 3, 0.143)),
(16, (H, 3, 0.143)), (17, (C, 22,−0.117)), (18, (C, 22,−0.117)),
(19, (C, 22,−0.117)), (20, (C, 22,−0.117)), (21, (H, 3, 0.142)),
(22, (H, 3, 0.143)), (23, (H, 3, 0.142)), (24, (N, 38, 0.812)),
(25, (O, 40,−0.388)), (26, (O, 40,−0.388))},
{(〈1, 2〉, 7), (〈1, 6〉, 7), (〈1, 7〉, 1), (〈2, 3〉, 7), (〈2, 8〉, 1),
(〈3, 4〉, 7), (〈3, 9〉, 1), (〈4, 5〉, 7), (〈4, 11〉, 7), (〈5, 6〉, 7),
(〈5, 14〉, 7), (〈6, 10〉, 1), (〈11, 12〉, 7), (〈11, 17〉, 7),
(〈12, 13〉, 7), (〈12, 20〉, 7), (〈13, 14〉, 7), (〈13, 15〉, 1),
(〈14, 16〉, 1), (〈17, 18〉, 7), (〈17, 21〉, 1), (〈18, 19〉, 7),
(〈18, 22〉, 1), (〈19, 20〉, 7), (〈19, 24〉, 1), (〈20, 23〉, 1),
(〈24, 25〉, 2), (〈24, 26〉, 2)}).

Having represented the molecules, the next task is to learn a function that
provides a classification of the carcinogenicity of the molecules. One way of
doing this is to build, using a set of training examples, a decision tree from
which the definition of the classification function can be extracted. The most
important aspect of building this tree is to find suitable predicates to split the
training examples. The search space of predicates is determined by the type of
the individuals and the constants that appear in the corresponding alphabet.
The higher-order facilities of the logic are used to structure this search space.
More details can be found in [2] and [3].
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13 Programming with Abstractions

In this section, the paradigm of programming with abstractions, introduced in
[12], is illustrated with some examples.

But first some motivation. One approach to the problem of designing and im-
plementing a declarative programming language that integrates the functional
programming and logic programming styles is based on the observation that
the functional programming language Haskell [9] is a highly successful, modern
declarative programming language that can serve as the basis for such an integra-
tion. Haskell provides types, modules, higher-order programming and declarative
input/output, amongst other features. With Haskell as a basis, the problem then
reduces to identifying the extensions that are needed to provide the usual logic
programming idioms. In this section, I illustrate how the paradigm of program-
ming with abstractions can provide these extensions.

Consider the definitions of the functions append , permute, delete, and sorted
given in Figure 3, which have been written in the relational style of logic program-
ming. The intended meaning of append is that it is true iff its third argument is
the concatenation of its first two arguments. The intended meaning of permute is
that it is true iff its second argument is a permutation of its first argument. The
intended meaning of delete is that it is true iff its third argument is the result of
deleting its first argument from its second argument. The intended meaning of
sorted is that it is true iff its argument is an increasingly ordered list of integers.
As can be seen, the definition of each function has a declarative reading that
respects the intended meaning.

What extra machinery needs to added to Haskell to enable it to run the
definitions in Figure 3? First, the constructor-based assumption of Haskell has
to be relaxed to allow λ-abstractions and functions to appear in arguments in
the heads of statements. Also, (free and bound) variables have to be allowed to
appear in redexes. The most crucial idea behind these extensions is the intro-
duction of λ-abstractions in arguments in heads and so this programming style
is termed ‘programming with abstractions’.

The notable feature of the definitions in Figure 3 is the presence of existential
quantifiers in the bodies of the statements, so not surprisingly the key statement
that makes all this work is concerned with the existential quantifier. To motivate
this, consider the computation that results from the goal append ([1], [2], x). At
one point in the computation, the following term is reached:

∃r′.∃x′.∃y′.(r′ = 1 ∧ x′ = [] ∧ x = r′ : y′ ∧ append (x′, [2], y′).

An obviously desirable simplification that can be made to this term is to elim-
inate the local variable r′ since we have a “value” (that is, 1) for it. This leads
to the term

∃x′.∃y′.(x′ = [] ∧ x = 1 : y′ ∧ append (x′, [2], y′).

Similarly, one can eliminate x′ to obtain

∃y′.(x = 1 : y′ ∧ append ([], [2], y′).
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append : List a× List a× List a→ Ω

append (u, v, w) = (u = [] ∧ v = w) ∨
∃r.∃x.∃y.(u = r : x ∧ w = r : y ∧ append (x, v, y))

permute : List a× List a→ Ω

permute ([], x) = x = []

permute (x : y, w) = ∃u.∃v.∃z.(w = u : v ∧ delete (u, x : y, z) ∧ permute (z, v))

delete : a× List a× List a→ Ω

delete (x, [], y) = ⊥
delete (x, y : z, w) = (x = y ∧ w = z) ∨ ∃v.(w = y : v ∧ delete (x, z, v))

sorted : List Int → Ω

sorted [] = �
sorted x : y = if y = [] then � else ∃u.∃v.(y = u : v ∧ x ≤ u ∧ sorted y)

Fig. 3. List-processing functions

After some more computation, the answer x = [1, 2] results. Now the statement
that makes all this possible is

∃x1. · · · ∃xn.(x ∧ (x1 = u) ∧ y) = ∃x2. · · · ∃xn.(x{x1/u} ∧ y{x1/u}),
which comes from the definition of Σ : (a→ Ω)→ Ω and has λ-abstractions in
its head.

The above ideas, plus some carefully chosen definitions, are all that are
needed to allow Haskell thus extended to encompass the relational style of logic
programming. The definitions of predicates look a little different to the way one
would write them in, for example, Prolog. A mechanical translation of a Prolog
definition into one that runs in this extended version of Haskell simply involves
using the completion [11] of the Prolog definition. The definition here of append
is essentially the completion of the Prolog version of append . Alternatively, one
can specialise the completion to the [] and (:) cases, as has been done here for
the definitions of permute, delete, and sorted . One procedural difference of note
is that Prolog’s method of returning answers one at a time via backtracking is
replaced here by returning all answers together as a disjunction (or a set). Thus
the goal

append (x, y, [1])

reduces to the answer

(x = [] ∧ y = [1]) ∨ (x = [1] ∧ y = []).
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However, the idea of programming with abstractions can be pushed much fur-
ther to enable direct programming with sets, multisets and other abstractions, a
facility not provided by either Haskell or Prolog. First, I deal with sets. Consider
the definition of the function likes in Figure 4. This definition is essentially a
database of facts about certain people and the sports they like.

Mary , Bill , Joe, Fred : Person

Cricket ,Football ,Tennis : Sport

likes : Person × Sport → Ω

likes = {(Mary ,Cricket), (Mary ,Tennis), (Bill ,Cricket), (Bill , Tennis),

(Joe,Tennis), (Joe,Football )}

Fig. 4. A database to illustrate set processing

Here are some examples of set processing. Consider first the goal

{Mary ,Bill} ∩ {Joe,Bill}.
Using the statement

s ∩ t = {x | (x ∈ s) ∧ (x ∈ t)}
in the definition of ∩ : (a→ Ω)→ (a→ Ω)→ (a→ Ω), one obtains

{x | (x ∈ {Mary ,Bill}) ∧ (x ∈ {Joe,Bill})},
and then

{x | (if x = Mary then � else if x = Bill then � else ⊥) ∧
(if x = Joe then � else if x = Bill then � else ⊥)},

by β-reduction. After several uses of the statements

(if u then v else w) ∧ t = if u ∧ t then v else w ∧ t
t ∧ (if u then v else w) = if t ∧ u then v else t ∧ w
v ∧ (x = u) ∧w = v{x/u} ∧ (x = u) ∧w{x/u}

from the definition of ∧, the answer {Bill} is obtained. In this example, the
main novel aspect compared to Haskell is the simplification that has taken place
inside the body of a λ-abstraction.

For a second example, consider the goal

{x | ∀y.(y ∈ {Cricket ,Tennis} −→ likes (x, y))},
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which reduces via the steps

{x | ∀y.((if y = Cricket then � else if y = Tennis then � else ⊥) −→
likes (x, y))}

{x | ∀y.(((y = Cricket) ∨ (if y = Tennis then � else ⊥)) −→ likes (x, y))}
{x | ∀y.((y = Cricket) −→ likes (x, y)) ∧

∀y.((if y = Tennis then � else ⊥) −→ likes (x, y))}
{x | likes (x,Cricket )∧∀y.((if y = Tennis then � else ⊥) −→ likes (x, y))},

and so on, to the answer

{Mary ,Bill}.

During this computation, use is made of the statements

∀x1. · · · ∀xn.(x ∧ (x1 = u) ∧ y −→ v) =
∀x2. · · · ∀xn.(x{x1/u} ∧ y{x1/u} −→ v{x1/u})

∀x1. · · · ∀xn.(u ∨ v −→ t) =
(∀x1. · · · ∀xn.(u −→ t)) ∧ (∀x1. · · · ∀xn.(v −→ t))

∀x1. · · · ∀xn.((if u then v else w) −→ t) =
if v then ∀x1. · · · ∀xn.(u ∨w −→ t) else ∀x1. · · · ∀xn.(¬ u ∧w −→ t)

from the definition of Π : (a→ Ω)→ Ω.
The example in the previous paragraph is reminiscent of list comprehension

in Haskell. In fact, one could set the database up as a list of facts and then
give Haskell a goal which would be a list comprehension analogous to the set
goal above and obtain a list, say [Mary ,Bill ], as the answer. Substituting lists
for sets in knowledge representation is a standard device to get around the fact
that few programming languages support set processing in a sophisticated way.
However, sets and lists are actually significantly different types and this shows
up, for example, in the different sets of transformations that each type naturally
supports ([2], [3]). Consequently, I advocate a careful analysis for any particular
knowledge representation task to see what types are most appropriate and also
that programming languages support a full range of types, including sets and
multisets.

Another point to make about the previous example is that it is an illustration
of intensional set processing. Extensional set processing in which the descriptions
of the sets manipulated are explicit representations of the collection of elements
in the sets is commonly provided in programming languages. For example, it
is straightforward in Haskell to set up an abstract data type for (extensional)
sets using lists as the underlying representation. A language such as Java also
provides various ways of implementing extensional sets. But the example above is
different in that the goal is an intensional representation of a set (in fact, the set
{Mary ,Bill}) and the computation is able to reveal this. The ability to process
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intensional sets and the smooth transition between intensional and extensional
set processing are major advantages of the approach to sets advocated here.
Similar comments apply to programming with other kinds of abstractions such
as multisets.

Consider next the problem of giving a definition for the powerset function
that computes the set of all subsets of a given set. Here is the definition.

powerset : (a→ Ω)→ (a→ Ω)→ Ω

powerset {} = {{}}

powerset {x | if u then v else w} =
if v then powerset {x | u ∨w} else powerset {x | ¬ u ∧w}

powerset {x | x = t} = {{}, {t}}
powerset {x | u ∨ v} = {s | ∃l.∃r.(l ∈ (powerset {x | u})) ∧

(r ∈ (powerset {x | v}) ∧ (s = l ∪ r))}.
The first and second statements cover the cases of an empty set and a ‘non-
empty’ one, where the set is represented by a basic term. (Non-empty is quoted
since {x | if u then v else w} can represent an empty set if both v and w are ⊥,
for example.) The third and fourth statements are needed to handle calls which
arise in the second statement. They could also be used if the representation of
the set is not a basic term, but has an equality or disjunction at the top level
in the body. Of course, if the representation of the set does not match any of
the statements, then it will have to be reduced (by using the definitions of other
functions) until it does. One can see immediately that each statement in the
definition is declaratively correct.

Note the analogy between set processing as illustrated by powerset and list
processing in which the definition of a list-processing function is broken up into
two statements – one for the empty list and one for a non-empty list. In the case
of sets, it is convenient to have four cases corresponding to where the body of
the set abstraction has the form ⊥, if u then v else w, x = t, or u ∨ v. The
third and fourth cases arise because of the richness of the set of functions on the
booleans. For other kinds of abstractions typically only the first two cases arise,
as is illustrated below for multisets.

As an illustration of the use of powerset , the goal

powerset {Mary ,Bill}
reduces to the answer

{{}, {Mary}, {Bill}, {Mary,Bill}}.
This section concludes with an illustration of multiset processing. Suppose

one wants to compute the pairwise minimum s�t of two multisets s and t, where
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(s � t) x = min (s x) (t x). Now recall that a multiset is represented by a basic
term, that is, an abstraction of the form

λx.if x = t1 then s1 else . . . if x = tn then sn else s0,

where the type of each si is Nat . In particular, the empty multiset is represented
by the abstraction λx.0.

How can one compute the function �? The idea is to consider two cases: one
in which the first argument to � is the empty multiset and one in which it is
not. This leads to the following definition.

� : (a→ Nat)→ (a→ Nat)→ (a→ Nat)
λx.0 � m = λx.0
(λx.if x = t then v else w) � m =

λx.if x = t then min v (m t) else (λx.w � m) x.

The first statement just states that the pairwise minimum of the empty multiset
and any multiset is the empty multiset. The second statement is the recursive
case in which the minimum of the multiplicity of the first item in the first
argument and its multiplicity in the second argument is computed and then
the rest of the items in the first argument are considered. Note once again the
similarity with the definitions of many list-processing functions that consist of a
statement for the empty list and one for a non-empty list.

As an illustration of the use of �, the goal

(λx.if x = A then 42 else if x = B then 21 else 0) �
(λx.if x = A then 16 else if x = C then 4 else 0)

reduces to the answer

λx.if x = A then 16 else 0.

14 Discussion

At this point, I summarise what has been achieved and put the developments
into a wider context.

I started from the position that higher-order logic provides a suitable founda-
tion for computational logic. A particular higher-order logic, based on the simple
theory of types, was then presented. This logic is suitable for use as a basis for
declarative programming languages. Next the issue of knowledge representation
was discussed and a suitable class of terms, the basic terms, was identified as
appropriate for representing individuals. The set of basic terms is a metric space
in a natural way and hence provides a context in which metric-based machine
learning can take place. The approach to representation was then illustrated with
a couple of applications that arise in machine learning. Finally, the technique
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of programming with abstractions was illustrated with some examples. In this
development, the higher-order nature of the logic was essential: as a foundation
for the functional component of declarative programming languages, since func-
tions can take other functions as arguments; in the use of the logic for knowledge
representation, since sets and similar abstractions are needed; and for program-
ming with abstractions, since abstractions can appear as arguments in function
definitions.

However, the advantages of using higher-order logic for computational logic
have been advocated by others for at least the last 30 years. Here I remark on
some of this work that is most relevant to the present paper.

First, the functional programming community has used higher-order func-
tions from the very beginning. The latest versions of functional languages, such
as Haskell98 [9], show the power and elegance of higher-order functions, as well
as related features such as strong type systems. Of course, the traditional foun-
dation for functional programming languages has been the λ-calculus, rather
than a higher-order logic. However, it is possible to regard functional programs
as equational theories in a logic such as the one I have introduced here and this
also provides a satisfactory semantics.

In the 1980’s, higher-order programming in the logic programming commu-
nity was introduced through the language λProlog [15]. The logical founda-
tions of λProlog are provided by almost exactly the logic introduced earlier in
this paper. However, a different sublogic is used for λProlog programs than the
equational theories proposed here. In λProlog, program statements are higher-
order hereditary Harrop formulas, a generalisation of the definite clauses used
by Prolog. The language provides an elegant use of λ-terms as data structures,
meta-programming facilities, universal quantification and implications in goals,
amongst other features.

A long-term interest amongst researchers in declarative programming has
been the goal of building integrated functional logic programming languages.
A survey of progress on this problem up to 1994 can be found in [7]. Prob-
ably the best developed of these functional logic languages is the Curry lan-
guage [8], which is the result of an international collaboration over the last 5
or so years. To quote from [8]: “Curry is a universal programming language
aiming to amalgamate the most important declarative programming paradigms,
namely functional programming and logic programming. Moreover, it also covers
the most important operational principles developed in the area of integrated
functional logic languages: ‘residuation’ and ‘narrowing’. Curry combines in a
seamless way features from functional programming (nested expressions, higher-
order functions, lazy evaluation), logic programming (logical variables, partial
data structures, built-in search), and concurrent programming (concurrent eval-
uation of expressions with synchronisation on logical variables). Moreover, Curry
provides additional features in comparison to the pure languages (compared to
functional programming: search, computing with partial information; compared
to logic programming: more efficient evaluation due to the deterministic and
demand-driven evaluation of functions).”
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There are many other outstanding examples of systems that exploit the power
of higher-order logic. For example, the HOL system [6] is an environment for
interactive theorem proving in higher-order logic. Its most outstanding feature
is its high degree of programmability through the meta-languageML. The system
has a wide variety of uses from formalising pure mathematics to verification of
industrial hardware. In addition, there are at least a dozen other systems related
to HOL. On the theoretical side, much of the research in theoretical Computer
Science, especially semantics, is based on the λ-calculus and hence is intrinsically
higher-order in nature.

I finish with some remarks about open research issues. I believe the most
important open research problem, and one that would have a major practical
impact, is that of producing a widely-used functional logic programming lan-
guage. Unfortunately, there is a gulf between the functional programming and
logic programming communities that is holding up progress. A common pro-
gramming language would do a great deal to bridge that gulf. More specifically,
the logic programming community needs to make much greater use of the power
of higher-order features and the related type systems. Furthermore, higher-order
logic has generally been under-exploited as a knowledge representation language,
with sets and related data types rarely being used simply because they are not so
easily provided by first-order logic. Having sets directly available (as predicates)
in higher-order logic is a big advantage.

Just over 25 years ago, Robert Kowalski started a major stream of research
in Computer Science with the Horn clause subset of first-order logic. The natural
and ultimate setting for that research stream is clearly higher-order logic – every
contribution towards that goal would be valuable.

References

[1] P.B. Andrews. An Introduction to Mathematical Logic and Type Theory: To Truth
Through Proof. Academic Press, 1986.

[2] A.F. Bowers, C. Giraud-Carrier, and J.W. Lloyd. Classification of individuals
with complex structure. In P. Langley, editor, Machine Learning: Proceedings
of the Seventeenth International Conference (ICML2000), pages 81–88. Morgan
Kaufmann, 2000.

[3] A.F. Bowers, C. Giraud-Carrier, and J.W. Lloyd. A knowledge representation
framework for inductive learning. Available at http://csl.anu.edu.au/~jwl,
2001.

[4] A. Church. A formulation of the simple theory of types. Journal of Symbolic
Logic, 5:56–68, 1940.

[5] T.G. Dietterich, R.H. Lathrop, and T. Lozano-Pérez. Solving the multiple instance
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Abstract. This paper discusses the construction of a meta-interpreter
of Flat GHC, one of the simplest and earliest concurrent constraint lan-
guages.

Meta-interpretation has a long history in logic programming, and has
been applied extensively to building programming systems, adding func-
tionalities, modifying operational semantics and evaluation strategies,
and so on. Our objective, in contrast, is to design the pair of (i) a rep-
resentation of programs suitable for code mobility and (ii) a pure inter-
preter (or virtual machine) of the represented code, bearing networked
applications of concurrent constraint programming in mind. This is more
challenging than it might seem; indeed, meta-interpreters of many pro-
gramming languages achieved their objectives by adding small primi-
tives into the languages and exploiting their functionalities. A meta-
interpreter in a pure, simple concurrent language is useful because it is
fully amenable to theoretical support including partial evaluation.

After a number of trials and errors, we have arrived at treecode, a ground-
term representation of Flat GHC programs that can be easily interpreted,
transmitted over the network, and converted back to the original syntax.
The paper describes how the interpreter works, where the subtleties lie,
and what its design implies. It also describes how the interpreter, given
the treecode of a program, is partially evaluated to the original program
by the unfold/fold transformation system for Flat GHC.

1 Introduction

1.1 Meta-interpreter Technology

Meta-interpreter technology has enjoyed excellent affinity to logic programming
since the seminal work by Bowen and Kowalski [5]. It provides us with a concise
way of building programming systems on top of another. This is particularly
useful for AI applications in which flexibility in designing and modifying in-
ference mechanisms is of crucial importance. Interactive programming environ-
ments such as debuggers or visualizers are another example in which interpreters
can play important rôles. Extensive survey of meta-interpretation in logic pro-
gramming can be found in [11], Chapter 8.
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Critics complain of performance degradation incurred by the interpreter tech-
nology, but the speed of system prototyping with interpreters and symbolic lan-
guages cannot be matched by any other methodologies. Hardwiring all design
choices into a lower-level language such as C may be done, but at the latest pos-
sible stage and to the least extent. Indeed, due to Java and scripting languages,
interpreter technologies – including bytecode interpreters and its optimization
techniques such as just-in-time compilers – are now quite ubiquitous outside the
world of symbolic languages. Java demonstrated that poor initial performance
of non-optimized interpreters was acceptable once people believed that the lan-
guage and the system design as a whole were the right way to go.

1.2 Concurrency and Logic Programming

The raison d’être and the challenge of symbolic languages are to construct highly
sophisticated software which would be too complicated or unmanageable if writ-
ten in other languages. Logic programming has found and addressed a number
of such fields [4]. While many of those fields such as databases, constraints,
machine learning, natural languages, etc., are more or less related to Artificial
Intelligence, concurrency seems special in the sense that, although somewhat re-
lated to AI through agent technologies, its principal connection is to distributed
and parallel computing.

Distributed and parallel computing is becoming extremely important because
virtually all computers in the world are going to be interconnected. However, we
have not yet agreed upon a standard formalism or a standard language to deal
with concurrency. Due to the lack of appropriate tools with which to develop net-
worked applications, computers communicate and cooperate much more poorly
than they possibly can.

Concurrent logic programming was born in early 1980’s from the process
interpretation of logic programs [34]. Relational Language [7], the first concrete
proposal of a concurrent logic language, was followed by a succession of proposals,
namely Concurrent Prolog [20], PARLOG [8] and Guarded Horn Clauses (GHC)
[27]. KL1 [29], the Kernel Language of the Fifth Generation Computer Systems
(FGCS) project [22], was designed based on GHC by featuring (among others)
mapping constructs for concurrent processes. To be precise, KL1 is based on Flat
GHC [28], a subset of GHC that restricts guard goals to calls to test predicates.

The mathematical theory of these languages came later in the generalized
setting of concurrent constraint programming (CCP) [18] based on Maher’s
logical interpretation of synchronization [12]. Grand challenges of concurrent
logic/constraint programming are proposed in [32].

Although not as widely recognized as it used to be, Concurrent Prolog was
the first simple high-level language that featured channel mobility exactly in the
sense of π-calculus [15]. When the author proposed GHC as an alternative to
Concurrent Prolog and PARLOG, the principal design guideline was to retain
channel mobility and evolving process structures [22], because GHC was sup-
posed to be the basis of KL1, a language in which to describe operating systems
of Parallel Inference Machines as well as various knowledge-based systems. The
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readers are referred to [22] for various researchers’ personal perspectives of the
FGCS project.

1.3 Meta-interpretation and Concurrency

Another guideline of the design of GHC was the ability to describe its own
meta-interpreter. Use of simple meta-interpreters as a core technology of system
development was inspired by [5], and early work on Concurrent Prolog pursued
this idea in building logic-based operating systems [21].

A key technology accompanying meta-interpretation turned out to be partial
evaluation. Partial evaluation of a meta-interpreter with an additional “flavor”
with respect to a user program will result in a user program with the additional
“flavor” that runs almost as efficiently as the original user program [24].

This idea, though very elegant, has not become as popular as we had ex-
pected.

One reason is that before the booming of the Internet, a program ran either on
a single processor or on parallel processors with a more or less uniform structure,
where a hardwired approach was manageable and worked. However, software for
distributed computing environments is much harder to build, configure and re-
configure, and run persistently. Such software would not be manageable without
a coherent solution to the difficulties incurred by heterogeneous architectures,
process and code mobility, and persistence.

Another reason is that the languages and the underlying theories were not
mature enough to allow full development of the idea. Meta-interpreters of many
programming languages achieved their objectives by adding small primitives into
the language and exploiting their functionalities. Those primitives were often
beyond the basic computational models of the languages. We believe that pure
symbolic languages are the right way to go in the long run, because only with
theoretical support we can expect a real breakthrough.

1.4 Goal of This Paper

In this paper, we discuss how we can construct a meta-interpreter of Flat GHC,
one of the simplest and earliest concurrent constraint languages. Our objective
is to design the pair of

1. a representation of programs suitable for code mobility and interpretation,
and

2. a pure, simple interpreter of the represented code.

One of the motivations of the work is to use concurrent logic/constraint program-
ming as a concise tool for networked applications. There are strong reasons to
choose concurrent logic/constraint programming as a framework of distributed
computing.

First, it features channel mobility, evolving process structures, and incom-
plete messages (messages with reply boxes), all essential for object-based con-
current programming.
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Second, it is unlike most other concurrency frameworks in that data struc-
tures (lists, trees, arrays, etc.) come from the very beginning. This means that
there is little gap between a theoretical model and a practical language. Actually,
a lot of applications have been written in concurrent logic/constraint languages,
notably in KL1 and Oz [23].

Third, it has been extremely stable for more than 15 years. After GHC was
proposed, the main variation was whether to feature atomic tell (publication
of bindings upon commitment) or eventual tell (publication after commitment).
However, by now both concurrent logic programming and concurrent constraint
programming seem to converge on eventual tell, the simpler alternative [22][26].
Indeed, concurrent constraint programming with ask and eventual tell can be
thought of as an abstract model of Flat GHC.

Last, as opposed to other parallel programming languages, it achieves clear
separation of concurrency (concerned with logical aspects of programs) and par-
allelism (concerned with physical mapping of processes). We regard this sepa-
ration of concerns as the most important achievement of KL1 and its parallel
implementation [29]. In other words, by using logical variables as communica-
tion channels we had achieved 100% network transparency within system-area
networks (SAN). The fact that programs developed and tested on sequential ma-
chines ran at least correctly on parallel machines has benefited us enormously
in the development of parallel software. We believe that this feature should be
explored in distributed software as well.

Addressing networked applications using interpreters as a core technology
is promising because flexibility to cope with heterogeneity is more important
than performance. However, it is not obvious whether we can write a reasonably
simple interpreter in a pure concurrent logic/constraint language such as Flat
GHC. A meta-interpreter in a pure, simple concurrent language is fully amenable
to theoretical support including partial evaluation and verification. Also, it can
help analytic approach to language design [32], because meta-interpretation is
considered an acid test of the expressive power of the language. The rôle of
an interpreter technology in networked applications should be clear since an
interpreter is just another name of a virtual machine.

2 Previous Work

Meta-interpreters of symbolic languages date back to a Lisp interpreter in Lisp
around 1960 [13]. Prolog interpreters in Prolog were available and widely used
in 1970’s; an example is the interpreter of the de facto standard DEC-10 Prolog.

Meta-interpreters of Concurrent Prolog can be found in various papers. Fig-
ure 1 shows two versions, the first one in [20] and the second in [17].

Program (a) is very similar to a Prolog interpreter in Prolog, but it relies
on the “large” built-in primitive, clause/2 (clause with two arguments), that
performs synchronization, evaluation of clause guards, and committed choice.
The only thing reified by the interpreter is parallel conjunction. Program (b)
takes both a program and a goal as arguments, and reifies the unification of the
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reduce(true).

reduce((A,B)) :- reduce(A?), reduce(B?).

reduce(A) :- A\=true, A\=(_,_) | clause(A?,B), reduce(B?).

(a) Without a program argument

reduce(Program,true).

reduce(Program,(A,B)) :-

reduce(Program?, A?), reduce(Program?, B?).

reduce(Program,Goal) :-

Goal\=true, Goal\=(A,B),

clause(Goal?,Program?,Body) |

reduce(Program?,Body?).

clause(Goal,[C|Cs],B) :-

new_copy(C?,(H,G,B)), Goal=H, G | true.

clause(Goal,[C|Cs],B) :-

clause(Goal,Cs?,B) | true.

(b) With an explicit program argument

Fig. 1. Meta-Interpreters of Concurrent Prolog

goal with clause heads and the evaluation of guards. Note, however, that most
of the important operations are called from and performed in clause guards. In
particular, clause/3 calls itself recursively from within a clause guard, forming
a nested (or deep) guard.

While Concurrent Prolog employed read-only annotations as a synchroniza-
tion primitive, GHC replaced it with the rule that no bindings (constraints) can
be published from the guard (including the head) of a clause to the caller of the
clause.

Figure 2 shows a GHC interpreter in GHC in [27]. Here it is assumed that
a built-in predicate clauses/2 returns in a frozen form [16] a list of all clauses
whose heads are potentially unifiable with the given goal. Each frozen clause is
a ground term in which original variables are indicated by special constant sym-
bols, and it is melted in the guard of the first clause of resolve/3 by melt-new/2.
The goal melt_new(C, (A :- G|B2)) creates a new term (say T ) from a frozen
term C by giving a new variable for each frozen variable in C, and tries to unify
T with (A :- G|B2). However, this unification cannot instantiate A because it
occurs in the head of resolve/3.

The predicate resolve/3 tests the candidate clauses and returns the body
of arbitrary one of the clauses whose guards have been successfully solved. This
many-to-one arbitration is realized by the multi-level binary clause selection
using the nested guard of the predicate resolve/3. It is essential that each
candidate clause is melted after it has been brought into the guard of the first
clause of resolve/3. If it were melted before passed into the guard, all variables
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call(true ) :- true | true.

call((A, B)) :- true | call(A), call(B).

call(A ) :- clauses(A, Clauses) |

resolve(A, Clauses, Body), call(Body).

resolve(A, [C|Cs], B) :- melt_new(C, (A :- G|B2)), call(G) | B=B2.

resolve(A, [C|Cs], B) :- resolve(A, Cs, B2) | B=B2.

Fig. 2. Meta-Interpreter of GHC

in it would be protected against instantiation from the guard. We must protect
variables accessible from outside but allow local variables to be instantiated.

Again, this GHC meta-interpreter calls resolve/3 from within a guard recur-
sively. However, our lesson is that, except for meta-interpreters, we can dispense
with general nested guards. To put it more precisely, we can dispense with guard
goals that may instantiate local variables; restricting guard goals to calls to test
predicates is a more realistic choice. Test predicates are predicates defined in
terms of clauses with no body goals. A nice property of test predicates is that
they deterministically succeed or fail depending on their arguments. They are
regarded as specifying conditions, as opposed to predicates for specifying concur-
rent processes. Test predicates defined using guarded clauses may call themselves
recursively from guards, but unlike general nested guards, there is no need to
maintain multiple layers of variable protection to implement synchronization.
In this sense, languages with restriction to test predicates have been called flat
languages. In most implementations of flat languages, test predicates are further
restricted to predefined ones.

Later development of concurrent logic languages can be phrased as devo-
lution as evolution [26][32] in the sense that it focused on high-performance,
compiler-based implementation of flat languages. Strand [9], KL1 and Janus [19]
all belong to this category. Accordingly, there was less work on meta-interpreters
for the last 10 years. Huntbach [11] shows a meta-interpreter that implements
ask using match/2, a special primitive discussed in detail in Sect. 3.3. Although
using match/2 to implement ask is a natural idea, match/2 turns out to have
properties not enjoyed by other goals definable in concurrent logic languages.
This motivated us to design a meta-interpreter that does not use match/2.

Distributed computing based on concurrent constraint programming is not
a new idea. The Oz group has done a lot of work in this direction [10]. How-
ever, code mobility in Oz is based on bytecode technology, and Oz has added to
CCP a number of new constructs including ports (for many-to-one communica-
tion), cells (value containers that allow destructive update), computation space
(encapsulated store, somewhat affected by nested guards of full GHC and KL1’s
shoen), and higher-order. This is in sharp contrast with the minimalist approach
taken in this paper.
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3 The Problem Statement

Now let us state the goal and the constraints of our problem precisely. Our goal
is to design a binary Flat GHC predicate, say exec, that

– takes
1. a multiset G of goals (represented as a list) to be executed and
2. a ground representation of the program P to execute G, and

– behaves exactly like G running under the ordinary compiled code for P .

The predicate exec/2 is sometimes called a universal predicate because it
can be tailored, at run time, to whatever predicate you like.

The only built-in primitives the exec/2 program is allowed to use are those
definable using (a possible infinite number of) guarded clauses. Other primitives
are considered extralogical and are ruled out. Observing this constraint will
enable the resulting interpreter to run on KLIC [6], which is in our context
considered as a (Flat) GHC-to-C compiler and its runtime system. Flat GHC
and KLIC carefully rule out extralogical built-in primitives because they can
potentially hamper efficient implementation and theoretical support.

A solution to the problem is not obvious because Flat GHC and KLIC do
not have general nested guards, on which the interpreter of full GHC in Sect. 2
depends in a fundamental way.

Some remarks and discussions on our requirements are in order, which are
(1) representation of code, (2) representation of runtime configuration, and (3)
primitives for ask (matching) and tell (unification).

3.1 Representation of Code

Meta-interpreters vary in the representation of programs. Some retrieve pro-
grams from the internal database using primitives like clause/2. This is not
suited to our goal of code mobility and persistence. Some use a list of clauses in
which variables are represented using variables at the level of the interpreters.
This is considered misuse of variables, as criticized by later work on meta-
programming, because those variables are improperly scoped and awkward to
handle. One solution is to use a higher-order construct as in Lambda Prolog
[14], and another solution is to come up with a ground representation of vari-
ables. Although the higher-order approach gives us the most natural solution,
the difference between the two solutions is not large when the programs to be
represented have no nested scope, which is the case with Prolog and Flat GHC.

As we will see later, we have chosen to represent a variable in terms of a
reserved unary constructor with an integer argument. This could be viewed as
a de Bruijn notation as well.

3.2 Representation of Runtime Configuration

In a rule-based language where programs (rewrite rules) are given separately
from expressions (goals), how to represent runtime configurations and how to
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represent the programs are independent issues. The two alternatives for the
representation of runtime configurations are

1. to reify logical variables and substitutions and handle them explicitly, and
2. not to reify them but use those at the interpreter level.

We adopt the latter, because

– an interpreted process must be open-ended, that is, it must be able to com-
municate with other native processes running in parallel with the interpreter,

– the reification approach would therefore require ‘up’ and ‘down’ predicates
to move between the two levels of representation and (accordingly) a full-
fledged meta-programming framework in the language, and

– explicit representation can cause performance degradation unless elaborate
optimization is made.

3.3 Primitives for Matching/Ask and Unification/Tell

In the CCP terminology, Prolog and constraint logic languages in their basic
forms are tell -only languages because unification or constraint solving is the
attempt to publish bindings (constraints) to the binding environment (constraint
store). In contrast, concurrent logic/constraint languages are ask+ tell languages
which additionally feature matching (in algebraic terms) or the asking of whether
a given constraint is entailed (in logical terms) by the current store. So how to
implement ask and tell in an interpreter is a key design issue.

The Prolog and GHC versions of tell are unification over finite trees and can
be written as unify(G,H) or G =H . This has the following properties:

1. Immediate — It either succeeds or fails and does not suspend.
2. Monotonic — Its success/failure can depend on the current store; that is,

unify(G,H) that succeeds under some store can fail under a store aug-
mented with additional constraints. However, if we consider failure as a
over-constrained store, unify(G,H) can be thought of as an operator that
monotonically augments the current store.

3. Deterministic — The conjunction of all tells generated in the course of pro-
gram execution deterministically defines the current store.

Now we consider the properties of ask , which appears in concurrent logic
languages as matching between a goal and a clause head. Let σ be the current
store under which the ask is performed. We suppose match(G,H)

– succeeds when there exists a substitution θ such that Gσ = Hσθ,
– suspends when there is no such θ but Gσ and Hσ are unifiable, and
– fails when Gσ and Hσ are non-unifiable.

Clearly, match(G,H) is not immediate. Furthermore, it is neither monotonic
nor deterministic with respect to suspension behavior:
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– match(X, Y) will succeed when Y is uninstantiated but may suspend when Y
is instantiated. This behavior is opposite to that of ordinary CCP processes
which can never be suspended by providing more constraints.

– match(X, Y) ∧ match(3, Y) under the empty store succeeds if executed from
left to right but suspends if executed from right to left.

When simulating matching between a goal G and a clause head H using
match/2, H must have been renamed using fresh variables, and H is therefore
immune to σ. If this convention is enforced, match/2 enjoys monotonicity, that
is, if match/2 succeeds under σ, it succeeds under σσ′ for any σ′. The convention
guarantees determinism as well.

The lesson here is that the scope of the variables in H , the second argument of
match/2, should be handled properly for match/2 to enjoy reasonable properties.
As suggested by [12], the proper semantics of match(G,H) would be whether σ
interpreted as an equality theory implies G = ∃H . Thus the second argument
should specify an existential closure ∃H rather than H . However, then, the
second argument would lose the capability to receive matching terms from G.
For instance, the recursive clause of append/3 in GHC is

append([A|X],Y,Z0) :- true | Z0=[A|Z], append(X,Y,Z).

while the CCP version of the above clause would be less structured:

append(X0,Y,Z0) :- ask(∃ A,X(X0=[A|X])) |
tell(X0=[A|X]), tell(Z0=[A|Z]), append(X,Y,Z).

To summarize, while implementing tell in an interpreter is straightforward, im-
plementing ask without introducing new primitives is a major design issue.

4 A Treecode Representation

In this section, we discuss the design of our treecode representation of Flat
GHC programs, which is interpreted by the treecode interpreter described in
the Sect. 5.

4.1 Treecode

Treecode is intermediate code in the form of a first-order ground term which is
quite close to the original source code. It is more abstract and “structured” than
ordinary bytecode sequences that use forward branching to represent if . . . then
. . . else. Trees are much more versatile than sequences and are much easier to
represent and handle than directed graphs. Indeed, the booming of XML tells us
that standard representation of tagged trees has been long-awaited by a great
number of applications, and XML trees are little more than first-order ground
terms.

Of course, the control flow of a program forms a directed graph in general
and we must represent it somehow. Directed graphs could be created rather
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easily by unification over rational terms, but we chose to dispense with circular
structures by representing recursive calls (that form circularity) using explicit
predicate names. When the interpreter encounters a predicate call, it obtains
the code for the predicate using an appropriate lookup method. An optimizing
interpreter may create a directed graph by “instantiating” each predicate call to
its code before starting interpretation.

An alternative representation closer to source code is a set of rewrite rules.
However, it turns out that a set (represented as a list) of rewrite rules is less
suitable for interpretation. This is because GHC “bundles” predicate calls, syn-
chronization and choice in a single construct, namely guarded clauses. While
this bundling simplifies the syntax and the semantics of Flat GHC and cap-
tures the essence of concurrent logic programming, guards – even flat guards
– can specify arbitrary complex conditions that may involve both conjunctive
and disjunctive sets of multiple synchronization points. Programmers also find
it sometimes cumbersome to describe everything using guarded clauses exactly
for the reason why Prolog programmers find that the (P -> Q ; R) construct
sometimes shortens their programs considerably.

As we will see soon, treecode still looks like a set of clauses, but the major
difference from a set of clauses is that the former breaks a set of guards down
to a tree of one-at-a-time conditional branching. In this sense, treecode can be
regarded as structured intermediate code.

4.2 Treecode by Example

Now we are in a position to explain how treecode looks like. Throughout this
section we use append/3 as an example. The treecode for append/3 is:

treecode(6,
[c(1=[], b([<(2)= <(3)],[])),
c(1=[>(4)|>(5)],

b([<(3)=[<(4)|>(6)]],[append(5,2,6)]))])

The first argument, 6, stands for the number of variables used in the treecode,
and the second argument is the main part of the treecode.

The readers may be able to guess what it does basically, since it is quite
similar to the original source code:

append(X, Y,Z ) :- X=[] | Y=Z.
append(X0,Y,Z0) :- X0=[A|X] | Z0=[A|Z], append(X,Y,Z).

In this simple example, the treecode still looks like a list of clauses, with
heads (with mutually disjoint variables) omitted and variables represented by
positive integers. The constructor c/2 forms a case branch by taking an ask and
another treecode as arguments. The list of case branches forms a casecode.

The constructor b/2 forms a bodycode by taking a list of tells and a list of
calls to user-defined predicates. The former is understood by the interpreter,
while the latter involves code lookup.

A treecode is either a casecode or a bodycode. Figure 3 shows the syntax of
treecode.
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〈treecode〉 ::= 〈casecode〉 | 〈bodycode〉
〈casecode〉 ::= list of 〈choice〉’s
〈choice〉 ::= c(〈ask〉, 〈treecode〉)
〈ask〉 ::= 〈reg〉 = 〈term〉 | 〈reg〉〈relop〉〈term〉

〈bodycode〉 ::= b(〈tells〉, 〈goals〉)
〈tells〉 ::= list of 〈tell〉’s
〈tell〉 ::= 〈annotatedreg 〉 = 〈term〉 | 〈annotatedreg 〉 := 〈term〉
〈goals〉 ::= list of 〈goal〉’s
〈goal〉 ::= 〈pred〉(〈reg〉,...)

〈annotatedreg 〉 ::= [〈annotation〉]〈reg〉
〈annotation〉 ::= < | << | >

〈reg〉 ::= 1 | 2 | 3 | . . .
〈term〉 ::= 〈functor〉(〈annotatedreg 〉, ...)

〈relop〉 ::= > | < | >= | =< | =:= | =\=

Fig. 3. Syntax of Treecode

4.3 Representing and Managing Logical Variables

The unary constructors ‘<’ and ‘>’ have two purposes. First, they distinguish
integer representation of variables from integer constants in the program to be
interpreted. Second, they tell whether a variable has occurred before and whether
it will occur later. Initial mode, denoted, ‘>’, means the creation of a new vari-
able, while final mode, denoted ‘<’, means the final access to an already created
variable. In append/3, each variable occurs exactly twice, which means that all
accesses are either initial or final accesses. For variables that are read more than
once, we use another reserved unary constructor, ‘<<’, to indicate that they are
accessed in intermediate mode, that is, they are neither the first nor the last
occurrences.

The first occurrence of a variable in each case branch (1 in the case of
append/3) and the arguments of user-defined predicates are supposed to be
final-mode. These are the only places where mode annotations are omitted for
ease of interpretation.

Representing variables by positive integers suggests the use of arrays to rep-
resent them. We use a constructor g/n to represent goal records, where n is the
number of variables in the treecode that works on the goal. The structure g/n
can be regarded as a register vector as well.

Let a be the arity of the predicate represented by the treecode. The first ath
arguments of g/n are the arguments of the original goal, while the remaining
arguments are local variables of the original goal. Thus this structure can be
regarded both (i) as a concretization of goals that makes housekeeping explicit
and (ii) as an abstraction of implementation-level goal records. When the struc-
ture is created, the first ath arguments are initialized to the arguments of the
original goal, while the remaining arguments are initialized to the constant 0.
The value of a is not recorded in the treecode itself. It is the responsibility of
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the predicate try/3 to “apply” treecode to a goal record, as will be described in
Sect. 5.

The distinction between initial, intermediate and final modes not only makes
interpretation easier but also allows the reuse of the same register for different
variables. For example, the code for append/3 could be written alternatively as:

[c(1=[], b([<(2)= <(3)],[])),
c(1=[>(4)|>(1)],

b([<(3)=[<(4)|>(3)]],[append(1,2,3)]))]

because

– Variable 1 in the second branch, holding the first argument of the caller, will
not be accessed after its principal constructor has been known, and

– Variable 3 in the second branch, holding the third argument of the caller,
will not be accessed after it has been instantiated to an non-empty list.

This is register allocation optimization which is optional in our treecode. Without
it, different numbers represent different single-assignment variables and the code
is more declarative. With it, the size of goal records can be reduced.

5 Structure of the Treecode Interpreter

This section describes, step by step, how our treecode interpreter works on a
goal record. We focus on basic ask and tell operations. The actual interpreter
handles arithmetic built-in predicates for comparison (guard) and assignment
(body), but it is straightforward to include them.

The two main predicates of the interpreter are exec/2 and try/3. The predi-
cate exec/2 takes a multiset G of goals and a program E for executing them. We
call the program an environment because it associates each predicate name with
its treecode. The goal exec(G, E) resolves predicate names in G into their corre-
sponding treecode, and invokes try/3 for each goal in G after preparing a goal
record for the goal. The predicate try/3 takes a goal record, a treecode and an
environment, and applies the treecode to the goal record. The more interesting
aspects of the interpreter lie in try/3.

5.1 Deterministic and Nondeterministic Choice

When the treecode given to try/3 is casecode, it deterministically chooses one
branch as follows: It picks up the first case branch of the form c(Ask,Treecode),
where Ask is of the form n =T . This causes the interpreter to wait for the prin-
cipal constructor of the nth argument, and when it is available, it is matched
against the constructor of T . The n’s in each case branch must be identical; thus
casecode has exactly one synchronization point for all its top-level asks and is
therefore deterministic.

When some guard involves the asking of more than one symbol, it is compiled
into nested casecode. For instance, the program
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part(_,[], S, L ) :- true | S=[], L=[].
part(A,[X|Xs],S0,L ) :- A>=X | S0=[X|S], part(A,Xs,S,L).
part(A,[X|Xs],S, L0) :- A< X | L0=[X|L], part(A,Xs,S,L).

can be compiled into:

[c(2=[], b([<(3)=[],<(4)=[]],[])),
c(2=[>(5)|>(2)],
[c(1>= <<(5), b([<(3)=[<(5)|>(3)]],[part(1,2,3,4)])),
c(1< <<(5), b([<(4)=[<(5)|>(4)]],[part(1,2,3,4)]))])]

Note that the matching of the second argument with [X|Xs] has been factored,
as would be done by an optimizing compiler.

Nested casecode is still deterministic because it has at most one synchro-
nization point (i.e., the variable on whose value the interpreter suspends) at any
time. Our experience with Flat GHC/KL1 programming has shown that the
majority of predicates are deterministic.

Nondeterministic predicates are those which contain disjunctive wait, namely
wait for the instantiation of one of several variables. Some of the predicates
people write are nondeterministic, but most of them involve binary choice only.
For instance, the following stream merging program

merge([],Ys,Zs) :- true | Zs=Ys.
merge(Xs,[],Zs) :- true | Zs=Xs.
merge([X|Xs],Ys,Zs0) :- true | Zs0=[X|Zs], merge(Xs,Ys,Zs).
merge(Xs,[Y|Ys],Zs0) :- true | Zs0=[Y|Zs], merge(Xs,Ys,Zs).

has two disjunctive synchronization points, namely the principal constructor of
the first argument and the principal constructor of the second argument.

In this paper we focus on binary nondeterministic choice, which is simpler
to implement than general multiway choice. It can be expressed in terms of
two nondeterministic branches in the interpreter. By extending our treecode in
Fig. 3, the treecode for merge/3 can be written as follows:

treecode(4,
(1->[c(1=[], b([<(2)= <(3)],[])),

c(1=[>(4)|>(1)], b([<(3)=[<(4)|>(3)]],[merge(1,2,3)]))])
+ (2->[c(2=[], b([<(1)= <(3)],[])),

c(2=[>(4)|>(2)], b([<(3)=[<(4)|>(3)]],[merge(1,2,3)]))]))

The extended syntax of treecode is:

〈treecode〉 ::= 〈casecode〉 | 〈bodycode〉 | 〈nondeterministiccode〉
〈nondeterministiccode〉 ::= (〈reg〉 -> 〈treecode〉) + (〈reg〉 -> 〈treecode〉)

where the form (n1 → treecode1) + (n2 → treecode2) causes the goal to wait
disjunctively upon variables n1 and n2.
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5.2 Interpreting Casecode

The ask part of a casecode of the form n =T , where T is a non-variable term
whose arguments are all annotatedregs, is interpreted by the following piece of
code:

try_one(A0,Rn=T,B,Cs,Env) :- true |
setarg(Rn,A0,A0Rn,ARn,A), functor(A0Rn,A0RnF,A0RnN),
functor(T,TF,TN), test_pf(A0RnF,A0RnN,TF,TN,Res),
try_match(Res,T,A0Rn,ARn,A,B,Cs,Env).

test_pf(F1,A1,F2,A2,Res) :- F1=F2, A1=:=A2 | Res=yes(A1).
otherwise.
test_pf(F1,A1,F2,A2,Res) :- true | Res=no.

try_match(yes(N),T,A0Rn,ARn,A0,B,Cs,Env) :- true |
ARn=0, getargs(1,N,T,A0Rn,A0,A), try(A,B,Env).

try_match(no, T,A0Rn,ARn,A, B,Cs,Env) :- true |
ARn=A0Rn, try(A,Cs,Env).

getargs(K,N,T,A0Rn,A0,A) :- K> N | A0=A.
getargs(K,N,T,A0Rn,A0,A) :- K=<N |

arg(K,T,Tk), setarg(K,A0Rn,A0Rnk,0,A0Rn1),
getputreg(Tk,A0,A0Rnk,A1),
K1:=K+1, getargs(K1,N,T,A0Rn1,A1,A).

getputreg(<(Rk), A0,ARk,A) :- true | setarg(Rk,A0,ARk,0,A).
getputreg(<<(Rk),A0,ARk,A) :- true | setarg(Rk,A0,ARk,ARk,A).
getputreg(>(Rk), A0,ARk,A) :- true | setarg(Rk,A0,_,ARk,A).

This is almost a Prolog program with a cut in every clause. KL1’s built-in
predicate, setarg(I, T,X,X ′, T ′), is like Prolog’s arg(I, T,X) except that T ′

is bound to T with its Ith element replaced by X ′. This is a declarative array
update primitive and used extensively in the interpreter to read data from, and
write data to, goal records.

The try_one/5 program first retrieves the Rnth variable in the goal record
A0, binding it to A0Rn. Then it checks if A0Rn is instantiated and its principal
constructor matches that of T, using functor/3 and test_pf/5. If the matching
succeeds, the first clause of try_match/8 stores (by using getargs/6) the top-
level arguments of A0Rn to the goal record A0 according to the prescription
template T. Then it executes the bodycode B under the updated goal record A
and the environment Env. The first goal AR0=0 binds the Rnth element in A to
0; this is to explicitly discharge a pointer from the goal record to the top-level
structure that has just been asked. The interpreter uses the constant 0 as a filler
when some element of a goal record does not contain a meaningful value, that
is, before a meaningful value is loaded or after a meaningful value is taken away.
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5.3 Interpreting Bodycode

Bodycode performs tells and the spawning of user-defined body goals:

try(A0,b(BU,BN),Env) :- true | tell(A0,BU,A), spawn(A,BN,Env).

The tells are not only to instantiate variables passed from the caller; it is also
used to prepare non-variable terms to be passed to user-defined body goals,
and to unify two variables to create a shared variable between two body goals.
How tell/3 manipulates data is quite similar to how getargs/6 gets data from
a non-variable goal argument. A tell of the form n = T manipulates the nth
element of the goal record according to the template T :

tell(A0,[(Rn=T)|BU], A) :- true |
getputreg(Rn,A0,A0Rn,A1), tell_one(T,A0Rn,A1,BU,A).

tell(A0,[], A) :- true | A=A0.

tell_one(<(Rk), A0Rn,A1,BU,A) :- true |
getputreg(<(Rk),A1,A0Rn,A2), tell(A2,BU,A). /* load Rk */

tell_one(>(Rk), A0Rn,A1,BU,A) :- true |
getputreg(>(Rk),A1,A0Rn,A2), tell(A2,BU,A). /* store Rk */

tell_one(T, A0Rn,A1,BU,A) :- integer(T) |
A0Rn=T, tell(A1,BU,A).

otherwise.
tell_one(T, A0Rn,A1,BU,A) :- true |

functor(T,F,N), new_functor(A0Rn0,F,N),
putargs(1,N,T,A0Rn0,A0Rn,A1,A2), tell(A2,BU,A).

putargs(K,N,T,A0Rn0,A0Rn,A0,A) :- K> N | A0Rn0=A0Rn, A0=A.
putargs(K,N,T,A0Rn0,A0Rn,A0,A) :- K=<N |

arg(K,T,Tk), setarg(K,A0Rn0,_,A0Rnk,A0Rn1),
getputreg(Tk,A0,A0Rnk,A1),
K1:=K+1, putargs(K1,N,T,A0Rn1,A0Rn,A1,A).

Note that the two functionalities of Prolog’s functor/3 are provided by differ-
ent KL1 built-ins, functor/3 and new_functor/3. While functor/3 suspends
on the first argument and examines its principal constructor, new_functor/3
creates a new structure with a constructor specified by the second and the third
arguments. The major difference between new_functor/3 and its Prolog coun-
terpart is that the arguments of the structure are initialized to 0 rather than
fresh, distinct variables. This is because we have found that initializing its ele-
ments to a filler constant and replacing them using setarg/5 shows much better
affinity with a static mode system that plays various important rôles [30] in
concurrent logic programming. As discussed in [31], strong moding is deeply
concerned with the number of access paths (or references) to each variable (or
its value). It prefers variables with exactly two occurrences to those with three
or more occurrences by giving the former more generic, less-constrained modes.
Our setarg/5 does not copy or discard the (direct or indirect) access paths to
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the elements of an array, including the element to be removed and the element
with which to fill in the blank.

Linearity analysis [33] for Mode Flat GHC is more directly concerned with the
number of access paths. Under reasonable conditions, it enables us to implement
setarg/5 as destructive update as long as the original structure is not shared.

Both mode and linearity systems encourage resource-conscious programming.
Resource-conscious programming means to pay attention to the number of oc-
currences of each variable and to prefer variables with exactly two occurrences.
This is not so restrictive as it might seem, and our static analyzer klint [33] and
an automated debugger kima [2][3] support it by detecting – and even correct-
ing – inadvertently too many or too few occurrences of the variables. Resource-
conscious programs are easier to execute on a distributed platform because they
can benefit more from compile-time garbage collection.

Finally, we show the definition of spawn/3 for spawning body goals according
to the bodycode and the current goal record:

spawn(A, [] ,Env) :- true | true.
spawn(A0,[B0|BN],Env) :- true |

functor(B0,F,N), setargs(1,N,B0,A0,B,A),
exec_one(B,Env), spawn(A,BN,Env).

/* registers once read are cleared */
setargs(K,N,B0,A0,B,A) :- K> N | B=B0, A=A0.
setargs(K,N,B0,A0,B,A) :- K=<N |

setarg(K,B0,Bk,ABk,B1), setarg(Bk,A0,ABk,0,A1),
K1 := K+1, setargs(K1,N,B1,A1,B,A).

Note that concurrent execution of body goals is realized by the concurrent exe-
cution of exec_one’s.

5.4 Summary

Now we have almost finished the description of our interpreter. To be self-
contained, here we show all the remaining predicates.

/* The interpreter’s top-level */
exec([],Env) :- true | true.
exec([G|Gs],Env) :- true | exec_one(G,Env), exec(Gs,Env).

exec_one(G,Env) :- true |
retrieve(G,Env,TC), prepare_goalrec_body(G,TC,A,B),
try(A,B,Env).

retrieve(G,Env,TC) :- true |
functor(G,P,N), retrieve(P,N,Env,TC).

retrieve(P,N,[P/N-TC0|_],TC) :- true | TC=TC0.
otherwise.
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retrieve(P,N,[_|Env],TC) :- true | retrieve(P,N,Env,TC).

prepare_goalrec_body(G0,treecode(N,B0),A,B) :- true |
B=B0,
functor(G0,_,Ng), new_functor(A0,g,N),
transfer_args(1,Ng,G0,A0,_,A).

transfer_args(I,N,G0,A0,G,A) :- I> N | G=G0, A=A0.
transfer_args(I,N,G0,A0,G,A) :- I=<N |

setarg(I,G0,Gi,0,G1), setarg(I,A0,_,Gi,A1),
I1 := I+1, transfer_args(I1,N,G1,A1,G,A).

/* Simply a case branch based on the syntax of treecode */
try(A,[c(G,B)|Cs],Env) :- true |

try_one(A,G,B,Cs,Env).
try(A,(Rn1->Cs1)+(Rn2->Cs2),Env) :- true |

try_two(A,Rn1,Cs1,Rn2,Cs2,Env).
try(A0,b(BU,BN),Env) :- true |

tell(A0,BU,A), spawn(A,BN,Env).

/* Binary disjunctive wait */
try_two(A0,Rn1,Cs1,Rn2,Cs2,Env) :- true |

setarg(Rn1,A0,A0Rn1,ARn1,A1), setarg(Rn2,A1,A0Rn2,ARn2,A),
try_two(A,A0Rn1,ARn1,A0Rn2,ARn2,Cs1,Cs2,Env).

try_two(A,A0Rn1,ARn1,A0Rn2,ARn2,Cs1,Cs2,Env) :- wait(A0Rn1) |
ARn1=A0Rn1, ARn2=A0Rn2, append(Cs1,Cs2,Cs), try(A,Cs,Env).

try_two(A,A0Rn1,ARn1,A0Rn2,ARn2,Cs1,Cs2,Env) :- wait(A0Rn2) |
ARn1=A0Rn1, ARn2=A0Rn2, append(Cs2,Cs1,Cs), try(A,Cs,Env).

append([], Y,Z ) :- true | Y=Z.
append([A|X],Y,Z0) :- true | Z0=[A|Z], append(X,Y,Z).

The restrictions of the above interpreter and possible solutions to them are
as follows:

1. Three unary constructors, ‘<’, ‘>’ and ‘<<’, are reserved. This can be easily
circumvented by wrapping non-variable as well as variable symbols by some
constructors, but we did not do so for the readability of treecode.

2. Currently, the only built-in predicates provided (but not shown above) are
those for arithmetics. However, other built-ins such as those used in the
interpreter itself can be easily provided.

3. A nonlinear clause head, namely a head with repeated occurrences of a vari-
able, cannot be compiled into treecode. Extending the interpreter to deal
with nonlinear heads is straightforward and left as an exercise. However, the
use of a nonlinear clause head to check the equality of arguments is discour-
aged, because it is the only construct that may take unbounded execution
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time by comparing two terms of arbitrarily large sizes. For distributed and
real-time applications, it is desirable that the execution time of every prim-
itive language construct is bounded.

4. The only construct whose support requires non-straightforward hacking on
the interpreter is non-binary disjunctive wait. Since n-ary disjunctive wait
is essentially n-ary arbitration, this could be supported by implementing an
n-ary arbiter which observes variables x1, . . . , xn and returns an arbitrary k
such that xk has been instantiated.

The interpreter is not self-applicable in its present form, but the discussions
above indicate that we are quite close to a self-applicable meta-interpreter. Note
that the otherwise construct to specify default cases can be expressed implicitly
using casecode because the ask parts of its branches are tested both determin-
istically and sequentially.

6 Partial Evaluation

How can one be assured that interpreted treecode behaves exactly the same as
its original code?

Instead of showing a translator from Flat GHC to treecode and its correct-
ness, here we illustrate how the treecode for append/3 applied to our interpreter
can be partially evaluated to its original Flat GHC code.

The rôle of partial evaluation in our framework is twofold. First, the re-
ceiver of treecode can figure out what Flat GHC code it represents. Second,
although the interpreter itself is not directly amenable to static analysis because
its behavior depends on the treecode given, the original code restored by partial
evaluation is amenable to static analysis. In this way we can attach various kinds
of type information (including mode and linearity) to the arguments of a goal
whose behavior is determined by treecode.

For partial evaluation, we use unfold/fold transformation rules described in
[28]. The rules consist of the following:

1. Normalization — executes unification goals in a guard and a body so that
each clause reaches its unique normal form. A normal form should have no
unification goals in guards, and all residual unification body goals should be
to instantiate head variables of the clause.

2. Immediate Execution — deals with the unfolding of a non-unification body
goal which does not involve synchronization. That is, the rule is applicable
only when, for each clause C in the program and each goal g to be unfolded,
either g is reducible using C or, for all σ, gσ is irreducible using C.

3. Case Splitting — deals with the unfolding of non-unification body goals of
a clause C which may promote asks from the guards of clauses used for the
unfolding to the guard of C. The clause C must not have unification body
goals.
To see how the Case Splitting of C works, consider a goal g that is about
to be reduced using C. For g to generate some output, at least one more
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reduction (of one of the body goals of C) is necessary because C has no
unification body goals. Case splitting enumerates all the possibilities of the
first such reduction.

4. Folding — which is essentially the same as the Tamaki-Sato folding rule [25].

The major difference from the Tamaki-Sato rule set is that unfolding is split
into two incomparable rules, Immediate Execution and Case Splitting, to deal
with synchronization.

Let E be the treecode for append/3:

[append/3-treecode(6,
[c(1=[], b([<(2)= <(3)],[])),
c(1=[>(4)|>(1)], b([<(3)=[<(4)|>(3)]],[append(1,2,3)]))])]

To show that exec_one(append(X,Y,Z),E)behaves the same as append(X,Y,Z)
under its standard definition, let us start with a clause

append(X,Y,Z) :- true | exec_one(append(X,Y,Z),E).
and start applying Immediate Execution to its body goal. Using exec_one/2
shown in Sect. 5.4, we obtain

append(X,Y,Z) :- true |
retrieve(append(X,Y,Z),E,TC),
prepare_goalrec_body(append(X,Y,Z),TC,A,B), try(A,B,E).

With two more applications of Immediate Execution, first to the goal retrieve/3
and the second to the primitive functor/3, we obtain

append(X,Y,Z) :- true |
P=append, N=3, retrieve(P,N,E,TC),
prepare_goalrec_body(append(X,Y,Z),TC,A,B), try(A,B,E).

which can be normalized to

append(X,Y,Z) :- true |
retrieve(append,3,E,TC),
prepare_goalrec_body(append(X,Y,Z),TC,A,B), try(A,B,E).

With several steps of Immediate Execution and Normalization, we arrive at

append(X,Y,Z) :- true |
transfer_args(1,3,append(X,Y,Z),g(0,0,0,0,0,0),_,A),
try(A,[c(1=[],b([<(2)= <(3)],[])),

c(1=[>(4)|>(1)],b([<(3)=[<(4)|>(3)]],[append(1,2,3)]))],E).
where transfer_args/6 “loads” the arguments X, Y, Z to the goal record and
returns the result to A. Further steps of Immediate Execution and Normalization
lead us to



A Pure Meta-interpreter for Flat GHC, a Concurrent Constraint Language 157

append(X,Y,Z) :- true |
functor(X,A0RnF,A0RnN),
test_pf(A0RnF,A0RnN,[],0,Res),
try_match(Res,[],X,ARn,g(ARn,Y,Z,0,0,0),b([<(2)= <(3)],[]),

c(1=[>(4)|>(1)],b([<(3)=[<(4)|>(3)]],[append(1,2,3)])),E).
This is the first point at which we can’t apply Immediate Execution or Normal-
ization.

We regard the primitive functor/3 as comprising clauses such as:

functor([], F,N) :- true | F=[], N=0.
functor([_|_],F,N) :- true | F=’.’, N=2.
functor(f(_), F,N) :- true | F=f, N=1.

There is one such clause for each constructor available, but without loss of gen-
erality we can focus on the above three clauses, of which the third one is meant
to be a representative of all constructors irrelevant to the current example.

Now we apply Case Splitting and obtain the following:

append([],Y,Z) :- true |
A0RnF=[], A0RnN=0,
test_pf(A0RnF,A0RnN,[],0,Res),
try_match(Res,[],[],ARn,g(ARn,Y,Z,0,0,0),b([<(2)= <(3)],[]),
c(1=[>(4)|>(1)],b([<(3)=[<(4)|>(3)]],[append(1,2,3)])),E).

append([H|T],Y,Z) :- true |
A0RnF=’.’, A0RnN=2,
test_pf(A0RnF,A0RnN,[],0,Res),
try_match(Res,[],[H|T],ARn,g(ARn,Y,Z,0,0,0),b([<(2)= <(3)],[]),
c(1=[>(4)|>(1)],b([<(3)=[<(4)|>(3)]],[append(1,2,3)])),E).

append(f(X),Y,Z) :- true |
A0RnF=f, A0RnN=1,
test_pf(A0RnF,A0RnN,[],0,Res),
try_match(Res,[],f(X),ARn,g(ARn,Y,Z,0,0,0),b([<(2)= <(3)],[]),
c(1=[>(4)|>(1)],b([<(3)=[<(4)|>(3)]],[append(1,2,3)])),E).

That is, we unfold functor/3 and promote its asks to the guards of append/3.
The Case Splitting rule dictates that we should unfold test_pf/5 and try_
match/7 as well; however, unfolding test_pf/5 using its first clause, for instance,
would promote two asks, A0RnF=[] and A0RnN=:=0, which can never be satisfied
because the two variables don’t occur in the head of append/3. Clauses with
unsatisfiable asks are deleted finally. Note that clauses below the otherwise
directive (such as the second clause of test_pf/5) implicitly perform all asks in
the clauses above the otherwise.

Now we come back to applying Normalization and Immediate Execution,
which leads us via

append([],Y,Z) :- true |
try_match(yes(0),[],[],ARn,g(ARn,Y,Z,0,0,0),b([<(2)= <(3)],[]),
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c(1=[>(4)|>(1)],b([<(3)=[<(4)|>(3)]],[append(1,2,3)])),E).
append([H|T],Y,Z) :- true |
try_match(no,[],[H|T],ARn,g(ARn,Y,Z,0,0,0),b([<(2)= <(3)],[]),
c(1=[>(4)|>(1)],b([<(3)=[<(4)|>(3)]],[append(1,2,3)])),E).

append(f(X),Y,Z) :- true |
try_match(no,[],f(X),ARn,g(ARn,Y,Z,0,0,0),b([<(2)= <(3)],[]),
c(1=[>(4)|>(1)],b([<(3)=[<(4)|>(3)]],[append(1,2,3)])),E).

to the following:

append([],Y,Z) :- true |
getargs(1,0,[],[],g(0,Y,Z,0,0,0),A),
try(A,b([<(2)= <(3)],[]),E).

append([H|T],Y,Z) :- true |
getargs(1,2,[>(4)|>(1)],[H|T],g(0,Y,Z,0,0,0),A),
try(A,b([<(3)=[<(4)|>(3)]],[append(1,2,3)]),E).

append(f(X),Y,Z) :- true | try(g(f(X),Y,Z,0,0,0),[],E).
Here, the rules as stated in [28] do not allow Immediate Execution of the third

clause because we cannot form any unfolded clause to replace it. However, a close
look at the reason why assures us that this clause can indeed be removed. The
removal of a clause C whose body goal can never proceed changes the behavior
of a goal g when there is another clause C′ that can reduce g. However, the three
clauses of append/3 above don’t overlap with one another; that is, any goal that
can be reduced using the third clause and then gets stuck will get stuck without
it.

By steps of Immediate Execution, we can “load” necessary values to registers:

append([],Y,Z) :- true |
try(g(0,Y,Z,0,0,0),b([<(2)= <(3)],[]),E).

append([H|T],Y,Z) :- true |
try(g(T,Y,Z,H,0,0),b([<(3)=[<(4)|>(3)]],[append(1,2,3)]),E).

Now we have restored the guards of the original append/3, which is much more
than halfway to our goal. It remains to restore the bodies, and this can be done
by repetitive application of Immediate Execution and Normalization:

append([],Y,Z) :- true | Y=Z.
append([H|T],Y,Z) :- true |
Z=[H|A0Rn], exec_one(append(T,Y,A0Rn),E).

Finally, we fold the body goal of the second clause using the clause we coined
initially, and obtain the following:

append([], Y,Z) :- true | Y=Z.
append([H|T],Y,Z) :- true | Z=[H|A0Rn], append(T,Y,A0Rn).

We anticipate that the significance of partial evaluation in our context is it
enables us to use available tools for “just-in-time” static analysis. For faster ex-
ecution, designing an optimizing compiler from treecode to machine code would
be more appropriate than going back from treecode to Flat GHC source code.
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7 Conclusions

We have described an interpreter of Flat GHC treecode in Flat GHC. The in-
terpreter uses only pure built-in primitives, that is, those whose behavior can be
defined using a set of guarded clauses (e.g., functor/3, setarg/5, etc.) or by
simple source-to-source transformation (otherwise). The interpreter is only 39
clauses long (without arithmetics), and runs directly on KLIC.

Treecode is very close to source code but is designed so that it can be easily
interpreted, transmitted over the network, and stored in files. The major dif-
ferences from most bytecode representations are that it is more structured and,
more importantly, that it is inherently concurrent.

The design of an interpreter involves decisions as to what are reified and
what are not. To allow interpreted processes to freely communicate with non-
interpreted, native processes, we made the following design choices:

– Reified : code, reduction, concurrency and nondeterminism; goal records, ar-
gument registers and temporary registers; control structures

– Not reified : logical variables and substitutions (constraints); heaps; repre-
sentation of terms.

Although our initial objective was to have an 100% pure interpreter of Flat
GHC, the outcome can be viewed also as a virtual machine working on register
vectors. The three annotations, ‘>’, ‘<’, and ‘<<’, are reminiscent of the distinction
between put and get instructions in the Warren Abstract Machine [1].

Translation from source code to treecode is straightforward for most cases.
For deterministic programs, its essence is to build a decision tree for clause selec-
tion. Some complication arises only when a predicate has both conjunctive and
disjunctive synchronization points. The paper did not show a concrete transla-
tion algorithm, but instead illustrated how a treecode could be translated back
to its source code using partial evaluation. Note that the source code could be
restored because the interpreter was a meta-interpreter. Partial evaluation thus
ensures the applicability of program analysis to interpreted code. Type analysis
is important for an interpreted process to communicate with a native process
running with no runtime type information. It is also important in building a
stub and a skeleton of a (marshaled) logical stream laid between remote sites.

Our primary future work is to deploy those technologies to demonstrate that
concurrent logic/constraint programming can act, possibly with minimal exten-
sions, as a high-level and concise formalism for distributed programming. An-
other important direction is, starting with treecode, to develop an appropriate
intermediate code representation for optimizing compilers. This is important for
another application of concurrent languages, namely high-performance parallel
computation.
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Abstract. Program transformation systems are applied both in pro-
gram synthesis and in program optimization. For logic programs the
“logic” component makes transformations very natural and easy to be
studied formally. But, when we move to Prolog programs, the “control”
component cannot be ignored. In particular we need to cope with ter-
mination properties which are essential for ensuring the reachability of
solutions for a given query.
We give an overview of the main proposals in the field of transformation
systems for logic programs and we emphasize how they cope with those
properties of logic programs which are not strictly declarative. We focus
in particular on how the transformation can affect the termination of a
program.

1 Introduction

Virtuous programming methodology, which consists in focusing on correctness
of programs at first and on their efficiency only afterwards, fits particularly well
with the logic programming paradigm, as stated by the famous motto: Algorithm
= Logic + Control [Kow79]. This encourages the application of transformation
systems to logic programs both for synthesizing a correct program from a logic
specification [Dev90] and for optimizing it [TS84].

The main requirements for a practical transformation systems are on one
hand to guarantee the preservation of interesting program properties and on
the other hand to be supported by an automatic or semi-automatic tool. The
most important program properties are characterized by the “Logic” component,
namely declarative semantics describing the intended results of computations.
But nondeclarative properties, the “Control” component, namely the actual be-
haviour of the interpreter, are extremely relevant.

The logic programming paradigm, in its pure form, knows two sources of
nondeterminism:

ND1 The choice of the atom in the query (selection rule),
ND2 The choice of the clause to resolve it.
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The Prolog interpreter however gives up the first one by employing a fixed left-
most selection rule, and the second one with a fixed top-down selection method.
This latter nondeterminism is recovered (thought not entirely, for the possibility
on nontermination) by the use of backtracking. Between pure logic program-
ming and pure Prolog, we find the well-studied paradigm of “logic programming
+ leftmost selection rule”, which is of theoretical relevance.

The influence of (ND1) and (ND2) varies according to the kind of observable
behaviour, observable for short, we focus on. For instance, if the observable is the
Success Set of the program, then, by the well-known result of the independence
from the selection rule, (ND2) can compensate for the absence of (ND1). For
other observables this does not apply: for instance, if one observes the Finite
Failure Set of the program, then (ND1) is of influence, while (ND2) is not. The
same holds for (universal) termination.

A program transformation system is characterized by a set of basic trans-
formation operations and a strategy which combines them for a given aim. The
transformation operations are generally constrained by applicability conditions
which ensure their correctness, that is, the preservation of the observables of
interest. These applicability conditions should balance between the need to cap-
ture the majority of cases and the need to allow for a simple verification, if
possible they should be purely syntactical in order to be automatically verified
by the system. Similarly, the strategy should strike a balance between being
powerful and being automatizable, thus reducing interactions with the user to
the minimum.

When transformation techniques, formulated for logic programs in general,
are applied to real programs, Prolog’s choices wrt (ND1) and (ND2) become
relevant for preserving the observables one is interested in. Useful observables
usually represent the results of computation, which for Prolog programs can be
characterized by the Computed Answer Substitutions [FLMP93] and the Finite
Failure Set (when negation is used). But since Prolog replaces (ND2) by back-
tracking, also termination properties are essential, as they guarantee the effective
reachability of solutions.

In this paper we intend to give an overview of some of the transformation
systems which have been proposed for logic programs and we look at how they
influence the observables of a program. We shall look especially at nondeclarative
properties, and at termination in particular. In fact, transformation systems
preserving termination are suitable to deal with pure Prolog programs. We think
that the field is mature enough to allow for a comparison and a classification of
such systems by considering the basic transformation operations, the preserved
termination property, the purpose and the level of automatization.

The paper is organized as follows. In Section 2 we give some notation on
general logic programs and briefly recall the major termination properties. In
Section 3 we define the simplest unfold/fold transformation system, which is
common to the majority of transformation systems. We illustrate the properties
of both the basic operations, unfold and fold, and we discuss the problems related
to preserving termination and the proposed solutions. We also discuss the need
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of reordering literals in clause bodies during transformations and define a switch
operation. In Section 4 we introduce the powerful replacement operation, discuss
its properties and the proposals for preserving termination. A short conclusion
follows in Section 5.

2 Preliminaries

2.1 General Programs and LDNF-resolution

Let P be a finite set of predicate symbols (or relations). An atom is an object of
the form p(t1, . . . , tn) where p ∈ P is an n-ary predicate symbol and t1, . . . , tn ∈
T . A literal is either an atom A (a positive literal) or the negation of an atom ¬A
(a negative literal). A general query is a possibly empty finite sequence of literals
L1, . . . , Ln (n ≥ 0). Following the convention adopted by Apt in [Apt97], we use
bold characters (e.g. B) to indicate sequences of objects, typically B indicates a
sequence of literals, B1, . . . , Bn, t indicates a sequence of terms, t1, . . . , tn, and
x denotes a sequence of variables, x1, . . . , xn. A general clause is a construct of
the form H ← B where H is an atom (the head) and B is a general query (the
body). When B is empty, H ← B is written H ← and is called a unit clause. A
general program is a finite set of general clauses.

Apart from this, we use the standard notation of Lloyd [Llo87] and Apt
[Apt97]. In particular, given a syntactic construct E (so for example, a term,
a literal or a set of equations) we denote by Var(E) the set of the variables
appearing in E. Given a substitution θ = {x1/t1, ..., xn/tn} we denote by Dom(θ)
the set of variables {x1, . . . , xn}, and by Ran(θ) the set of variables appearing
in {t1, . . . , tn}. Finally, we define Var(θ) = Dom(θ) ∪ Ran(θ).

A substitution θ is called grounding if Ran(θ) is empty, and it is called a
renaming if it is a permutation of the variables in Dom(θ). By Pred(E) we
denote the set of predicate symbols occurring in the expression E.

We use a notation introduced in [AP93], and we say that a predicate p is
defined in the program P iff there is a clause in P that uses p in its head.

Definition 2.1 Let P , Q be programs, which define different predicates, and
p, q relations in Pred(P ).

(i) We say that p refers to q in P if there is a clause in P that uses p in its
head and q in its body.

(ii) We say that p depends on q in P , and write p 
 q, if (p, q) is in the reflexive,
transitive closure of the relation refers to.

(iii) We say that P extends Q, P 
 Q, if there is no q ∈ Pred(Q) which refers
(in Q) to a predicate p defined in P .

(iv) Let B be an atom, by P |B we denote the set of clauses of P that define the
predicates which the predicate of B depends on. Similarly by P |p we denote
the set of clauses of P that define a predicate p and all the predicates which
it depends on. �
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We consider SLDNF-resolution with Prolog selection rule, that is the leftmost
selection rule. As usual, we call this form of resolution LDNF-resolution.

Following Apt and Pedreschi’s approach in studying the termination of gen-
eral programs [AP93], we view the LDNF-resolution as a top-down interpreter
which, given a general program P and a general query Q, attempts to build a
search tree for P ∪ {Q} by constructing its branches in parallel. The branches
in this tree are called LDNF-derivations of P ∪ {Q} and the tree itself is called
LDNF-tree of P ∪{Q}. Negative literals are resolved using the negation as failure
rule which calls for the construction of a subsidiary LDNF-tree. If during this
subsidiary construction the interpreter diverges, the (main) LDNF-derivation is
considered to be infinite. An LDNF-derivation is finite also if during its con-
struction the interpreter encounters a query with the first literal being negative
and non-ground. In such a case we say that the LDNF-derivation flounders. An
LDNF-tree is called non-floundering if none of its derivations flounders.

By termination of a general program we actually mean termination of the
underlying interpreter. Hence in order to ensure termination of a query Q in a
program P , we require that all LDNF-derivations of P ∪ {Q} are finite.

We use the following abbreviations for a program P : MP for the least Her-
brand model of P , and comp(P ) for Clark’s completion of P [Cla78].

2.2 Termination Properties

We recall in this section some important termination properties for logic pro-
grams which have been studied in the literature. We refer all definitions to general
programs.

Definition 2.2 (Terminating Program) A program P is called terminating
iff all SLDNF-derivations of P starting in any ground query are finite.

This is a very strong termination property since it must hold for any selection
rule. If we consider only the leftmost selection rule of Prolog, namely LDNF-
resolution, the following property of left termination is more appropriate.

Definition 2.3 (Left Terminating Program) A program P is called left
terminating iff all LDNF-derivations of P starting in any ground query are finite.

For verifying a termination property on a program, a common technique is
to find a measure on queries which, under certain conditions, can only decrease
during the computation. Such measure is based a level mapping, namely a map
from ground literals to natural numbers. Two important classes of programs had
been characterized by means of properties of level mappings: Acyclic programs
and Acceptable programs.

Acyclic programs were introduced by Cavedon [Cav89] and have been further
studied by Apt and Bezem [AB91]. An acyclic program is characterized by the
fact that for any ground instance of any clause, the level mapping of the head is
greater than the level mapping of each literal in the body.
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We can relate acyclic and terminating programs: If P is an acyclic program
then P is terminating. Moreover if P is a definite program, then P is terminating
iff P is acyclic. When negation is allowed in clause bodies, there are programs
which are terminating but not acyclic. This is caused by the presence of floun-
dering derivations, since non-ground negative literals are not selected and some
infinite branches of the search tree cannot be explored [AB91]. Note that if a
program is terminating or acyclic, it is also left terminating.

The concept of acceptable program generalizes the one of acyclic program and
had been introduced by Apt and Pedreschi in [AP90, AP93] to characterize left
terminating programs.

In the two previous definitions, all ground queries were requested to termi-
nate. Vasak and Potter in [VP86] introduced two different termination properties
which refer to a specific query Q in a program: Universal termination and exis-
tential termination.

Definition 2.4 (Universal and Existential Termination)

– A query Q is universally terminating in P iff all LDNF-derivations for Q in
P are finite.

– A query Q is existentially terminating in P iff there exists at least one
LDNF-derivation for Q in P which is finite.

Note that if every ground query universally terminates in a program P , then P
is left terminating. Conversely, if P is left terminating then every ground query
is universally terminating in it.

In order to characterize programs where every query is universally terminat-
ing, we introduced also the following very strong termination property.

Definition 2.5 (Always Left Terminating Program) A program P is called
always left terminating iff all LDNF-derivations of P starting in any query are
finite. �

In an always left terminating program no computation can diverge. These pro-
grams are generally defined by clauses which are not recursive or by built-ins
and used to perform some checks.

Note that if a program is always left terminating, then it is also left terminat-
ing. Hence the class of left terminating programs includes the ones of terminating,
acyclic and always left terminating programs.

Another interesting class of queries we will refer to, and which contains all
the ground ones, is the class of well-moded queries. Modes are extensively used
in the literature on logic programs, usually they indicate how the arguments of a
relation should be used. A mode is a function that labels as input (+) or output
(-) the positions of each predicate in order to indicate how the arguments of
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a predicate should be used. Most predicates have a natural moding, which re-
flects their intended use. For example, the natural moding for the usual program
append, when used for concatenating two lists, is append(+,+,-). When talking
about moded programs, we assume that each predicate symbol has a unique
mode associated to it; multiple modes may be obtained by simply renaming the
predicates. If Q is a query, we denote by In(Q) (resp. Out(Q)) the set of terms
filling in the input (resp. output) positions of predicates in Q.

The concept of well-moded program is essentially due to Dembinski and
Maluszynski [DM88]. Intuitively a program is well-moded when the modes of
literals in each clause, which reflect the dataflow taking place in it, are consis-
tent with the left-to-right selection rule. The definition of well-moded program
and query has been given for definite programs but it can be extended to gen-
eral programs, as in [BCER01]. Moded level mappings are introduced in [EBC99],
they do not take into account output terms, but only input terms. The relevance
of well-moding and moded level mappings for termination is studied for definite
programs in [EBC99]. We give here an extended definition for general programs.

Definition 2.6 (Well-Terminating Program) A program is called well-ter-
minating iff all its LDNF-derivations starting in any well-moded query are finite.

Notice that a well-terminating program is also left terminating.

3 A Simple Transformation System: Unfold and Fold

In their seminal papers [TS84, ST84], Sato and Tamaki adapted to definite logic
programs the ideas on program transformations firstly introduced by Burstall
and Darlington for functional programs [BD77]. They defined the basic un-
fold/fold transformation system, based on the operations of new definition, un-
fold and fold. Then they made it more powerful with replacement and further
with clause addition and clause deletion. They studied the system wrt to a
declarative semantics given by the least Herbrand model. This was the start-
ing point for a number of studies on transformations preserving properties of
logic programs, both definite and general, which can be expressed by a declara-
tive semantics, such as: Success Set, Computed Answer Substitutions and Finite
Failures Set, see for example [Mah87, KK90, Sek91, GS91, BCE92, AD93, BC93]
just to quote some of these efforts.

We start by considering the basic operation: Unfold. From now on, standard-
ization apart is always assumed.

3.1 Unfold

Unfold is the fundamental operation for partial evaluation [LS91] and it consists
in applying a resolution step to an atom in a clause body, by using all possible
resolving clauses.
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Definition 3.1 (Unfold) Let cl : H ← J, L,K. be a clause of a program P , L
a positive literal and {A1←B1., . . . , An←Bn.} the set of clauses of P whose
heads unify with L, by mgu’s {θ1, . . . , θn}.
– unfolding L in cl consists of substituting cl with {cl′1, . . . , cl′n}, where, for

each i, cl′i = (H ← J,Bi,K)θi.

L is the unfolded atom, {A1←B1., . . . , An←Bn.} are called the unfolding
clauses and {cl′1, . . . , cl′n} are the unfolded clauses (unfoldings for short). �

There are a few slightly different versions of this operation. A more powerful
definition of unfold for definite programs has been given in [Gal91] where the
unfold operation is based on partial evaluation, namely it consists in building
a finite (incomplete) SLD-tree for the body of a clause H ←B. and in getting
the resultants Hαi←Gi. as unfoldings. With such a “multi-step” unfold it is
possible to obtain unfoldings which are not obtainable through a series of one
step unfoldings.

Note that we define the unfold only for positive literals (atoms). In some
proposals also a negative literal can be unfolded: For example in [GS91], if L =
¬A with A ground, and A has a finitely failing SLDNF-tree, then unfolding L is
done by deleting L from the clause cl. On the other hand if A has a successful
derivation, then the same operation yields the removal of cl. In [AD94] another
unfold for negative literals is defined in the context of a well-founded partial
evaluation: Any negative literal ¬p(t) in the program is replaced by an atom
notp(t), where the new predicate notp is defined as the negation of the completed
definition of p.

Declarative Properties Thanks to its correspondence to a resolution step, the
unfold operation in Definition 3.1, is safe wrt basically all the declarative seman-
tics available for logic programs: The least Herbrand model, as shown already in
[TS84], the Success Set and the Computed Answer Substitutions semantics and
this was shown by [KK90]. When used alone, unfold preserves also the Finite
Failure Set, while in combination with other transformation operations, such as
fold, this is no more preserved [Sek91].

Fixing the Selection Rule Let us discuss now what happens when we are
interested in preserving more procedural properties as termination ones. In this
Section we analyze what happens when we give up on (ND1) by fixing the
selection rule.

Let us start by considering termination. For definite programs, in [BC94] we
proved that unfold preserves universal termination of a query and as a conse-
quence it preserves also left termination and well-termination. Unfortunately this
reasoning does not carry over to general logic programs, due to the possibility
that they terminate by floundering. Consider:

p ← not(trigger(X)), q(X), p.
trigger(a).
q(b).
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This program is left terminating. Notice however that the query p terminates
by floundering. Now, if we unfold q(X) in the first clause, we obtain a program
containing the clause p ← not(trigger(b)), p. In this program the query p
does not left terminate any longer.

This has to do with the fact that Definition 3.1 of unfold allows for a left-
propagation of the bindings: The atoms on the left of the unfolded atom might
be instantiated during the unfolding (i.e. J becomes instantiated). In the above
example this happened to not(trigger(X)). This implies that after the unfold
operation some “calls” might be more instantiated than before the unfold.

On the other hand, for general programs we can say that the unfold operation
maintains acyclicity [BE94] and acceptability [BCE96b]: If P is acyclic (resp.
acceptable wrt a certain level mapping | | and a model M) and P ′ is obtained
from P by the application of an unfold operation, then P ′ is acyclic as well (resp.
acceptable wrt | | and M as well).

Another consequence of the already mentioned left-propagation of the bind-
ings is that unfold can “ increase termination”, namely the transformed program
can terminate with a failure also for queries which are non-terminating in the
original program. Consider the trivial program:

c1: q ← p.
c2: p ← p, r.

If we unfold r in c2 we obtain the one-line program q ← p. for which all queries
terminate since they finitely fail. This can happen also when the unfolded atom
is not finitely failing. Consider the non-left terminating program:

q ← p(X), r(X).
p(s(X)) ← p(X).
r(a).

In this program the query q does not left terminate, however, by unfolding r(X),
we obtain a left terminating program.

Pure Prolog We now see what happens when we substitute (ND2) by a fixed
clause selection augmented with backtracking. In this setting the order of the
clauses in a program becomes relevant, and we intend to consider more proce-
dural observables. We notice the following: Unfold can change the order of the
computed answer substitutions. Consider:

c1: p(X) ← q(X), r(X).
c2: q(a).
c3: q(b).
c4: r(b).
c4: r(a).

The query p(X), with a Prolog interpreter, has the sequence of computed answer
substitutions {X = a, X = b}. If we unfold r(X) in c1 we obtain:
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c1’: p(X) ← q(b).
c2’: p(X) ← q(a).

...

Now the query p(X) returns first the answer X=b and then the one X=a.
Even in the absence of non-logical predicates, this apparently minor fact can

have annoying consequences. In particular, unfold can deteriorate the perfor-
mances of a program. Consider:

p ← heavy(X), q(X).
heavy(X) ← lots of calculations, X is b.
q(a).
q(b)

By unfolding q(X), we obtain.

p ← heavy(a).
p ← heavy(b).
heavy(X) ← lots of calculations, X is b.

In the second program, the query p generates two calls to heavy, while in the
first one heavy was called only once.

Thus the left-propagation of bindings can deteriorate efficiency and/or spoil
termination. Partial evaluation systems have different ways for dealing with this.
Gallagher, [Gal91] for the SP system introduces the concept of determinate un-
folding. Roughly speaking, an unfolding is determinate if it returns no more than
one clause (more precisely, no more than one live clause, where dead clauses
are those that contain an immediately failing atom). This guarantees that the
amount of nondeterminism is not increased, which would be harmful for the
efficiency. Determinate unfolding is also used in the ECCE partial evaluation
system [LMS98].

In [PP91] Pettorossi and Proietti propose two restrictive definitions of unfold
for definite programs: Unfold of the leftmost atom, which is clearly not harm-
ful wrt any semantics (as it trivially cannot cause any left-propagation), and
deterministic non-left-propagating unfold.

Definition 3.2 (Deterministic Non-Left-Propagating Unfold) The un-
folding of a clause cl : H ← J, A,K. wrt the atom A is deterministic non-left-
propagating iff

1. there exists exactly one clause whose head is unifiable with A via an mgu θ;
2. (H ← J)θ is a variant of H ← J.

They proved that both such restrictive unfold operations preserve the “sequence
of answer substitution semantics” (a semantics for Prolog programs, defined in
[JM84, Bau89], which takes into account also the order of the computed answer
substitutions, together with their multiplicity). This guarantees that if the initial
program is left terminating, then the resulting program is left terminating as well.
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Also partial evaluation systems for real Prolog generally forbid left propaga-
tion of the variable bindings. Mixtus [Sah93], for instance exploits disjunction
for unfolding Prolog programs.

Definition 3.3 (Unfold in Mixtus) Let cl : H ← J, L,K. be a clause of a
program P , L a positive literal and {A1←B1., . . . , An←Bn.} the set of clauses
of P whose heads unify with L, by mgu’s {θ1, . . . , θn}.
– unfolding L in cl consists of substituting cl with
cl′ : H ← J, (

∨n
i=1 (L = Ai,Bi)),K.

This unfold guarantees that no left-propagation is performed, which in turn
ensures that the system is correct also in the presence of extra-logical predicates.

A conceptually similar approach is used in the PADDY system [Pre92] for
partial evaluation, but the disjunction is obtained by means of the introduction
of a new definition.

Prolog When extra-logical features are involved, unfold can create further prob-
lems. One of them is the possible loss of computed answer substitutions, as shown
in the following examples. Let us consider the program

c1: p(X) ← q(X).
c2: p(a).
c3: q(b) ← !.
c4: q(c).

for the query p(X) we get the computed answer substitutions X = b, X = a.
By unfolding q(X) in c1 we get

d1: p(b) ← !.
d2: p(c).
c2: p(a).
c3: q(b) ← !.
c4: q(c).

Now, for the query p(X), we obtain only X = b. Similarly let us consider

c1: p(X) ← var(X), q(X).
c2: q(b).
c3: q(c).

for the query p(X) we obtain the computed answer substitutions X = b, X = c.
But if we unfold q(X) in c1, for the same query p(X) we now have a failure.

These problems are deeply connected with the left-propagation of bindings,
and are automatically avoided if one employs a definition of unfold such as
Definition 3.2 or 3.3.

Unfolding in Prolog has been studied in the context of partial evaluation
systems also in [LS88, BR89, Pre93]. They proposed either to restrict unfold on
extra-logical features or to transform the program before unfolding, in order to
eliminate such extra-logical features or at least to have them only in a standard
form.
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3.2 Fold

Fold is possibly the transformation operation for which we find the most different
definitions. In order to approach it, we first define the concept of transformation
sequence.

Definition 3.4 (Transformation Sequence) A transformation sequence is a
sequence of programs P0, . . . , Pn, n ≥ 0, such that each program Pi+1, 0 ≤ i < n,
is obtained from Pi by applying a basic transformation operation to a clause of
Pi. �

The simplest transformation systems (and then sequences) include only three
basic operations which allow for a reasonable set of transformations: new defi-
nition, unfold and fold. In the literature we can find many different definitions
for these operations. Here we are forced to choose one and we try to choose it
in the most general way, giving a short description of other proposals. Actually,
in [TS84] the new definition operation is not explicitly considered as a transfor-
mation operation; rather, all new definitions are assumed to be present at the
beginning of the transformation. Here we follow the same syntax and we assume
that every transformation process starts from an initial program which already
contains new definitions expressed as Prolog clauses.

Definition 3.5 (Initial Program) We call a program P0 an initial program if
it can be partitioned into two programs Pnew and Pold such that the following
conditions are satisfied:

(I1) Pnew 
 Pold;
(I2) Pnew is not recursive.

Pnew contains the new definitions, that is the completed definitions of the pred-
icates defined in Pnew which are called new predicates. The predicates defined
in Pold are instead the old ones. Similarly we say that a literal is a new (resp.
old) literal iff its predicate symbol is.

We now give the most “classical” definition of fold, equivalent to the one by
Tamaki and Sato [TS84]: Fold is the inverse of unfold when one single unfold is
possible, and it consists in substituting an atom A for an equivalent conjunction
of literals B in the body of a clause cl. The transformation sequence and the
fold operation are defined in terms of each other.

Definition 3.6 (Fold) Let P0, . . . , Pi, i ≥ 0, be a transformation sequence and
P0 an initial program, cl : H ← J,B,K. be a clause in Pi, and d : D←B′.
be a clause in Pnew. Folding B in cl via τ consists of replacing cl by cl′ :
H ← J, Dτ,K., provided that τ is a substitution such that Dom(τ) = V ar(d)
and such that the following conditions hold:

(F1) d is the only clause in Pnew whose head is unifiable with Dτ ;
(F2) If we unfold Dτ in cl′ using d as unfolding clause, then the result of the

operation is a variant of cl;
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(C1) Either cl defines an old predicate, or at least one atom of cl is the result
of a previous unfolding.

Notice that the clause used for folding, d, does not necessarily belong to the
program Pi in which the folding is performed. The following example is inspired
by one in [Sek93].

Example 3.7 Consider the initial program

c1: path(X,X,[X]).
c2: path(X,Z,[X|Xs]) ← arc(X,Y), path(Y,Z,Xs).

c3: goodlist([]).
c4: goodlist([X|Xs]) ← good(X), goodlist(Xs).

c5: goodpath(X,Z,Xs) ← path(X,Z,Xs), goodlist(Xs).

Pnew = {c5}, thus goodpath is the only new predicate. The query goodpath(X,Z,
Xs) can be employed for finding a path Xs starting in the node X and ending
in the node Z which contains exclusively “good” nodes. As it is now, goodpath
works on a “generate and test” basis: First it produces a whole path, and then
it checks whether it contains only “good” nodes or not. Of course this strategy
is quite naive: Checking if the node is “good” or not while generating the path
would noticeably increase the performances of the program. We can obtain such
an improvement via an unfold/fold transformation. By unfolding path(X, Z, Xs)
in the body of c5, we obtain

c6: goodpath(X,X,[X]) ← goodlist([X]).
c7: goodpath(X,Z,[X|Xs]) ← arc(X,Y), path(Y,Z,Xs),

goodlist([X|Xs]).

In the above clauses we can unfold goodlist([X]) and goodlist([X|Xs]). The
resulting clauses, after further unfolding goodlist([]) in the clause obtained
from c6, are

c8: goodpath(X,X,[X]) ← good(X).
c9: goodpath(X,Z,[X|Xs]) ← arc(X,Y), path(Y,Z,Xs), good(X),

goodlist(Xs).

Let P2 = {c1, c2, c3, c4, c8, c9}. Now we have reached a crucial step in the trans-
formation: According to Definition 3.6 we can fold path(Y, Z, Xs), goodlist(Xs)
in c9. The result is the following recursive clause:

c10: goodpath(X,Z,[X|Xs])← arc(X,Y),good(X),goodpath(Y,Z,Xs).

Let P3 = {c1, c2, c3, c4, c8, c10}. Notice that this definition is now directly
recursive and it checks the “goodness” of the path while generating the path
itself. �

A different definition of fold is given in [Mah87] and in [GS91]: Both cl,
the folded clause, and d, the clause used for folding, are in Pi and they must
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be different clauses (hence conditions F1 and F2 must hold in Pi, while C1
can be dropped). This fold is normally regarded as weaker than the Tamaki-
Sato’s one, in fact it cannot produce all the same transformed programs, but its
correctness wrt the least Herbrand model, the Success Set and the Computed
Answers Substitutions is easier to prove. The disadvantage of this fold operation
is that it does not allow us to introduce direct recursion in a definition (as done
in Example 3.7), which is generally regarded as the key aspect of the folding
operation.

We should mention another definition of fold, strictly stronger than Definition
3.6. It allows for simultaneous folding of different clauses and has been proposed
in [PP94a] by extending the idea of fold as the inverse of unfold to the case when
multiple unfoldings are possible.

Declarative Properties Of course, it is of primary importance to ensure the
correctness of an unfold/fold system from a declarative point of view. For the
system presented here the following properties hold in case of definite programs:

– the least Herbrand Models of the initial and final programs coincide [TS84];
– the Success Sets of the initial and final programs coincide [KK90];
– the Computed Answers Substitutions of the initial and final programs coin-

cide [KK90].

The first unfold/fold transformation system was later generalized to general logic
programs, and proved correct wrt the well-founded semantics [Sek93]. Aravindan
and Dung proved in [AD93] that it preserves also the so-called semantic kernel,
that guarantees that the transformation is correct wrt a number of semantics
for programs with negation.

On the other hand, the Finite Failure Set is not preserved. Consider the
following example.

Example 3.8 Let P0 be the program

c1: p ← q, h(X).
c2: h(s(X)) ← h(X).

Where Pold = {c2} and Pnew = {c1}. Notice that there is no definition for
predicate q, so p and q finitely fail. By unfolding h(X) in c1 we obtain a variant
of c1:

c3: p ← q, h(Y).

Now, we can fold q, h(Y) in c3, using clause c1 for folding. The result is

c4: p ← p

The Finite Failure Set has changed: p does not finitely fail any longer. �

This problem was addressed and fixed by Seki, who in [Sek91] provides a
modified fold operation for stratified general programs which requires that C1
be modified into
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(C2) either cl defines an old atom, or all the literals in the folded part of the
clause cl, B, must result from a previous unfolding.

This restriction is sufficient to guarantee that the Finite Failure Set of the initial
and of the final programs are the same. Seki also introduces a labelling of literals
in clause bodies in order to keep track of the ones coming from previous unfolding
and to make syntactically checkable this condition.

Termination Properties We discuss now what happens when we are inter-
ested in preserving more procedural properties such as termination ones.

If we consider termination wrt all selection rules, then the system we present
here is correct: In [BE94] we proved that if the initial program is (definite and)
terminating for all selection rules, then the transformed program is terminating
for all selection rules as well. This result extends also to general programs by
considering the concept of acyclic program: If the initial program is acyclic then
the resulting one is acyclic as well.

However, many usual programs are not terminating wrt all selection rules,
and it is clearly of interest to see what happens for instance to left termination
when we apply a fold-unfold transformation sequence. First of all note the ob-
vious fact that when we fix the selection rule, the order of literals in the bodies
becomes relevant. This is in contrast to the way the transformation rules were
originally defined in [TS84, Sek91]. For instance in the last transformation step of
Example 3.7 we have actually swapped the two atoms path(Y,Z,Xs), good(X)
before applying the fold operation. Since Definition 3.6 is given modulo reorder-
ing of the body atoms, this does not pose any problem in applying it. On the
other hand, if one fixes the selection rule, such a swapping can easily introduce
non-termination: For instance think about swapping the two atoms fail, loop
in a clause body. Thus, in order to apply the fold operation to Prolog or pure
Prolog programs, one has to give a definition for it which takes into account the
order of the literals in clause bodies.

A first relevant result in the direction of an unfold/fold transformation system
which preserves left termination was presented by Proietti and Pettorossi in
[PP91]. They propose a transformation system for definite programs which is
similar to [TS84] with three additional conditions: (a) no reordering of the atoms
is allowed, (b) unfolding is allowed only for the leftmost atom of a clause or in
the case of a deterministic non-left propagating atom, and (c) folding is allowed
if C1 is modified as:

(C3) either cl defines an old atom, or the leftmost atom of the folded clause is
the result of a previous unfolding. 1

They proved that this system preserves a very strong semantics, namely, the
sequence of answer substitutions semantics (a semantics for Prolog programs,
1 These are not exactly the conditions proposed in [PP91], but a conservative approx-
imation of them in terms of the concepts we have introduced so far. We do this in
order to avoid introducing too much notation and to make it easier to compare the
different approaches.
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defined in [JM84, Bau89]). This guarantees also that if the initial program is left
terminating, then the resulting program is left terminating as well. While this
system has rather restrictive applicability conditions (e.g. the transformation of
Example 3.8 is not possible within it), we believe that in order to preserve such
a strong semantics it is hardly possible to do any better.

In our works on unfold/fold transformations systems which preserve left ter-
mination [BC94, BC97, BCE96b, BCE00] we have explored two different ap-
proaches:

– In [BC94, BC97] we have considered the preservation of universal termina-
tion for definite programs, based on the (semantic) concept of non-increasing
operation.

– In [BCE96b, BCE00] we show that the crucial aspect in preserving left ter-
mination is the reordering of the atoms in a clause and we provide – among
other things – novel applicability conditions for reordering which in some
cases are purely syntactic, hence of practical nature. These will be discussed
in Section 3.2.

In [BC94] we studied the preservation of universal termination for a query
with LD-resolution. In order to capture computed answer substitutions plus uni-
versal termination, we defined an appropriate operational semantics for definite
programs and split the equivalence condition to be satisfied between the original
and the transformed program wrt a query into two complementary conditions:
A “completeness” condition, which ensures that successful LD-derivations for
the query are preserved, and the condition of being “non-increasing”. This sec-
ond condition is very operational since it compares the lengths of corresponding
partial LD-derivations of the query in the initial and the transformed program.
Its validity ensures that a transformation cannot introduce infinite derivations.
We proved that, by appropriately restricting the version with no reordering
of Tamaki-Sato’s system, based on new definition, unfold and fold, the whole
transformation sequence is non-increasing and then it preserves also universal
termination for a query. As a consequence, left termination of programs is also
preserved by such a restricted transformation sequence. The restriction we in-
troduce into the unfold/fold transformation system imposes that fold can be
performed only after a “decreasing” unfold of the clause to be folded. Namely
let cl : H ← J,B,K. be the clause to be folded in B, we require instead of C1
the condition:

(C4) either cl defines an old atom, or at least one reachable atom in J,B comes
from a previous unfolding,

where an atom is called reachable when it has no finitely failing or diverging
atom to its left in cl. Clearly condition C4 is not decidable in general, even if
there are sufficient conditions for it, for example condition C3.

Another related work is [Amt92], where Amtoft gives a unified treatment
of conditions for preserving termination properties in transformation systems
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based on unfold and fold. He sets up a model, parametrized with respect to the
evaluation order, which allows one to reason about termination in an algebraic
fashion. In such a model he can represent most of the previous results in the
literature as a special case: He can represent the condition of folding wrt a new
predicate in [TS84, KK90], the condition C2 of [Sek91], namely that all the
atoms in the folded part of the body have to be labelled (i.e. they must result
from a previous unfolding), or the weaker one, C3, in [PP91] for Prolog leftmost
selection rule, namely that at least the leftmost atom in the clause to be folded
is labelled.

Folding + Switching We have already stressed that unfold/fold transforma-
tions might at some point require a reordering of body literals in order to perform
a fold operation. Such a reordering can harm the termination of a program, and
– because of this – we have seen that unfold/fold systems for (pure) Prolog
programs do not allow for any permutation of literals in the clause’s bodies.
This restriction limits sensibly the effectiveness of a transformation system; to
alleviate this problem, in [BCE96b, BCE00] we have addressed the problem of
introducing in the transformation system a switch operation for reordering the
body literals and of finding suitable applicability conditions for such operation
in order to guarantee persistency of left termination: If the original program is
left terminating, then the transformed program is left terminating as well. We
now give a brief summary of those results, starting by the obvious definition of
switch.

Definition 3.9 (Switch) Let cl : H ← J, A,B,K. be a clause of a program P .
switching A with B in cl consists of replacing cl with cl′ : H ← J, B,A,K. �

The switch operation can be seen as a replacement (discussed in the next
Section) which trivially maintains all the declarative properties of a program.
On the other hand, the switch does not preserve left termination. For instance
if we take the contrived program

p ← q, p.

we have that at the moment the program is terminating (q fails), however, if
we swap the two atoms in the body of the clause, we get a program which is
not terminating. Another typical situation is the one in which we have in the
body of a clause a combination such as ...p(X,Y), q(Y,Z)... , where the
rightmost atom uses Y as input variable; in this case, bringing q(Y,Z) to the
left of p(X,Y) can easily introduce non-termination, as q(Y,Z) might be called
with its arguments not sufficiently instantiated. In the context of an unfold/fold
transformation system, this situation is further complicated by the presence of
the other operations, in particular of fold which may introduce recursion and
hence non-termination. Consider the following example.
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Example 3.10 Let P0 be the following initial program.

c1: z ← p, r.
c2: p ← q, r.
c3: q ← r, p.

Where Pnew = {c1} and Pold = {c2, c3}. Notice that r is not defined anywhere,
so everything fails and this program is left terminating. By unfolding p in c1 we
obtain the following clause:

c4: z ← q, r, r.

By further unfolding q in c4 we obtain:

c5: z ← r, p, r, r.

Now we switch the first two atoms, obtaining:

c6: z ← p, r, r, r.

Notice that this particular switch operation does preserve left termination. How-
ever, if we now fold the first two atoms, using clause c1 for folding, we obtain
the following:

c7: z ← z, r, r.

which is not left terminating any longer. �

Here, we have a situation in which the switch operation does preserve left
termination in a local way while left termination will subsequently be destroyed
by the application of the fold operation. Notice also that such a fold operation
satisfies any of the conditions C1, . . ., C4. This shows that the switch operation
requires applicability conditions which guarantee more than the termination
properties of the actual program.

In [BCE96b] we propose a transformation system for definite programs based
on unfold, fold and switch, which when applied to a left terminating moded
program, yields a program which is left terminating as well. For this, we employ
a new condition for the fold operation. Namely if cl : H ← J,B,K. is the clause
to be folded in B, instead of C1, we require that:

(C5) either cl defines an old atom, or one of the atoms in J or the leftmost in
B comes from a previous unfolding.

(actually, this is not exactly the condition reported in [BCE96b], however, it is
substantially equivalent to it, and this formulation allows us to compare it to
the other ones reported here). This condition is clearly stronger than C1 but
weaker than C3. Then, the concept of transformation sequence is extended so
that it includes the switch operation, for which specific applicability conditions
are devised. The first applicability condition, introduced in [BCE96b] applies to
moded programs and states that switching the atom A with B in the clause
cl : H ← . . . , A,B, . . . . is allowed if
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(SW2) A is an old literal, V ar(Out(A))∩V ar(In(B)) = ∅, and A is non-failing
in cl,

where non-failing in cl means that any instance of A, selected by the leftmost
selection rule when cl is used in the resolution process, will eventually succeed2.
The intuitive idea is that if A is non-failing, then it cannot “hide” any potential
loops of the following atoms, hence we are allowed to move it to the right. A
drawback is that the condition of being non-failing is generally non-computable,
but for very particular classes of programs and queries [BC98], noFD programs
and queries, which cannot have finitely failing LD-derivations, the non-failing
property can be trivially guaranteed.

In [BCE00] we extend this transformation system for definite programs, by
using the dual reasoning: If an atom B “never loops” then we should be able to
move it leftward. This intuitive reasoning is not entirely true (the counterexample
is still Example 3.10), however, it yields a new syntactic-based condition for
guaranteeing the preservation of left termination, provided that the definition of
B is never modified by the transformation. For this we need a new definition of
initial program:

Definition 3.11 (Initial Program) We call a program P0 an initial program
if it can be partitioned into three programs Pnew, Pold and Pbase, such that the
following conditions are satisfied:

(I1) Pnew 
 (Pold ∪ Pbase) and Pold 
 Pbase;
(I2) Pnew is not recursive;
(I3) all the literals in the bodies of the clauses of Pold are labelled “f”, with the

exception of literals defined in Pbase; no other literal of the initial program
is labelled.

We assume that the transformation does not affect the clauses in Pbase. Then
we obtain this new applicability condition for the switch operation: Switching
the literal A with B in the clause cl : H ← . . . , A,B, . . . . is allowed if

(SW1) B is a base literal.

This condition allows for a complex theorem which has a number of different
modular results on termination. To mention two of them which apply to definite
programs: Let P0, . . . , Pn be a transformation sequence in our system (where
every fold satisfies C5 and in which every switch operation is allowed) then we
have that

– If P0 is left terminating and Pbase always left terminating, then Pn is also
left terminating.

– If P0 is well moded and left terminating and Pbase well-terminating, then Pn

is also left terminating.

2 Again, this is a conservative approximation of the more complex notion of non-failing
used in [BCE96b].
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Summarizing, in [BCE96a, BCE00] we propose a transformation system for
definite programs with fold satisfying C5 and a switch operation with special
applicability conditions. Such system – intuitively speaking – maintains left ter-
mination together with the usual declarative properties.

Our system is appropriate for the paradigm logic programming + leftmost
selection rule. At the same time it is not suitable for Prolog with built-ins: For
instance it employs an unfolding operation which allows for left-propagation.
Moreover the switch operation can cause permutations in the sequence of answers
substitutions, which, as we have seen before, in the case of full Prolog can have
serious consequences on the operational behaviour of the program.

Prolog and Partial Evaluation In general, the term partial evaluation in-
dicates a transformation system which does not include the fold operation. To
this rule there are important exceptions. In the first place, the PADDY sys-
tem [Pre92] employs a fold operation which is based on the system of Proietti-
Pettorossi [PP91] (yet with a different unfolding). Sahlin’s Mixtus [Sah93] is an
automatic partial evaluator for full Prolog which incorporates a fold operation.
The latter operation employs further restrictions, among which that the folded
conjunction (B in Definition 3.6) must consist of only one atom. Sahlin states:
“Our experience indicates that the most important class of programs to be par-
tially evaluated, the interpreters, folding for composite goals does not seem to
be required for getting satisfactory results”.

Finally, we should mention the work on conjunctive partial deduction.
[SGJ+99]. Partial deduction in its usual form (i.e. without a fold operation)
cannot achieve certain optimizations which are possible by unfold/fold trans-
formations. Conjunctive partial deduction is an extension of partial deduction
which allows for optimizations which are typical of an unfold/fold system, for
instance tupling and deforestation. Intuitively speaking, this is achieved by ex-
tending the paradigm to one in which a head of a clause might consist of a
conjunction of atoms. In its pure form, conjunctive partial deduction is correct
wrt the declarative semantics of a program (basically wrt the least Herbrand
model and the Computed Answer Substitutions semantics, however Finite Fail-
ure and other declarative semantics can also be accommodated). Clearly, these
semantics are independent of the selection rule.

The authors in [SGJ+99] address also the problem of conjunctive partial de-
duction in presence of a fixed left-to-right selection rule. Interestingly, the authors
come to the conclusion that one should “limit the splitting to contiguous atoms
only”, otherwise one might degrade program’s performances or even introduce
non-termination. Without getting into the details of the splitting operation, we
notice that this is very similar to forbidding any switching of two atoms.

4 An Extended System: Replacement

We can obtain a much more powerful transformation system by adding to un-
fold and fold a further transformation operation: The replacement. Replacement
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allows one to substitute a sequence of literals in a clause body by an “equiv-
alent” sequence of literals. What “equivalent” means depends on the chosen
observables. We give here a very general definition.

Definition 4.1 (Replacement) Let B′ be a sequence of literals defined in P ,
c : H ←A,B,C. be a clause in P and let c′ : H ←A,B′,C.
Let X be the set of common variables and Y be the set of private variables in
B and B′, namely X = V ar(B) ∩ V ar(B′) and Y = V ar(B,B′) \X .
Replacing B by B′ in c consists in replacing c by c′ if

(R1) the variables in Y are local wrt c and c′, that is V ar(H,A,C) ∩ Y = ∅;
(R2) B and B′ are equivalent wrt the chosen semantics, that is (with an ex-

tended notation on existential quantifiers) ∃YB ≡S ∃YB′, where S is a
specified semantics.

Replacement may be used for applying algebraic laws as shown in the next
example.

Example 4.2 Let a program P contain the clause

c: p(l1, l2, l3,Z) ← app(l1, l2, Y1), app(Y1, l3, Z).

where app is the usual append predicate and l1, l2, l3 are lists of fixed length.
Let B = app(l1, l2, Y 1), app(Y 1, l3, Z) and B′ = app(l2, l3, Y 2), app(l1, Y 2, Z).
Replacing B by B′ in c satisfies both the syntactic condition and the equivalence
one. In fact this replacement corresponds to applying the associative property of
append.

Replacement can also be used to eliminate or add literals to a clause body, what
is called respectively thin and fatten operation in [BC93].

Clearly a transformation system including replacement has a much greater
power and it allows for a deep restructuring of the initial program. A typical use
of replacement is transforming non-linear recursive predicates into linear ones by
introducing accumulators or difference-lists. It is also clear that such transforma-
tions are less automatizable and require more guidance from the programmer.

Notice also that fold can be considered as a special case of replacement. A
transformation system containing replacement could then drop the fold oper-
ation. This was actually done by Cook and Gallagher in [CG94]. In fact they
propose an elegant transformation system for definite programs based on two
basic operations only: A particular form of unfold that we already described in
Section 3.1 and replacement. The basic difference between folding and replace-
ment is that in the first one there has to be a folding clause, which makes the
operation of “syntactic nature”, on the other hand, the replacement allows one to
exchange any two sequences of literals, provided he can prove their equivalence.
It is then a very general operation, whose applicability is typically undecidable.
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Declarative Properties The first requirement in Definition 4.1 is syntactic
correctness, namely private variables Y must not produce different bindings of
B and B′ with their contexts c and c′. The second requirement imposes the
equivalence of B and B′ wrt common variables in the chosen semantics. Many
different instances of this second condition can be found in the literature.

– [GS91] requires that for all grounding θ, P |= Bθ implies P \{c} |= B′θ′ and
vice-versa that for all grounding θ, P |= B′θ implies P \ {c} |= Bθ′, where
θ and θ′ coincide on the variables occurring in H,A,C. This guarantees the
preservation of the least Herbrand Model, MP . They study replacement also
in the context of general programs.

– In [Mah87], given that no predicate in B and B′ depends on Pred(H), the
equivalence must be provable in comp(P ); then it guarantees the preservation
of the Success Set and of the Ground Finite Failure set in definite programs.

– In [BCE96a] a simultaneous replacement of many sequences of literals in
many clauses is defined. The (rather complex) condition to be satisfied allows
for dependencies between replaced sequences of literals and modified clauses
and still it guarantees to preserve the Fitting’s and Kunen’s semantics of
general programs.

– In [PP94b] the equivalence condition is parametric wrt the semantics and
it depends on P \ {c}. In order to prove it, Pettorossi and Proietti pro-
pose unfold/fold proofs for definite and gneral programs which are naturally
parametric wrt the semantics.

Termination Properties Let us consider now more procedural properties such
as termination ones. First notice that when we consider control issues, the order
of literals in the bodies becomes relevant also for replacement. Note also that
replacement itself can be used for reordering literals.

As previously mentioned, Cook and Gallagher in [CG94] define a transfor-
mation system for definite programs based only on a particular unfold and re-
placement. Such replacement depends on (semantic equivalence +) termination
analysis, namely it requires a property of termination (or left termination if we
consider the Prolog leftmost selection rule) which must hold on the resulting
program. This condition ensures that the system preserves the Success Set. If a
similar termination property is required also on the program to be transformed,
then the system preserves also the Finite Failure Set. The authors suggest to
check such termination properties a posteriori, by means of any known tech-
nique for verifying termination properties, but they also claim that one could
devise sufficient conditions for the applicability of such replacement.

In [BC97] we extend our simple unfold/fold system for definite programs
presented in [BC94], which preserves universal termination of a query with LD-
resolution. For reordering atoms in the bodies, we introduce also a replacement
operation. In order to guarantee the non-increasing property also for replace-
ment, besides conditions R1 and R2 (referred to the semantics given by Com-
puted Answer Substitutions plus universal termination for a query), we impose
a further restriction on replacement, namely that
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(R3) B′ is non-increasing in c wrt B in P .

This basically means that for any substitution θ, instantiating only common
variables, any partial LD-derivation of B′θ is not longer than a corresponding
one of Bθ.

We also study how typing information and the well-typing property can sim-
plify the verification of such applicability conditions for replacement. In fact the
major problem is how to verify in practice such applicability conditions for pre-
serving universal termination since they are semantic conditions and operational
in style, not decidable in general.

5 Conclusions

Virtuous programming methodology which consists in focusing on correctness
of programs at first and on their efficiency only afterwards, fits particularly well
with logic programming [Kow79, Dev90]. This encourages the application of
transformation systems to logic programs both for synthesizing a correct pro-
gram from a logic specification and for optimizing it.

The main requirements for a practical transformation systems are on one
hand to guarantee the preservation of interesting program properties and on the
other hand to be supported by an automatic or semi-automatic tool. Among
interesting properties the most basic are captured by declarative semantics, but
nondeclarative properties are also extremely relevant, such as the termination of
the program.

In this paper we give a short description of the systems proposed for logic
program transformation. In particular, we focus on systems able to preserve
termination and other nondeclarative properties in Prolog programs.

We consider at first simple unfold/fold systems and then more powerful
ones including the replacement or at least the switch operation. Transforma-
tion systems can include other basic transformation operations, either obtain-
able through a combination of the previous ones or completely independent from
them. Since any transformation system proposes his own set of basic operations,
we decided to restrict our comparison only to the main ones: New definition, un-
fold, fold and replacement. Such set of operations gives rise to systems which are
powerful enough for dealing with most applications of program transformation.

Since we focus on nondeclarative properties of Prolog programs, we have not
given a detailed account of the various results on declarative semantic, neither
we consider transformation systems dealing with extended logic programming
paradigms, such as CLP, or with modified interpreters. For a rather complete
panorama of recent proposals in the field of logic programs transformations the
LOPSTR proceedings are a good reference [LOP].
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Abstract. We present a new approach to termination analysis of logic
programs. The essence of the approach is that we make use of general
orderings (instead of level mappings), like it is done in transformational
approaches to logic program termination analysis, but we apply these
orderings directly to the logic program and not to the term-rewrite sys-
tem obtained through some transformation. We define some variants of
acceptability, based on general orderings, and show how they are equiv-
alent to LD-termination. We develop a demand driven, constraint-based
approach to verify these acceptability-variants.
The advantage of the approach over standard acceptability is that in
some cases, where complex level mappings are needed, fairly simple or-
derings may be easily generated. The advantage over transformational
approaches is that it avoids the transformation step all together.
Keywords: termination analysis, acceptability, orderings.

1 Introduction

It is not uncommon in research to have different research communities that
tackle a same problem from a very different perspective or using totally different
techniques. In some cases, such communities may co-exist for many years without
much integration, cross-fertilisation or even decent comparison of the relative
merits and drawbacks of competing approaches.

In the context of termination analysis of logic programs, two such sub-
communities are those who develop and apply “transformational” approaches
and those working on “direct” ones. A transformational approach first trans-
forms the logic program into an “equivalent” term-rewrite system (or, in some
cases, into an equivalent functional program). Here, equivalence means that, at
the very least, the termination of the term-rewrite system should imply the ter-
mination of the logic program, for some predefined collection of queries1. Direct
approaches do not include such a transformation, but prove the termination
directly on the basis of the logic program.

Besides the transformation step itself, there is one other technical difference
between these approaches. Direct approaches usually prove termination on the
1 The approach of Arts [5] is exceptional in the sense that the termination of the logic
program is concluded from a weaker property of single-redex normalisation of the
term-rewrite system.
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basis of a well-founded ordering over the natural numbers. More specifically,
they use a level mapping, which maps atoms to natural numbers, and, they
verify appropriate decreases of this level mapping on the atoms occurring in
the clauses. On the other hand, transformational approaches make use of more
general well-founded orderings over terms, such as reduction orderings, or more
specifically simplification orderings, or others (see [14]).

At least for the direct approaches the systematic choice for level mappings
and norms—functions which map each term (module variable renaming) to a
corresponding natural number—instead of general orderings, seems arbitrary
and ad hoc. More generally, the relative merits and drawbacks of these two lines
of work are not well understood. This has been the main motivation for this
paper. We present an initial study on the use of general well-founded order-
ings as a means of directly proving the termination of logic programs—without
intermediate transformation. In particular,

– we study whether the theoretical results on acceptability can be reformulated
on the basis of general orderings,

– we evaluate to what extent the use of the general orderings (instead of level
mappings) either improves or deteriorates the direct approaches.

To illustrate the latter point, consider the following program, that formulates
some of the rules for computing the repeated derivative of a linear function in
one variable u (see also [16]) :

Example 1.

d(der(u), 1).
d(der(A), 0)← number(A).
d(der(X + Y ), DX +DY )← d(der(X), DX), d(der(Y ), DY ).
d(der(X ∗ Y ), X ∗DY + Y ∗DX)← d(der(X), DX), d(der(Y ), DY ).
d(der(der(X)), DDX)← d(der(X), DX), d(der(DX), DDX).

We are interested in proving LD-termination, i.e., finiteness of the SLD-tree
constructed using the left-to-right selection rule of Prolog, of the program above
together with the queries of the form d(t, v) , where t is a term, expressing a
derivative of a linear function in one variable u, such as der(der(u ∗ u ∗ u + 3 ∗
u ∗ u+ 3 ∗ u + 1)), and v is a fresh variable, that will be unified with the result
of the computation.

Doing this on the basis of a level-mapping is hard. For this example, a level-
mapping that decreases between two sequential calls of d is a non-linear function.
In particular, a level mapping | · |, and a norm ‖ · ‖, such that: |d(X,Y )| = ‖X‖,
|number(X)|= 0, ‖der(X)‖ = 2‖X‖, ‖X + Y ‖ = max(‖X‖, ‖Y ‖) + 1, ‖X ∗ Y ‖ =
max(‖X‖, ‖Y ‖) + 1, ‖u‖ = 2, ‖n‖ = 2, if n is a number,would be needed.
No automatic system for proving termination on the basis of level mappings is
able to generate such mappings. Moreover, we believe, that it would be very
difficult to extend existing systems to support generation of appropriate non-
linear mappings. 2
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Although we have not yet presented our general-well-founded ordering ap-
proach, it should be intuitively clear, that we can capture the decrease in ordering
between the der(X) andDX by using an ordering on terms that gives the highest
“priority” to the functor der.

On the other hand, using level mappings and norms allows sometimes to ex-
plore more precise information on atoms and terms, that cannot be expressed by
general orderings, such as arithmetical relations between terms. This informa-
tion can sometimes be crucial in proving termination as the following program
from [10, 13] demonstrates.

Example 2.

conf(X)← delete2(X,Z), delete(U, Y, Z), conf(Y ).
delete2(X,Y )← delete(U,X,Z), delete(V, Z, Y ).
delete(X, [X |T ], T ).
delete(X, [H |T ], [H |T 1])← delete(X,T, T 1).

Note that by reasoning in terms of sizes of terms, we can infer that the
size decreases by 2 after the call to delete2 predicate in the first clause and
then increases by 1 in the subsequent call to the delete predicate. In total, sizes
allow us to conclude a decrease. Reasoning in terms of ordering relations only,
however, does not allow to conclude the overall decrease from the facts that
the third argument of delete predicate is smaller (with respect to some >) than
the second one and that the first argument of delete2 predicate is greater (with
respect to >) than the second one. 2

As can be expected, theoretically both approaches are essentially equivalent.
We will introduce a variant of the notion of acceptability, based on general
orderings, which is again equivalent to termination in a similar way as in the
level mapping based approach. On the more practical level, as illustrated in
the two examples above, neither of the approaches is strictly better: the general
orderings provide a larger set of orderings to select from (in particular, note that
orderings based on level mappings and norms are general orderings), the level
mapping approach provides arithmetic, on top of mere ordering.

In the remainder of this paper, we will start off from a variant of the notion
of acceptability with respect to a set, as introduced in [11], obtained by replacing
level mappings by orderings. We show how this variant of acceptability remains
equivalent to termination under the left-to-right selection rule, for certain goals.
Then, we illustrate how this result can be used to prove termination with some
examples. We also provide a variant of the acceptability condition, as introduced
in [4], and discuss advantages and disadvantages of each approach. Next, we
discuss automation of the approach. We elaborate on a demand-driven method
to set-up and verify sufficient preconditions for termination. In this method, the
aim is to derive—in, as much as possible, a constructive way—a well-founded
ordering over the set of all atoms and terms of the language underlying the
program, that satisfies the termination condition.
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2 Preliminaries

2.1 Logic Programs

We follow the standard notation for terms and atoms. A query is a finite se-
quence of atoms. Given an atom A, rel(A) denotes the predicate occurring in
A. TermP and AtomP denote, respectively, sets of all terms and atoms that can
be constructed from the language underlying P . The extended Herbrand Uni-
verse UE

P (the extended Herbrand base BE
P ) is a quotient set of TermP (AtomP )

modulo the variant relation.
We refer to an SLD-tree constructed using the left-to-right selection rule of

Prolog, as an LD-tree. We will say that a goal G LD-terminates for a program
P , if the LD-tree for (P,G) is finite.

The following definition is borrowed from [2].

Definition 1. Let P be a program and p, q be predicates occurring in it.

– We say that p refers to q in P if there is a clause in P that uses p in its head
and q in its body.

– We say that p depends on q in P and write p � q, if (p, q) is in the transitive,
reflexive closure of the relation refers to.

– We say that p and q are mutually recursive and write p � q, if p � q and
q � p.

2.2 Quasi-Orderings and Orderings

A quasi-ordering over a set S is a reflexive and transitive relation ≥ defined on
elements of S. We define the associated equivalence relation ≤≥ as s ≤≥ t if
and only if s ≥ t and t ≥ s, and the associated ordering > as s > t if and only
if s ≥ t but not t ≥ s. If neither s ≥ t, nor t ≥ s we write s‖>t. Sometimes, in
order to distinguish between different quasi-orderings and associated relations
we also use 
, �, �
 and ‖�.

An ordered set S is said to be well-founded if there are no infinite descending
sequences s1 > s2 > . . . of elements of S. If the set S is clear from the context
we will say that the ordering, defined on it, is well-founded. We’ll also say that a
quasi-ordering is well-founded if the ordering associated with it, is well-founded.

Definition 2. Let ≥ be a quasi-ordering on a set T . A quasi-ordering 
 defined
on a set S ⊇ T is called a proper extension of ≥ if

– t1 ≥ t2 implies t1 
 t2 for all t1, t2 ∈ T .
– t1 > t2 implies t1 � t2 for all t1, t2 ∈ T .

The study of termination of term-rewriting systems caused intensive study
of orderings on terms. A number of useful properties were established.
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Definition 3. Let > be an ordering on UE
P ∪BE

P .

– > is called monotonic if s1 > s2 implies f(t̄1, s1, t̄2) > f(t̄1, s2, t̄2) and
p(t̄1, s1, t̄2) > p(t̄1, s2, t̄2) for any terms s1 and s2, sequences of terms t̄1 and
t̄2, function symbol f and predicate p.

– > is said to have the subterm property if f(t̄1, s, t̄2) > s holds for any term
f(t̄1, s, t̄2).

We extend the definition above to quasi-orderings.

Definition 4. Let ≥ be a quasi-ordering on terms.

– ≥ is called monotonic if
• s1 ≥ s2 implies f(t̄1, s1, t̄2) ≥ f(t̄1, s2, t̄2) and p(t̄1, s1, t̄2) ≥ p(t̄1, s2, t̄2)

for any terms s1 and s2, sequences of terms t̄1 and t̄2, function symbol
f and predicate p and
• the associated ordering is monotonic.

– ≥ is said to have the subterm property if the associated ordering has the
subterm property.

The following are examples of orderings: > on the set of numbers, lexico-
graphic ordering on the set of strings (this is the way the entries are ordered in
dictionaries), multiset ordering and recursive path ordering [14]. The following
are examples of quasi-orderings: ≥ on the set of numbers, ⊇ on the power set of
some set.

For our purposes monotonicity and subterm properties are too restrictive.
Thus, we assign to each predicate or functor a subset of argument positions,
such that for the argument positions in this subset the specified properties hold.
We will say that a predicate p (a functor f) is monotone (has a subterm property)
on a specified subset of argument positions. The formal study of these weaker
notions may be found in [27].

Example 3. Let f be a functor of arity two, and a, b two terms, such that a > b.
Let f be monotone in the first argument position. Then, f(a, c) > f(b, c) holds
for any term c, but there might be some term c, such that f(c, a) �> f(c, b).

3 Order-Acceptability with Respect to a Set

In this section we present and discuss some of the theory we developed to ex-
tend acceptability to general orderings. In the literature, there are different
variants of acceptability. The most well-known of these is the acceptability as
introduced by Apt and Pedreschi [4]. This version is defined and verified on
the level of ground instances of clauses, but draws its practical power mostly
from the fact that termination is proved for any bounded goal. Here, bound-
edness is a notion related to the selected level mapping and requires that the
set {|Gθ| | θ is a grounding substitution for goal G} is bounded in the natural
numbers, where | · | : BP → N denotes the level mapping.
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Another notion of acceptability is the “acceptability with respect to a set of
goals”, introduced in [11]. This notion allows to prove termination with respect
to any set of goals of interest. However, it relies on procedural concepts, such as
calls and computed answer substitution. It was designed to be verified through
global analysis, for instance through abstract interpretation.

A variant of acceptability with respect to a set that avoids the drawbacks of
using procedural notions and that can be verified on a local level was designed
in [13]. This variant required that the goals of interest are rigid under the given
level mapping. Here, rigidity means that |Gθ| = |G|, for any substitution θ,
where | · | : BE

P → N now denotes a generalised level mapping, defined on the
extended Herbrand base.

Comparing the notions of boundedness and rigidity in the context of a level
mapping based approach, it is clear that boundedness is more general than rigid-
ity. If the level mapping of a goal is invariant under substitution, then the level
mapping is bounded on the set of instances of the goal, but not conversely.

Given the latter observation and given that acceptability of [4] is a more
generally known and accepted notion, we started our work by generalising this
variant.

However, it turned out that generalising the concept of boundedness to gen-
eral orderings proved to be very difficult. We postpone the discussion on this
issue until after we formulated the results, but because of these complications,
we only arrived at generalised acceptability conditions that are useful in the
context of well-moded and simply moded programs and goals.

Because of this, we then turned our attention to acceptability with respect
to a set. Here, the generalisation of rigidity was less complicated, so that in the
end we obtained the strongest results for this variant of acceptability. Therefore,
we first present order-acceptability with respect to a set of goals. We need the
following notion.

Definition 5. [12] Let P be a definite program and S be a set of atomic queries.
The call set, Call(P, S), is the set of all atoms A, such that a variant of A is a
selected atom in some derivation for P ∪{← Q}, for some Q ∈ S and under the
left-to-right selection rule.

To illustrate this definition recall the following example [2, 13].

Example 4.

permute([], []).
permute(L, [El|T ])← delete(El, L, L1), permute(L1, T ).
delete(X, [X |T ], T ).
delete(X, [H |T ], [H |T 1])← delete(X,T, T 1).

Let S be {permute(t1, t2)| t1 is a nil-terminated list and t2 is a free variable}.
Then, Call(P, S) =

S ∪ {delete(t1, t2, t3)| t1, t3 are free variables and t2 is a nil-terminated list}.
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Such information about S could for instance be expressed in terms of the rigid
types of Janssens and Bruynooghe [21] and Call(P, S) could be computed using
the type inference of [21]. 2

The following definition generalises the notion of acceptability with respect
to a set [12] in two ways: 1) it generalises it to general quasi-orderings, 2) it gen-
eralises it to mutual recursion, using the standard notion of mutual recursion [2].

Definition 6. Let S be a set of atomic queries and P a definite program. P is
order-acceptable with respect to S if there exists a well-founded quasi-ordering
≥, such that

– for any A ∈ Call(P, S)
– for any clause A′ ← B1, . . . , Bn in P , such that mgu(A,A′) = θ exists,
– for any atom Bi, such that rel(Bi) � rel(A)
– for any computed answer substitution σ for ← (B1, . . . , Bi−1)θ:

A > Biθσ.

The following establishes the connection between order-acceptability with
respect to a set S and LD-termination for queries in S.

Theorem 1. Let P be a program. P is order-acceptable with respect to a set of
atomic queries S if and only if P is LD-terminating for all queries in S.

Proof. For all proofs we refer to [27].

We postpone applying the Theorem 1 to Example 4 until a more syntactic
way of verifying order-acceptability with respect to a set is developed.

To do this, we extend the sufficient condition of [13], that imposes the addi-
tional requirement of rigidity of the level mapping on the call set, to the case of
general quasi-orderings.

First we adapt the notion of rigidity to general orderings.

Definition 7. (see also [8]) The term or atom A ∈ UE
P ∪BE

P is called rigid with
respect to a quasi-ordering ≥ if for any substitution θ, A ≤≥ Aθ. In this case ≥
is said to be rigid on A.

The notion of the rigidity on a term (an atom) is naturally extended to the
notion of rigidity on a set of atoms (terms). In particular, we will be interested
in quasi-orderings that are rigid on Call(P, S) for some P and S.

We also need interargument relations based on general orderings.

Definition 8. Let P be a definite program, p a predicate in P with arity n.
An interargument relation is a relation Rp ⊆ {p(t1, . . . , tn) | ti ∈ TermP }. Rp

is a valid interargument relation for p if and only if for every p(t1, . . . , tn) ∈
AtomP : if P |= p(t1, . . . , tn) then p(t1, . . . , tn) ∈ Rp.

Usually, the interargument relation will be defined based on a quasi-ordering
used for proving termination. However, in general, this need not be the case.
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Example 5. Consider the following program.

p(0, []).
p(f(X), [X |T ])← p(X,T ).

The following interargument relations can be considered for p: {p(t1, t2) |
t2 > t1 ∨ t1 ≤≥ t2}, valid if ≥ is a quasi-ordering imposed by a list-length norm,
‖ · ‖l. Recall, that for lists ‖[t1|t2]‖l = 1 + ‖t2‖l, while the list-length of other
terms is considered to be 0. On the other hand, {p(t1, t2) | t1 > t2 ∨ t1 ≤≥ t2}
is valid, if ≥ is a quasi-ordering imposed by a term-size norm.

Using general (non-norm based) quasi-orderings, {p(t1, t2) | t1 > t2} is valid,
for example, for the recursive path ordering [14] with the following ordering on
functors: f/1 � ./2, where ./2 is a function symbol defining lists, and 0 � [].
Alternatively, {p(t1, t2) | t2 > t1} is valid, for example, for the recursive path
ordering with the following ordering on functors: ./2 � f/1 and [] � 0. 2

Using the notion of rigidity we state a sufficient condition for order-accept-
ability with respect to a set.

Theorem 2. (rigid order-acceptability with respect to S) Let S be a set of atomic
queries and P be a definite program. Let ≥ be a quasi-ordering on UE

P and for
each predicate p in P , let Rp be a valid interargument relation for p. If there
exists a well-founded proper extension 
 of ≥ to UE

P ∪ BE
P , which is rigid on

Call(P, S) such that

– for any clause H ← B1, . . . , Bn ∈ P , and
– for any atom Bi in its body, such that rel(Bi) � rel(H),
– for any substitution θ, such that the arguments of the atoms in (B1,. . ., Bi−1)θ

all satisfy their associated interargument relations Rrel(B1), . . . , Rrel(Bi−1)

Hθ � Biθ

then P is order-acceptable with respect to S.

The stated condition is sufficient for order-acceptability, but is not necessary
for it. Indeed, consider the following example:

Example 6.

p(X)← q(X,Y ), p(Y ).
q(a, b).

Query← p(X) terminates with respect to this program. Thus, Theorem 1 implies
the program is order-acceptable with respect to {p(X)}. However, the conditions
of Theorem 2 do not hold. If ≥ is a quasi-ordering that satisfies these conditions,
then p(a) ≤≥ p(b) is implied by rigidity and p(a) > p(b) is implied by the
decrease, contradicting the definition of >.
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We continue the analysis of Example 4 and show how Theorem 2 is used.

Example 7. Let 
 be a well-founded quasi-ordering on UE
P ∪BE

P , such that:

– for all terms t1, t21 and t22: permute(t1, t21) �
 permute(t1, t22).
– for all terms t11, t12, t2, t31, t32: delete(t11, t2, t31) �
 delete(t12, t2, t32).
– for all terms t11, t12 and t2: [t11|t2] �
 [t12|t2].
That is, we impose that the quasi-ordering is invariant on predicate argument

positions and functor argument positions that may occur with a free variable in
Call(P, S). Furthermore, we impose that 
 has the subterm and monotonicity
properties at all remaining predicate or functor argument positions.

First we investigate the rigidity of 
 on Call(P, S), namely: Gθ �
 G for
any G ∈ Call(P, S) and any θ. Now any effect that the application of θ to G may
have on G needs to be through the occurrence of some variable in G. However,
because we imposed that 
 is invariant on all predicate and functor argument
positions that may possibly contain a variable in some call, Gθ �
 G.

Associate with delete the interargument relationRdelete = {delete(t1, t2, t3) |
t2 � t3}. First, we verify that this interargument relationship is valid. Note, that
an interargument relationship is valid whenever it is a model for its predicate.
Thus, to check whether Rdelete is valid, TP (Rdelete) ⊆ Rdelete is checked. For
the non-recursive clause of delete the inclusion follows from the subset property
of 
, while for the recursive one, from the monotonicity of it.

Then, consider the recursive clauses of the program.

– permute. If delete(El, L, L1)θ satisfies Rdelete, then Lθ � L1θ. By the
monotonicity, permute(L, T )θ � permute(L1, T )θ. By the property stated
above, permute(L, [El|T ])θ �
 permute(L, T )θ. Thus, the desired decrease
permute(L, [El|T ])θ � permute(L1, T )θ holds.

– delete. By the properties of � stated above: delete(X, [H |T ], [H |T 1]) �
delete(X,T, [H |T 1]) and delete(X,T, [H |T 1]) �
 delete(X,T, T 1). Thus,
delete(X, [H |T ], [H |T 1]) � delete(X,T, T 1).

We have shown that all the conditions of Theorem 2 are satisfied, and thus,
P is order-acceptable with respect to S. By Theorem 1, P terminates for all
queries in S.

Observe, that we do not need to construct the actual ordering, but only to
prove that there is one, that meets all the requirements posed. In this specific
case, the requirement of subterm and monotonicity on the remaining argument
positions is satisfiable. 2

4 The Results for Acceptability with Respect to a Model

In this section we briefly discuss some of the results we obtained in generalising
the acceptability notion of [4, 17]. Since these results are weaker than those
presented in the previous section, we do not elaborate on them in full detail.
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For a predicate p with arity n, a mode is an atom p(m1, . . . ,mn), where
mi ∈ {in, out} for 1 ≤ i ≤ n. Positions with in are called input positions, and
positions with out are called output positions of p. We assume that a fixed mode
is associated with each predicate in a program. To simplify the notation, an atom
written as p(s, t) means: s is the vector of terms filling the input positions, and
t is the vector of terms filling the output positions. Furthermore, by Var(s) we
denote the set of variables occuring in vector of terms s [2].

Below, we assume that modes for the program and goal are given. For any
atom A and a mode mA for A, we denote by Ainp the atom obtained from
A by removing all output arguments. E.g., let A = p(f(2), 3, X) and mA =
p(in, in, out), then Ainp = p(f(2), 3).

Definition 9. Let ≥ be a quasi-ordering relation on BE
P . We say that ≥ is

output-independent if for any two moded atoms A and B: Ainp = Binp implies
A ≤≥ B.

The first class of the programs we consider, are well-moded programs.

Definition 10. [2]

1. A query p1(s1, t1), . . . , pn(sn, tn) is called well-moded if for i ∈ [1, n]

Var(si) ⊆
i−1⋃
j=1

Var(tj).

2. A clause p0(t0, sn+1)← p1(s1, t1), . . . , pn(sn, tn) is called well-moded if for
i ∈ [1, n+ 1]

Var(si) ⊆
i−1⋃
j=0

Var(tj).

3. A program is called well-moded if every clause of it is.

For well-moded programs, order-acceptability in the style of [4] can now be
defined as follows.

Definition 11. Let P be a well-moded program, ≥ an output-independent well-
founded quasi-ordering and I a model for P . The program P is called order-
acceptable with respect to ≥ and I if for all A ← B1, . . . , Bn in P and all
substitutions θ, such that (Aθ)inp and B1θ, . . . , Bi−1θ are ground and I |= B1θ∧
. . . ∧Bi−1θ holds: Aθ > Biθ.

P is called order-acceptable if it is order-acceptable with respect to some
output-independent well-founded quasi-ordering and some model. Note the sim-
ilarity and the difference with the notion of well-acceptability introduced by
Etalle, Bossi and Cocco [17]—both notions relay on “ignoring” the output posi-
tions. However, the approach suggested in [17] measures atoms by level-mappings,
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while our approach is based on general orderings. In addition [17] requires a de-
crease only between atoms of mutually recursive predicates. Similarly, one might
use the notion of order-acceptability that requires a decrease only between atoms
of mutually recursive predicates. This definition will be equivalent to the one we
used, since for atoms of non-mutually recursive predicates the dependency re-
lation, =, can always be used to define an ordering. Since every level mapping
naturally gives rise to the ordering on atoms, that is A1 � A2 if | A1 | > | A2 |,
we conclude that every well-acceptable program is order-acceptable.

The following theorem states that order-acceptability of a well-moded pro-
gram is sufficient for termination of well-moded goals with respect to this pro-
gram. Etalle, Bossi and Cocco [17] call such a program well-terminating.

Theorem 3. Let P be a well-moded program, that is order-acceptable with re-
spect to an output-independent well-founded quasi-ordering ≥ and a model I. Let
G be a well-moded goal, then G LD-terminates.

Note that if the requirement of well-modedness of the program P is dropped
then the theorem no longer holds.

Example 8.

p(a)← q(X).
q(f(X))← q(X).

We assume the modes p(in) and q(in) to be given. This program is not well-
moded with respect to the given modes, because p(a) calls q/1 with a free vari-
able, but it satisfies the remaining conditions of order-acceptability with respect
to the following quasi-ordering ≥ on terms p(a) > q(t) and q(f(t)) > q(t) for
any term t and t ≤≥ s only if t and s are syntactically identical, and the fol-
lowing model I = {p(a), q(a), q(f(a)), q(f(f(a))), . . .}. However, note that the
well-moded goal p(a) is non-terminating. 2

Unfortunately, well-modedness is not sufficient to make the converse to hold.
That is, there is a well-moded program P and a well-moded goal G, such that
G is LD-terminating with respect to P , but P is not order-acceptable.

Example 9. Consider the following program

p(f(X))← p(g(X)).

with the mode p(out). This program is well-moded, the well-moded goal p(X)
terminates with respect to this program, but it is not order-acceptable, since the
required decrease p(f(X)) > p(g(X)) violates output-independence of ≥. 2

Intuitively, the problem in the example occured, because some information
has been passed via the output positions, i.e, P is not simply moded.
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Definition 12. [3]

1. A query p1(s1, t1), . . . , pn(sn, tn) is called simply moded if t1, . . . , tn is a
linear family of variables and for i ∈ [1, n]

Var(si) ∩ (
n⋃

j=i

Var(tj)) = ∅.

2. A clause p0(s0, t0) ← p1(s1, t1), . . . , pn(sn, tn) is called simply moded if
p1(s1, t1), . . . , pn(sn, tn) is simply moded and

Var(s0) ∩ (
n⋃

j=1

Var(tj)) = ∅.

3. A program is called simply moded if every clause of it is.

Indeed, if P is simply moded the second direction of the theorem holds
as well. This was already observed in [17] in the context of well-acceptability
and well-termination. The following is an immediate corollary to Theorem 5.1
in [17]. As that theorem states for well-moded simply moded programs, well-
termination implies well-acceptability. Therefore, well-terminating programs are
order-acceptable.

Corollary 1. Let P be a well-moded simply moded program, LD-terminating
for any well-moded goal. Then there exists a model I and an output-independent
well-founded quasi-ordering ≥, such that P is order-acceptable with respect to I
and ≥.

To conclude, we briefly discuss why it is difficult to extend the notions of
order-acceptability to the non well-moded case, using a notion of boundedness,
as it was done for standard acceptability [4]. In acceptability based on level map-
pings, boundedness ensures that the level mapping of a (non-ground) goal can
only increase up to some finite bound when the goal becomes more instantiated.
Observe that every ground goal is trivially bounded.

The most naive approach to generalisation of boundedness is replacing com-
parisons of level mappings with orderings, that is defining an atom A to be
bounded with respect to an ordering >, if there exists an atom C such that for
all ground instances Aθ of A, C > Aθ. Unfortunately, this definition is too week
to impose termination.

Example 10.

q ← p(X).
p(f(X))← p(X).
p(a).

Goal p(X) is bounded with respect to the quasi-ordering such that q > . . . >
p(f(f(a))) > p(f(a)) > p(a). Similarly, the decrease requirement between the
head and the subgoals is satisfied, however the goal does not terminate.
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Intuitively, the problem in this example occured due to the fact that infinitely
many different atoms are smaller than the boundary. One can try to fix this
problem by redefining boundedness as:

An atom A is bounded with respect to an ordering >, if there exists an atom
C such that for all ground instances Aθ of A: Aθ < C, and {B ∈ BE

P | B < C}
is finite.

Such a definition imposes constraints which are very similar to the ones
imposed by standard boundedness in the context of level mappings. However,
one thing we loose is that it is no longer a generalisation of groundness. Consider
an atom p(a) and assume that our language contains a functor f/1 and a constant
b. Then one particular well-founded ordering is

p(a) > . . . > p(f(f(b))) > p(f(b)) > p(b).

So, p(a) is not bounded with respect to this ordering.
Because of such complications, we felt that the rigidity-based results of the

previous section are the preferred generalisations to general orderings.

5 A Methodology for Verifying Order-Acceptability

In this section we present an approach leading towards automatic verification
of the order-acceptability condition. The basic idea for the approach is inspired
on the “constraint based” termination analysis proposed in [13]. We start off
from the conditions imposed by order-acceptability, and systematically reduce
these conditions to more explicit constraints on the objects of our search: the
quasi-ordering ≥ and the interargument relations, Rp, or model I.

The approach presented below has been applied successfully to a number
of examples that appear in the literature on termination, such as different ver-
sions of permute [6, 22, 13], dis-con [10], transitive closure [22], add-mult [25],
combine, reverse, odd-even, at least double and normalisation [13], quicksort
program [29, 2], derivative [16], distributive law [15], boolean ring [20], aiakl,
bid [9], credit evaluation expert system [29], flatten [5], vanilla meta-interpreter
solve [29] together with wide class of interpreted programs.

In the remainder of the paper, we explain the approach using some of these
examples.

We start by showing how the analysis of Example 4, presented before, can
be performed systematically. We stress the main steps of a methodology.

Example 11. ≥ should be rigid on Call(P, S). To enforce the rigidity, ≥ should
ignore all argument positions in atoms in Call(P, S) that might be occupied by
free variables, i.e., the second argument position of permute and the first and
the third argument positions of delete. Moreover, since the first argument of
permute and the second argument of delete are general nil-terminated lists, the
first argument of ./2 should be ignored as well.
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The decreases with respect to > imposed in the order-acceptability with
respect to a set S are:

delete(X, [H |T ], [H |T 1])θ > delete(X,T, T 1)θ
delete(El, L, L1)θ satisfies Rdelete implies

permute(L, [El|T ])θ > permute(L1, T )θ

To express the rigidity constraints, we simplify each of these conditions by
replacing the predicate argument positions that should be ignored by some ar-
bitrary term—one of v1, v2, . . .. The following conditions are obtained:

delete(v1, [H |T ]θ, v2) > delete(v3, T θ, v4) (1)
delete(El, L, L1)θ satisfies Rdelete implies

permute(Lθ, v1) > permute(L1θ, v2) (2)

Observe that this replacement only partially deals with the requirements that
the rigidity conditions expressed above impose: rigidity on functor arguments
(the first argument of ./2 should be invariant with respect to the ordering) is
not expressed. We keep track of such constraints implicitly, and only verify them
at a later stage when additional constraints on the ordering are derived.

For each of the conditions (1) and (2), we have two options on how to enforce
it:

Option 1): The decrease required in the condition can be achieved by im-
posing some property on ≥, which is consistent with the constraints that were
already imposed on ≥ before.

In our example, condition (1) is satisfied by imposing the subterm property
for the second argument of ./2 and monotonicity on the second argument of
delete. The second argument of ./2 does not belong to a set of functor argument
positions that should be ignored. Then, [t1|t2] > t2 holds for any terms t1 and
t2, and by the monotonicity of > in the second argument of delete (1) holds.

In general we can select from a bunch of ordering properties, or even specific
orderings, that were proposed in the literature.

Option 2): The required decrease is imposed as a constraint on the interar-
gument relation(s) R of the preceding atoms.

In the permute example, the decrease permute(Lθ, t) > permute(L1θ, t) can-
not directly be achieved by imposing some constraint on >. Thus, we impose
that the underlying decrease Lθ > L1θ should hold for the intermediate body
atoms (delete(El, L, L1)θ) that satisfy the interargument relation Rdelete.

Thus, in the example, the constraint is that Rdelete should be such that
for all delete(t1, t2, t3) that satisfy Rdelete: t2 > t3. As we have observed, the
interargument relation is valid if it forms a model for its predicate. Thus, one way
to constructively verify that a valid interargument relation Rdelete exists, such
that the property t2 > t3 holds for delete(t1, t2, t3) atoms is to simply impose
that M = {delete(t1, t2, t3) | t2 > t3} itself is a model for the delete clauses in
the program.
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So our new constraint on Rdelete is that it should include M . Practically we
can enforce this by imposing that TP (M) ⊆ M should hold. As shown in [27],
this reduces to the constraints “[t1|t2] > t2” and “t2 > t3 implies [t|t2] > [t|t3]”.
These are again fed into our Option 1) step, imposing a monotonicity property
on the second argument of ./2 for > . At this point the proof is complete. 2

Recall that we do not need to construct actually the ordering, but only to
prove that there is one, that meets all the requirements posed.

6 Further Examples

Although the simplicity of the permute example makes it a good choice to clarify
our approach it does not well motivate the need for general orderings instead of
level mappings. Indeed, it is well-known that permute can be dealt with using
standard acceptability or acceptability with respect to a set [10].

In this section we provide a number of additional examples. Most of them
(distributive law, derivative and solve) illustrate the added power of moving to
general orderings. After these we present an alternative version of permute in
order to discuss an extension of our approach that deals with interargument
relations for conjunctions of (body-) atoms.

Before presenting the examples we recall once more the main steps of our
approach. First, given a program P and a set S of goals, compute the set of calls
Call(P, S). Janssens and Bruynooghe [21] show how this can be done through
abstract interpretation. Second, enforce the rigidity of > on Call(P, S), i.e., ig-
nore all predicate or functor argument positions that might be occupied by free
variables in Call(P, S). Given the set of calls, this step can be performed in a
completely automatic way. Third, repeatedly construct decreases with respect to
>, such that the rigid order-acceptability condition will hold and check if those
can be verified by some of the predefined orderings. While performing this veri-
fication step the trade-off between efficiency and power should be considered—
using more complex orderings may allow correct reasoning on more examples
but might be computationally expensive.

First, we consider the distributive law program. This example originated
from [15].

Example 12.

dist(x, x).
dist(x ∗ x, x ∗ x).
dist(X + Y, U + V )← dist(X,U), dist(Y, V ).
dist(X ∗ (Y + Z), T )← dist(X ∗ Y +X ∗ Z, T ).
dist((X + Y ) ∗ Z, T )← dist(X ∗ Z + Y ∗ Z, T ).

Similarly to the repeated derivation example in the introduction, no linear
norm is sufficient for proving termination. The simplest norm, we succeeded to
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find, providing a termination proof is the following one: ‖X ∗ Y ‖ = ‖X‖ ∗ ‖Y ‖,
‖X+Y ‖ = ‖X‖+‖Y ‖+1, ‖x‖ = 2 and the level mapping is |dist(X,Y )| = ‖X‖.
This norm cannot be generated automatically by termination analysers we are
aware of.

In order to prove termination of a set of queries

{dist(t1, t2) | t1 is an expression in a variable x and t2 is a free variable}
we use the rigid-acceptability condition. First the quasi-ordering, ≥, we are go-
ing to define should be rigid on a set of calls, i.e., it should ignore the second
argument position of dist. Thus, in the decreases with respect to > to follow we
replace the second argument of dist with anonymous terms v1, v2, . . ..

dist((X + Y )θ, v1) > dist(Xθ, v2)
dist(X,U)θ satisfies Rdist implies

dist((X + Y )θ, v1) > dist(Y θ, v2)
dist((X ∗ (Y + Z))θ, v1) > dist((X ∗ Y +X ∗ Z)θ, v2)
dist(((X + Y ) ∗ Z)θ, v1) > dist((X ∗ Z + Y ∗ Z)θ, v2)

The first two decreases are satisfied by any ordering having a subterm prop-
erty for both arguments of +/2 and being monotonic with respect to the first
argument position of dist. However, in order to satisfy the later two we need to
use the recursive path ordering (rpo) [14], with ∗ preceding + with respect to an
ordering on functors. If this ordering is used, the following holds for any t1, t2
and t3:

t2 + t3 > t2
t1 ∗ (t2 + t3) > t1 ∗ t2
t2 + t3 > t3
t1 ∗ (t2 + t3) > t1 ∗ t3
t1 ∗ (t2 + t3) > t1 ∗ t2 + t1 ∗ t3 (using the properties of rpo)

This proves the third decrease with respect to >. The fourth one is proved
analogously. 2

Now we can return to the motivating Example 1, on computing higher deriva-
tives of polynomial functions in one variable.

Example 13.

d(der(u), 1).
d(der(A), 0)← number(A).
d(der(X + Y ), DX +DY )← d(der(X), DX), d(der(Y ), DY ).
d(der(X ∗ Y ), X ∗DY + Y ∗DX)← d(der(X), DX), d(der(Y ), DY ).
d(der(der(X)), DDX)← d(der(X), DX), d(der(DX), DDX).
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We are interested in proving termination of the queries that belong to the
set S = {d(t1, t2) | t1 is a repeated derivative of a function in a variable u and
t2 is a free variable}. So S consists of atoms of the form d(der(u), X) or d(der(u∗
u+ u), Y ) or d(der(der(u+ u)), Z), etc. Observe, that Call(P, S) coincides with
S.

We start by analysing the requirements that imposes the rigidity of ≥ on
Call(P, S). First, the second argument position of d should be ignored, since it
might be occupied by a free variable. Second, the first argument position of d
is occupied by a ground term. Thus, rigidity does not pose any restrictions on
functors argument positions.

Then, we construct the decreases with respect to > that follow from the rigid
order-acceptability. The arguments that should be ignored are replaced by terms
v1, v2, . . ..

d(der(X + Y )θ, v1) > d(der(X)θ, v2) (3)
d(der(X), DX)θ satisfies Rd implies

d(der(X + Y )θ, v1) > d(der(Y )θ, v2) (4)
d(der(X ∗ Y )θ, v1) > d(der(X)θ, v2) (5)
d(der(X), DX)θ satisfies Rd implies

d(der(X ∗ Y )θ, v1) > d(der(Y )θ, v2) (6)
d(der(der(X))θ, v1) > d(der(X)θ, v2) (7)
d(der(X), DX)θ satisfies Rd implies

d(der(der(X))θ, v1) > d(der(DX)θ, v2) (8)

Conditions (3)-(7) impose monotonicity and subset properties to hold on the
first argument of d. In order to satisfy condition (8), it is sufficient to prove that
for any (t1, t2) ∈ Rd holds that t1 > t2. That is if M = {d(t1, t2) | t1 > t2} then
TP (M) ⊆M . This may be reduced to the following conditions:

der(t) > 1 (9)
t1 ∈ Rnumber implies der(t1) > 0 (10)
der(t1) > t2 & der(t3) > t4 implies der(t1 + t3) > t2 + t4 (11)
der(t1) > t2 & der(t3) > t4 implies der(t1 ∗ t3) > t1 ∗ t4 + t2 ∗ t3 (12)
der(t1) > t2 & der(t2) > t3 implies der(der(t1)) > t3 (13)

Condition (13) follows from monotonicity and transitivity of >. However, (10)-
(12) are not satisfied by general properties of > and we need to specify the
ordering. The ordering that meets these conditions is the recursive path order-
ing [14] with der having the highest priority. 2

As a next example we demonstrate that the suggested technique is useful for
proving termination of meta-interpreters as well.
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Example 14.

solve(true).
solve((A,B))← solve(A), solve(B).
solve(A)← clause(A,B), solve(B).

Even though the termination of an interpreted program might be easily
proved with level-mappings, the termination proof of the meta-interpreter with
respect to it cannot be immediately constructed based on the termination proof
of the interpreted program.

Indeed, let P be the interpreted program:

p([X,Y |T ])← p([Y |T ]), p(T ).
Termination of the set of queries {p(t) | t is a list of a finite length} can be

easily proved, for example by a using level mapping |p(X)| = ‖X‖l and the list-
length norm ‖ · ‖l. However, when this program is considered together with this
meta-interpreter these level-mapping and norm cannot be extended in a way
allowing to prove termination, even though there exist a linear level-mapping
and a linear norm that provide a termination proof. In the case of this example,
the following linear level mapping is sufficient for proving termination:

|solve(A)| = ‖A‖
‖(A,B)‖ = 1 + ‖A‖+ ‖B‖
‖p(X)‖ = 1 + ‖X‖
‖[H |T ]‖ = 1 + 3‖T ‖

The constraint-based approach of [13] is able to derive this level mapping.
However, it cannot reuse any information from a termination proof of the inter-
preted program to do so, and the constraints set up for such examples are fairly
complex (n body atoms are interpreted as a , /2-term of depth n and reasoning
on them requires products of (at least) n parameters). Most other approaches
based on level mappings work on basis of fixed norms, like list-length and term-
size, and therefore fail to prove termination of the example.

Applying general orderings allows to define a new ordering for the meta-
interpreter together with the interpreted program based on the ordering ob-
tained for the interpreted program itself. More formally, given a quasi-ordering
≥, defined for the interpreted program above, define a quasi-ordering
 on terms
and atoms of the meta-interpreter, as follows (similarly to rpo [14]):

– t �
 s if one of the following holds:
• t ≤≥ s
• t = (t1, t2), s = (s1, s2) and t1 �
 s1, t2 �
 s2
• t = solve(t1), s = solve(s1) and t1 �
 s1

– t � s if one of the following holds:
• t > s
• t = f(. . .), s = (s1, s2), f differs from , /2, solve/1, t � s1 and t � s2
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• t = (t1, t2) and either t1 
 s or t2 
 s.
• t = solve(t1), s = solve(s1) and t1 � s1.
• t = solve(t1), s = clause(s1, s2)

In our case ≥ is a list-length norm based ordering, and 
 is defined as spec-
ified. Then, p([X,Y |T ]) � (p([Y |T ]), p(T )). This provides the �-decrease for
the second recursive clause of the meta-interpreter required in the rigid order-
acceptability condition. Similarly, the decrease for the first recursive clause is
provided by the subterm property that � is defined to have, and thus, proving
termination.

By reasoning in a similar way, termination can be proved for the meta-
interpreter and wide class of interpreted programs: from the small examples,
such as append and delete and up to bigger ones, like aiakl, bid [9], credit eval-
uation expert system [29], or even the distributive law program, presented in
Example 12. 2

The previous examples do not illustrate our approach in full generality. In gen-
eral, we may have clauses of the type

p(t1, . . . , tn)← B1, B2, . . . , Bi−1, q(s1, . . . , sm), Bi+1, . . . , Bk.

where multiple intermediate body-atoms, B1, B2, . . . , Bi−1 precede the (mutu-
ally) recursive body-atom q(s1, . . . , sm). In such cases the decrease with respect
to > between p(t1, . . . , tn)θ and q(s1, . . . , sm)θ required by the (rigid) order-
acceptability imposes a constraint on Rrel(B1)

, Rrel(B2)
, . . . and Rrel(Bi−1)

. How-
ever, our previous technique of using TP (M) ⊆ M to translate the required
decrease to Rrel(B1), Rrel(B2), . . . , Rrel(Bi−1) is not easily generalised. This is be-
cause several of the atoms B1, B2, . . . , Bi−1 together may be responsible for the
decrease and the TP (M) ⊆ M technique is not readily generalised to deal with
multiple predicates.

One way to deal with this is based on early works on termination analysis
([31, 25]). Assume that the underlying decrease imposed by

B1θ,B2θ, . . . , Bi−1θ satisfy Rrel(B1)
, Rrel(B2)

, . . . , Rrel(Bi−1) implies

p(t1, . . . , tn)θ > q(s1, . . . , sm)θ

is of the form uθ > vθ, where u and v are subterms of p(t1, . . . , tn), respectively
q(s1, . . . , sm). We then search for a sequence of terms u, u1, u2, . . . , uj, v, such
that for each pair of terms, u and u1, u1 and u2, . . ., uj and v, there is a
corresponding atom in the sequenceB1, B2, . . . , Bi−1 that contains both of them.

Assume (without real loss of generality) that u and u1 occur in B1, u1 and
u2 occur in B2, . . ., uj and v occur in Bi−1. We then select one of these pairs of
terms, say ui1 and ui2 in atom Bi3 , and impose the relations:

ui1 < ui2 on Rrel(Bi3 )
, and

ui1 ≤ ui2 on Rrel(Bi3 ) for all other pairs of terms and corresponding atoms.
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Now we can again use the TP (M) ⊆ M technique to translate such con-
straints into interargument relations.

Note that this approach involves a search problem: if we fail to verify the
proposed inequality constraints, we need to backtrack over the choice of:

– the pair ui1 and ui2 in Bi3 with a strict inequality, or
– the sequence of terms u, u1, u2, . . . , uj, v in B1, B2, . . . , Bi−1.

A completely different method for dealing with multiple intermediate body-
atoms is based on the use of unfold/fold steps to group atoms. We illustrate this
second method with an example.

Example 15. The following is the version of the permute program that appeared
in [22].

perm([], []). ap1([], L, L).
perm(L, [H |T ])← ap1([H |L1], L2, [H |L3])←

ap2(V, [H |U ], L), ap1(L1, L2, L3).
ap1(V, U,W ), ap2([], L, L).
perm(W,T ). ap2([H |L1], L2, [H |L3])←

ap2(L1, L2, L3).

This example is chosen to illustrate applications of Theorem 3 (the well-
moded case). We would like to prove termination of the goals perm(t1, t2), where
t1 is a ground list and t2 a free variable.

Assume the modes perm(in, out), ap1(in, in, out), ap2(out, out, in). The order-
acceptability imposes, among the others, the following decrease with respect to
>: I |= ap2(V, [H |U ], L)θ ∧ ap1(V, U,W )θ implies perm(L)θ > perm(W )θ. Note
that the underlying decrease Lθ > Wθ cannot be achieved by reasoning on ap1/3
or ap2/3 alone.

An alternative solution to the one described before is to use the unfold/fold
technique to provide a definition for the conjunction of the two intermediate
body-atoms. To do this, we start of from a generalised clause, containing the
conjunction of atoms both in its head and in its body. In our example we get

ap2(V, [H |U ], L), ap1(V, U,W )← ap2(V, [H |U ], L), ap1(V, U,W ).

Next, we unfold both body-atoms , using all applicable clauses, for one reso-
lution step. This gives rise to a generalised program P ′, defining the conjunction
of intermediate body-atoms:

ap2([], [H |T ], [H |T ]), ap1([], T, T ).
ap2([H1|T 1], [H2|T 2], [H1|T 3]), ap1([H1|T 1], T 2, [H1|T 4])←

ap2(T 1, [H2|T 2], T 3), ap1(T 1, T 2, T 4).

Now, we need to verify that M = {ap2(a1, a2, a3), ap1(b1, b2, b3) | a3 > b3}
satisfies TP ′(M) ⊆ M . Using the 2 clauses, this is reduced to “[t1|t2] > t2” and
“t3 > t4 implies [t5|t3] > [t5|t4]”, for any terms t1, t2, t3, t4 and t5, imposing
monotonicity and subterm properties on >. The proof is completed analogously
to the permute example. 2
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It should be noted that in general unfolding can transform a non-terminating
program to a terminating one by replacing infinite branches of the LD-tree with
failing ones [7]. Bossi and Cocco [7] also stated conditions on unfolding that
impose termination to be preserved.

7 Conclusion

We have presented a non-transformational approach to termination analysis of
logic programs, based on general orderings. The problem of termination was
studied by a number of authors (see [10] for the survey). More recent work on
this topic can be found among others in [12, 13, 17, 19, 23, 26, 28, 30, 32].
The transformational approach to termination has been studied among others
in [1, 5, 18, 22, 24]

Our approach gets its power from integrating the traditional notion of ac-
ceptability [4] with the wide class of orderings that have been studied in the
context of the term-rewriting systems. In theory, such an integration is un-
necessary: acceptability (based on level mappings only) is already equivalent
to LD-termination. In practice, the required level mappings may sometimes be
very complex (such as for Example 1 or Example 12 [15], boolean ring [20] or
flattening of a binary tree [5]), and automatic systems for proving termination
are unable to generate them. In such cases, generating an appropriate ordering,
replacing the level mapping, may often be much easier, especially since we can
reuse the impressive machinery on orderings developed for term-rewrite systems.
In some other cases, such as turn [8], simple level mappings do exist (in the case
of turn: a norm counting the number of 0s before the first occurrence of 1 in the
list is sufficient), but most systems based on level mappings will not even find
this level mapping, because they only consider mappings based on term-size or
list-length norms. Meta-interpreters, as illustrated in Example 14, give the same
complication. Again, our approach is able to deal with such cases.

Sometimes level mappings and norms provide an advantage over general or-
derings. This is mostly the case if the termination proof can benefit from argu-
ments based on arithmetical operations on the numerical values provided by the
level mapping and norm, as illustrated in Example 2. Note however, that general
orderings include orderings based on mappings and norms as a special case. We
can allow the latter types of orderings as a special case, resorting to them when
other orderings in our workbench fail to produce a proof. If we do resort to them,
we may allow arithmetic operations on them. The main reason why we defined
interargument relations in a very general way is exactly to allow all the power
of numerical orderings, and arithmetic, to be applicable in our context.

Unlike transformational approaches, that establish the termination results
for logic programs by the reasoning on termination of term-rewriting systems,
we apply the orderings directly to the logic programs, thus, avoiding transfor-
mations. This could both be regarded as an advantage and as a drawback of our
approach. It may be considered as a drawback, because reasoning on successful
instances of intermediate body-atoms introduces an additional complication in
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our approach, for which there is no counterpart in transformational methods
(except for the transformation step itself). On the other hand, we consider it as
an advantage, because it is precisely this reasoning on intermediate body atoms
that gives more insight in the property of logic program termination (as opposed
to term-rewrite system termination). Another advantage over transformational
approaches is that most of these are restricted to well-moded programs and
goals, while our approach does not have this limitation.

So, in a sense our approach provides the best of both worlds: a means to
incorporate into ‘direct’ approaches the generality of general orderings.

We consider as a future work a full implementation of the approach. Although
we already tested very many examples manually, an implementation will allow
us to conduct a much more extensive experimentation, comparing the technique
also in terms of efficiency with other systems. Since we apply a demand-driven
approach, systematically reducing required conditions to more simple constraints
on the ordering and the model, we expect that the method can lead to very
efficient verification.
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Abstract. Domain Specific Languages (DSLs) are high level languages
designed for solving problems in a particular domain, and have been sug-
gested as means for developing reliable software systems. We present a
(constraint) logic programming-based framework for specification, effi-
cient implementation, and automatic verification of domain specific lan-
guages (DSLs). Our framework is based on using Horn logic (or pure
Prolog), and eventually constraints, to specify denotational semantics of
domain specific languages. Both the syntax as well as the semantic speci-
fication of the DSL in question are directly executable in our framework:
the specification itself serves as an interpreter for the DSL. More efficient
implementations of this DSL—a compiler—can be automatically derived
via partial evaluation. Additionally, the executable specification can be
used for automatic or semi-automatic verification of programs written
in the DSL as well as for automatically obtaining traditional debuggers
and profilers. The ability to verify DSL programs is a distinct advantage
of our approach. In this paper we give a general outline of our approach,
and illustrate it with practical examples.

1 Introduction

Logic programming [27], discovered by Robert Kowalski, is an important para-
digm of programming in computer science. Logic is the foundation on which
all of computer science rests. Logic programming, a computationally efficient
subset of logic, directly relates to almost all core areas of computer science:
from databases [28,10] to artificial intelligence and knowledge representation
[29], from compilers [52] to operating systems [50], from machine learning [38] to
natural language processing [8], and from verification and model checking [42] to
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optimization and constraint programming [51,31]. Indeed, for these reasons we
argue that logic programming is the most versatile of all programming paradigms
[17]. Logic programming brings to its practitioners a unique unifying perspective
to computer science1—computer scientists’ nirvana, if there is such a thing—
and puts Bob Kowalski alongside the greatest of messiahs of computing for
bringing this enlightenment to us. Logic programming can also play a pivotal
role in software engineering [15], another important area of computer science.
In this paper, we show how the task of software engineering can be eased by
resorting to domain specific languages and how logic programming can be used
to naturally and rapidly obtain an implementation infrastructure for domain
specific languages.

Writing software that is robust and reliable is a major problem that software
developers and designers face today. Development of techniques for building re-
liable software has been an area of study for quite some time, however, none of
the solutions proposed are completely satisfactory. Recently, approaches based
on domain specific languages (DSL) have been proposed [3,43,25,33,6]. In the
DSL approach, a domain specific language is developed to allow users to solve
problems in a particular application area. A DSL allows users to develop com-
plete application programs in a particular domain. Domain specific languages are
very high level languages in which domain experts can write programs at a level
of abstraction at which they think and reason. DSLs are not “general purpose”
languages, rather they are supposed to be just expressive enough to “capture the
semantics of an application domain” [25]. The fact that users are able to code
problems at the level of abstraction at which they think and the level at which
they understand the specific application domain results in programs that are
more likely to be correct, that are easier to write, understand and reason about,
and easier to maintain. As a net result, programmer productivity is considerably
improved.

The task of developing a program to solve a specific problem involves two
steps. The first step is to devise a solution procedure to solve the problem. This
steps requires a domain expert to use his/her domain knowledge, expertise, cre-
ativity and mental acumen, to devise a solution to the problem. The second
step is to code the solution in some executable notation (such as a computer
programming language) to obtain a program that can then be run on a com-
puter to solve the problem. In the second step the user is required to map the
steps of the solution procedure to constructs of the programming language being
used for coding. Both steps are cognitively challenging and require considerable
amount of thinking and mental activity. The more we can reduce the amount of
mental activity involved in both steps (e.g., via automation), the more reliable
the process of program construction will be. Not much can be done about the
first step as far as reducing the amount of mental activity is involved, however,
a lot can be done for the second step. The amount of mental effort the program-
mer has to put in the second step depends on the “semantic” gap between the
1 The role of logic programming as a unifying theory in computer science, however,
has not received much attention [23,24].
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level of abstraction at which the solution procedure has been conceived and the
various constructs of the programming language being used. Domain experts
usually think at a very high level of abstraction while designing the solution
procedure. As a result, the more low-level is the programming language, the
wider the semantic gap, and the harder the user’s task. In contrast, if we had
a language that was right at the level of abstraction at which the user thinks,
the task of constructing the program would be much easier. A domain specific
language indeed makes this possible.

A considerable amount of infrastructure is needed to support a DSL. First of
all the DSL should be manually designed. The design of the language will require
the inputs of both computer scientists and domain experts. Once the DSL has
been designed, we need a program development environment (an interpreter or
a compiler, debuggers, editors, etc.) to facilitate the development of programs
written in this DSL.

In this paper we show how a semantics based framework based on (constraint)
logic programming can be used for rapidly developing interpreters/compilers as
well as debuggers and profilers for DSLs. In this framework, the syntax and se-
mantics of the DSL are expressed using Horn logic. The Horn logic coded syntax
and semantics is executable, automatically yielding an interpreter. Given this
semantics-based interpreter for the DSL and a program written in this DSL, the
interpreter can be partially evaluated [26] w.r.t. the DSL program (e.g., using a
partial evaluator for Prolog such as Mixtus [46]) to automatically generate com-
piled code. Additionally, the semantic specification can be extended to produce
a debugger/profiler for the language, as well as used for verifying properties
of DSL programs. Given that the interpreter, compiler, and the debugger are
all obtained automatically from the syntax and semantic specification, the pro-
cess of developing the infrastructure for supporting the DSL is very rapid. The
most time consuming task is the design of the DSL itself. Observe that the time
taken to design the DSL is dependent on how rapidly the DSL can be imple-
mented, since the ability to rapidly implement the language allows its designers
to quickly experiment with various language constructs and with their various
possible semantics.

Theoretically speaking, one could argue that any complex software system
that interacts with the outside world defines a domain specific language. This is
because the input language that a user uses to interact with this software can be
thought of as a domain specific language. For instance, consider a file-editor; the
command language of the file-editor constitutes a domain specific language. This
language-centric view can be quite advantageous to support the software devel-
opment process. This is because the semantic specification of the input language
of a software system is also a specification of that software system—we assume
the semantic specification also includes the syntax specification of the input lan-
guage. If the semantic specification of the input language is executable, then we
obtain an executable specification of the software system. In this paper we use
the preceding observations to design a language semantics based framework for
specifying, (efficiently) implementing, and verifying (rather model checking or
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debugging in a structured way) DSLs. In our approach both the syntax and se-
mantics are specified using Horn logic/Constraints, and are executable. Efficient
(compiled) implementations can be obtained via partial evaluation. The result-
ing executable specification can also be used for verification, model checking and
structured debugging. The ability to automatically verify and debug DSL pro-
grams in a structured, automatic way is a distinct advantage of the Horn logic
approach, and is absent from other approaches (such as [7]).

An obvious candidate framework for specifying the semantics of a domain
specific language is denotational semantics [47]. Denotational semantics has three
components: (i) syntax, which is typically specified using a BNF, (ii) semantic
algebras, or value spaces, in terms of which the meaning is given, and, (iii) valu-
ation functions, which map abstract syntax to semantic algebras. In traditional
denotational definitions, syntax is specified using BNF, and the semantic alge-
bra and valuation functions using λ-calculus. There are various problems with
this traditional approach: (i) the syntax is not directly executable, i.e., it does
not immediately yield a parser, (ii) the semantic specification cannot be easily
used for automatic verification or model checking. Additionally, the use of sep-
arate notations for the different components of the semantics implies the need
of adopting different tools, further complicating the process of converting the
specification into an executable tool. Verification should be a major use of any
semantics, however, this has not happened for denotational semantics; its use is
mostly limited to studying language features, and (manually) proving properties
of language constructs (e.g., by use of fixpoint induction). In [49] Schmidt makes
a similar observation, and laments the lack of practical impact of denotational
semantics, particularly in automatic verification and debugging of programs.
Elsewhere we have argued that a major reason for this lack of use of denota-
tional semantics is the very rich2—the λ-calculus—that is traditionally used for
specifying denotational semantics [14].3 In this paper, we show how the switch
to Horn logic for expressing denotational semantics facilitates the specification,
implementation, and automatic verification/debugging of DSL programs.

Traditionally, operational semantics is largely meant for implementors, de-
notational semantics for language designers, and axiomatic semantics for pro-
grammers. Thus, each major type of semantics not only has a different target
audience, they all use different types of notation as well. One major reason that
has impeded practical uses of semantics, in our opinion, is this use of different
semantics and different notations for different uses. The switch to Horn logic
(and eventually constraints) for expressing denotational semantics creates a uni-
form description framework and brings flavors of both operational semantics as
well as axiomatic semantics in the denotational semantic definition. In switching

2 Here we refer to the ability of λ-calculus to support higher order functions as first
class objects; higher order functions make the notation very expressive but compu-
tationally harder to automatically process and analyze.

3 Contrary to intuition, notation has a great impact in ease of use. Two very significant
examples are the use of high-level language vs assembly language in programming,
and the use of the decimal arithmetic notation vs the Roman numerals.
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the notation, we may sacrifice some of the declarative purity of the traditional
denotational definition, but the number of applications that become possible
are well-worth this change [14]. As a matter of fact, one can argue that not a
whole lot of declarative purity is lost, and analogs of techniques such as fixpoint
induction can still be used. Use of “implementational” denotational semantics
has been suggested in the past [44].

A Horn logic denotational specification for a language yields a parser and
an interpreter automatically. Partial evaluation of the interpreter w.r.t. a pro-
gram yields compiled code. The interpreter can be used in conjunction with
preconditions and postconditions to verify/model-check DSL programs. Thus,
the operational semantics flavor allows efficient implementation to be rapidly
derived, while the axiomatic semantics flavor permits automatic verification.

Our approach could be applied to develop implementation and verification
infrastructure for general purpose languages, however, we feel that general pur-
pose languages are too complex for our techniques to be practical; DSLs on
the other hand are simpler, arise quite frequently, and the rapid implementa-
tion and verification that becomes possible using our framework perhaps might
induce DSL designers to consider our approach for rapid prototyping of their
DSLs.

We illustrate the Horn logic denotational framework through two example
DSLs: the command language of a file-editor and a language for specifying real-
time systems called UPPAAL [30,2]. The rest of the paper is organized as follows:
Section 2 introduces the concept of Horn Logic Denotations. Section 3 presents
a software engineering perspective of DSL and Horn Logic Denotations. Section
4 presents the derivation of a DSL for file-editing. Section 5 discusses the issues
of verification of properties of DSL and presents the derivation of the UPPAAL
language for describing real-time systems using Horn Logic Denotations. Sec-
tion 6 presents related work and Section 7 presents our conclusions. The main
contribution of our work is to present a logic programming based framework in
which software development is viewed as the activity of defining a DSL, and in
which this DSL can be easily specified and implemented and, most significantly,
verified as well.

2 Horn Logic Denotations

The denotational semantics [47,48,13] of a language has three components:

• syntax: specified as a BNF grammar
• semantic algebras: these are the basic domains along with associated opera-

tions; the meaning of a program is expressed in terms of these basic domains
• valuation functions: these are mappings from patterns of parse trees to values

in the domains in the semantic algebra

Traditional denotational definitions express syntax in the BNF format, and the
semantic algebras and valuation functions in λ-calculus. However, a disadvantage
of this approach is that while the semantic algebra and the valuation functions
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can be easily made executable, syntax checking and generation of parse trees can-
not. A parser has to be explicitly written or generated using a parser-generator.
The parse trees generated by the parser will then be processed by the valuation
functions to produce the program’s denotation in terms of the semantic algebras.
These parser and valuation functions constitute an interpreter for the language
being defined. An interpreter for a language can be thought of as a specifica-
tion of its operational semantics, however, using traditional notation (BNF and
λ-calculus) it has to be obtained in a complex way.

In contrast, if we use logic programming—with its formal basis in Horn logic,
a subset of first-order logic—both syntax and semantics can be specified in the
same notation. Additionally, an interpreter is straightforwardly obtained from
the denotational specification. The additional advantage that logic program-
ming possesses, among others, is that even syntax can be expressed in it at a
very high level—and uniformly in the same language used for the rest of the
specification—and a parser for the language is immediately obtained from the
syntax specification. Moreover, the generation of parse trees requires a trivial ex-
tension to the syntax specification. The parsing and parse tree generation facility
of logic programming is described in almost every logic programming textbook
as Definite Clause Grammars (DCGs). The semantic algebras and valuation
functions are also expressed in Horn logic quite easily, since Horn logic allows
to define relations, which in turn subsume functions. The semantic algebra and
valuation functions are executable, and can be used to obtain executable pro-
gram denotations. A very significant consequence of this is that the fixpoint of
a program’s denotation can be computed (assuming that it is finite or finitely
expressible—which is not uncommon when the program is enriched with input
preconditions, as discussed later on), and such fixpoint can then be used for au-
tomatic verification (or model-checking). This implies that verification can also
be conveniently done in the framework of Horn logic.

Thus, given a language, both its syntax and semantics can be directly and
uniformly specified in logic programming. This specification is executable using
any standard logic programming system. What is noteworthy is that different
operational models will be obtained both for syntax checking and semantic evalu-
ation by employing different execution strategies during logic program execution.
For example, in the syntax phase, if a left-to-right, Prolog style, execution rule
is used, then recursive descent parsing is obtained. On the contrary, if a tabling-
based [4] execution strategy is used then chart parsing is obtained, etc. Likewise,
by using different evaluation rules for evaluating the semantic functions, strict
evaluation, non-strict evaluation, etc. can be obtained. By using bottom-up or
tabled evaluation, the fixpoint of a program’s denotation can be computed, which
can be used for verification and structured debugging of the program.

Denotational semantics expressed in a Horn logic notation is executable, but
so is denotational semantics expressed in the λ-calculus notation. However, se-
mantics expressed via Horn logic allow for fixpoints of programs to be computed
much more intuitively, simply, and efficiently than, we believe, in the case of the
λ-calculus. There is a whole body of literature and implemented systems [4,35]
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for computing fixpoints of logic programs, because of their applicability to de-
ductive databases [45,10,34]. Due to this reason, semantic-based verification (and
program debugging) can be much more easily performed in the Horn logic deno-
tational framework than using the λ-calculus based denotational framework, as
shown later. This becomes even more prominent when we generalize Horn logic to
Constraint Logic Programming—i.e., by adding additional domains (e.g., Real
numbers, Sets) and predefined predicates over such domains. This generaliza-
tion makes specification and verification of very complex systems, e.g., domain
specific languages for real-time systems, considerably easier [18].

3 Software Engineering and Domain Specific Languages

As discussed earlier, one way of solving the problem of developing reliable soft-
ware is to use domain specific languages. Domain specific languages are high-level
languages in which domain experts can program at the level of abstraction at
which they think and reason. Thus, the semantic gap between the design of
a software system and its implementation is considerably reduced, resulting in
fewer errors during the coding/implementation stage. Thus, we take a language-
centric view of the software development process: to solve problems in a particu-
lar domain, a domain specific language should be first developed and then used
for writing high-level programs to solve these problems. Of course, designing a
language can be quite time-consuming, but we believe that the effort invested
in designing the language is worthwhile.

A language-centric view of software engineering allows one to apply language-
semantics based techniques for specification, implementation and verification of
software systems. In particular, we can use the Horn logic denotational approach
for specification, efficient implementation, and verification of the software sys-
tem.

A language-centric view can also be adopted for developing complex soft-
ware system. Any complex software system can be understood in terms of how
it interacts with the outside world. Thus, to understand a software system, one
has to understand its input language. The input language is of course nothing
but a domain specific language. If we have a denotational specification of this
DSL, and if this specification (both the syntax and semantics) happens to be
executable, then this denotational specification is also an executable specifica-
tion of the software system. In other words, an interpreter for the DSL of the
software system is an implementation of the software system. If this executable
denotational specification is written in the proper notation, then it can also be
used for proving properties of the DSL (i.e., the software system) as well as the
programs written in the DSL.

The Horn logic denotational semantics indeed makes all of the above possi-
ble. The syntax specification immediately yields a parser, with the help of the
Definite Clause Grammar facility of logic programming systems. The seman-
tic specification yields a back-end for the interpreter. Together with the syntax
specification, the semantic specification yields a complete interpreter. Given a
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program, its denotation can be obtained with respect to the interpreter. This
denotation can be run to execute the program. The denotation can be partially
evaluated to produce compiled code. Thus, a provably correct compiler is ob-
tained for free. Additionally, appropriate structured queries can be posed to the
program’s denotation and used for checking properties of the DSL as well as
the programs. Bottom-up execution [34] or tabled execution [4] of the denota-
tion yields its fixpoint. This fixpoint of the denotation can be used for model
checking. Also, the denotation of a program can be thought of as a declarative
specification of the relationship between inputs and outputs of the program, and
can be partially evaluated to obtain a more compact relation between the in-
puts and outputs. This declarative logical denotation can be used to understand
programs better: the programmer can find out possible ranges of inputs, given
certain outputs, or vice versa.

The interpreter obtained from the Horn logic denotational semantics can
also be easily instrumented to obtain traditional debuggers and profilers for the
DSL. Typically, valuation predicates are maps from parse trees and the current
state to a new state. Hooks can be automatically introduced, after a call to a
valuation predicate, to give the user the ability to examine the current state, thus
providing debugging facilities. Likewise, execution statistics can be automatically
maintained as part of the state and presented to the user at his/her request
during the execution, essentially yielding a profiler (observe that this is akin to
developing abstract interpreters for the language).

Our logic programming based approach to software engineering is being ap-
plied to solve a number of problems. We are currently designing a domain spe-
cific language to enable biologists to program solutions to phylogenetic inference
problems [41]. Phylogenetic inference involves study of the biocomplexity of the
environment based on genetic sequencing and genetic matching. Solving a typi-
cal problem requires use of a number of software systems, along with a number
of manual steps (e.g., judging which sequence alignment for two genes is the
“best”), as well as extra low-level coding to glue everything together. A biolo-
gist has to be considerably sophisticated in use and programming of computers
to solve these problems. We are developing a DSL for phylogenetic inference
that will allow Biologists to write/debug/profile programs at their level of ab-
straction. The task will become much simpler for the biologist, giving them the
opportunity to become more productive as well as be able to try out different
“what-if?” scenarios.

Our approach is also being used to facilitate the navigation of complex web-
structures (e.g. tables and frame-based pages) by blind users (blind-users typi-
cally access the WEB using audio-based interfaces). Given a complex structure,
say a table, the web-page designer may wish to communicate only the essential
parts of the table to a blind-user. In our approach, the web page-writer (or a
third party) will attach to the web-page a domain specific language program
that encodes the table navigation instructions [39].
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4 A Domain Specific Language for File-Editor Commands

In this section we illustrate our Horn logic denotational framework through the
use of a simple example. Consider the input language (a DSL) of a file-editor.
We show how the logical denotational semantics of this DSL yields an executable
specification of the file-editor. We also show how DSL programs can be compiled
for efficiency. Later, we show how we can verify certain properties that a file-
editor should satisfy (e.g., modifications to one file doesn’t change other files).

Consider a simple file editor which supports the following commands: edit I
(open the file whose name is in identifier I), newfile (create an empty file), for-
ward (move file pointer to next record), backward (move file pointer to previous
record), insert(R) (insert record whose value is in identifier R), delete (delete
the current record), and quit (quit the editor, saving the file in the file system).
Let us provide the logic denotational semantics for this language. The syntax of
the input command language is shown in the BNF below:

Program ::= edit Id cr Statements
Statement ::= Command cr Statements | quit
Command ::= newfile | moveforward | movebackward |

insert Record | delete

Note that cr stands for a carriage return, inserted between each editor com-
mand. To keep the example simple we assume that the records consist simply
of integers. This BNF can be expressed as a DCG in a straightforward man-
ner as shown in Figure 1. There is a one-to-one correspondence between the
rules of the BNF and rules
in the DCG. An extra ar-
gument has been added to
the DCG to hold the re-
cursively synthesized parse
tree (note that the man-
agement of this additional
argument can be easily au-
tomated). The DCG spec-
ification, when loaded in
a Prolog system, automat-
ically produces a parser.
We next give the seman-
tic algebras (Figure 2) for

program(session(I,S)) --> [edit], id(I),

[cr], sequence(S).

sequence(seq(quit)) --> [quit].

sequence(seq(C,S)) -->

command(C), [cr], sequence(S).

command(command(newfile)) --> [newfile].

command(command(forward)) --> [moveforward].

command(command(backward)) --> [moveback].

command(command(insert(R))) -->

[insert],record(R).

command(command(delete)) --> [delete].

id(identifier(X)) --> atom(X)

record(rec(N)) --> integer(N)

Fig. 1: DCG for File Editor Language

each of the domains involved: the file store (represented as an association list of
file names and their contents) and an open file (represented as a pair of lists; the
file pointer is assumed to be currently on the first record of the second list). The
semantic algebra essentially defines the basic operations used by the semantic
valuation functions for giving meaning of programs.

The semantic valuation predicates that give the meaning of each construct in
the language are given next (Figure 3). These semantic functions are mappings
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%Define Access and Update Operations

access(Id,[(Id,File)| ],File).

access(Id,[(I,File)|Rest],File1) :-

(I = Id -> File1 = File;

access(Id,Rest,File1)).

update(Id,File,[],[(Id,File)]).

update(Id,File,[(Id, )|T],[(Id,File)|T]).

update(Id,File,[(I1,F1)|T],[(I1,F2)|NT]) :-

(Id=I1 --> F2 = File, NT = T;

F2 = F1, update(Id,File,T,NT)).

%Operations on Open File representation

newfile(([],[])).

copyin(File,([],File)).

copyout((First,Second),File):-

reverse(First,RevFirst),

append(RevFirst,Second,File).

forwards((First,[X|Scnd]),([X|First],Scnd)).

forwards((First,[]),(First,[])).

backwards(([X|First],Scnd),(First,[X|Scnd])).

backwards(([],Scnd),([],Scnd)).

insert(A,(First,[]),(First,[A])).

insert(A,(First,[X|Y]),([X|First],[A|Y])).

delete((First,[ |Y]),(First,Y)).

delete((First,[]),(First,[])).

at first record(([], )).

at last record(( ,[])).

isempty(([],[])).

Fig. 2. Semantic Algebras for File Editor

from parse trees and a global state (the file system) to domains (file system, open
files) that are used to describe meanings of programs. The above specification
gives both the declarative and operational semantics of the editor.

Using a logic programming system, the above specification can serve as an
interpreter for the command language of the editor, and hence serves as an
implementation of the editor. Thus, this is an executable specification of an ed-
itor. Although editors are interactive programs, for simplicity, we assume that
the commands are given in batches (interactive programs can also be handled
by modeling the “unknown” commands through Prolog’s unbound variables:
we omit the discussion to keep the presentation simple). Thus, if the editor is
invoked and a sequence of commands issued, starting with an unspecified file
system (modeled as the unbound variable Fin), then the resulting file system
(Fout) after executing all the editor commands will be given by the result of the
query:

?- Comms = [edit,a,cr,newfile,cr,insert,1,cr,insert,2,cr,delete,

cr,moveback,cr,insert,4,cr,insert,5,cr,delete,cr,quit]),
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prog val(session(identifier(I),S),FSIn,FSOut) :-

access(I,FSIn,File), copyin(File,OpenFile),

seq val(S,OpenFile,NewOpenFile),

copyout(NewOpenFile,OutFile),

update(I,OutFile,FSIn,FSOut).

seq val(seq(quit),InFile,InFile).

seq val(seq(C,S),InFile,OutFile) :-

comm val(C,InFile,NewFile),

seq val(S,NewFile,OutFile).

comm val(command(newfile), ,OutFile) :-

newfile(OutFile).

comm val(command(moveforward),InFile,OutFile) :-

(isempty(InFile) → OutFile = InFile;

(at last record(InFile) → OutFile=InFile;

forwards(InFile,OutFile))).

comm val(command(moveback),InFile,OutFile) :-

(isempty(InFile) → InFile = OutFile;

(at first record(InFile) →
InFile = OutFile; backwards(InFile,OutFile))).

comm val(command(insert(R)),InFile,OutFile) :-

record val(R,RV), insert(RV,InFile,OutFile).

comm val(command(delete),InFile,OutFile) :-

(isempty(InFile) →
InFile = OutFile; delete(InFile,OutFile)).

record val(R,R).

Fig. 3. Valuation Predicates

program(Tree,Comms,[]), %produce parse tree

prog_val(Tree,Fin,Fout). %execute commands

The final resulting file-system will be:
Fout = [(a,[rec(1),rec(4)])| B ],
Fin = B.

The output shows that the final file system contains the file a that contains 2
records, and the previously unknown input file system (represented by Prolog’s
anonymous variable B, aliased to Fin). The key thing to note is that in our
logical denotational framework, a specification is very easy to write as well as
easy to modify. This is because of the declarative nature of the logic programming
formalism used and its basis in denotational semantics.
Given the executable implementation of the file-editor, and a program in its
command language, we can partially evaluate it to obtain a more efficient im-
plementation of the program. The result of partially evaluating the file-editor
specification w.r.t. the previous command-language program is shown in Fig-
ure 4. Partial evaluation translates the editor command language program to
a sequence of instructions that call operations defined in the semantic algebra.
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This sequence of instructions looks a lot like “compiled” code. More efficient
implementations of the editor can be obtained by implementing these semantic
algebra operations in an efficient way, e.g., using a more efficient language like C
or C++, instead of using logic programming. Compilation may not make much
sense in case of a file-editor command language; however, there are domain spe-
cific languages that have been designed for processing special types of file. For
example, the DSL MidiTrans [21] has been designed to manipulate digital mu-
sic files expressed in the MIDI format. The MidiTrans language can be thought
of as an editor-command language, and MidiTrans programs are sequences of
commands applied to a MIDI file. In this case compilation (via partial evalua-
tion) is important, in order to achieve efficient execution of MidiTrans programs.
Derivation of MidiTrans using Horn logic denotation descriptions is currently in
progress [40].

access(a, Fin, C),

copyin(C, ),

newfile(D),

insert(rec(1), D, E),

insert(rec(2), E, F),

( isempty(F) → G=F

; delete(F, G)),

( isempty(G) → H=G

; at first record(G) →
H=G

; backwards(G, H)),

insert(rec(4), H, I),

insert(rec(5), I, J),

( isempty(J) → K=J

; delete(J, K)),

copyout(K, L),

update(a,L,Fin,Fout).

Fig. 4. Compiled code

5 Program Denotation and Verification

Axiomatic semantics is perhaps the most well-researched technique for verifying
properties of programs. In Axiomatic Semantics [22] preconditions and postcon-
ditions are specified to express conditions under which a program is correct.
The notation (P )C(Q) states that if the property P holds before execution of
command C, then property Q must hold afterwards. P and Q are typically ex-
pressed in a well-defined form of logic. In this section we will explore the use of
Horn logic for verifying/checking properties of programs. It is well known that
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the postconditions of a program are theorems with respect to the denotation
of that program and the program’s preconditions [47,48]. Given that the pro-
gram’s denotation is expressed in Horn logic, the preconditions can be uniformly
incorporated into this denotation. The postconditions can then be executed as
queries w.r.t this extended program denotation, effectively checking if they are
satisfied or not. In effect, symbolic model checkers [5] can be specified and gener-
ated automatically. By generalizing Horn logic to constraint logic programming,
real-time systems can also be specified and implemented [18] and parallelizing
compilers obtained [20].

One way to prove correctness is to show that given the set of all possible
state-configurations, S, that can exist at the beginning of the command C, if P
holds for a state-configuration s ∈ S, then Q holds for the state-configuration
that results after executing the command C in s. If the denotation is a logic
program, then it is possible to generate all possible state-configurations. How-
ever, the number of such state-configurations may be infinite. In such a case, the
precondition P can be specified in such a way that it acts as a finite generator
of all relevant state-configurations. A model checker is thus obtained from this
specification. This model checker can be seen as a debugging aid, since a user
can obtain a program’s denotation, add preconditions to it and then pose queries
to verify the properties that the user thinks should hold.

Consider the specification of the file-editor. Under the assumption that the
file system is finite and that the pool of possible records is also finite, we can
verify, for instance, that every editing session consisting of an insertion followed
by a deletion leaves the original file unchanged. Since the name space of file-
names and record-names is infinite, we will use a precondition to restrict their
size. The query for verifying this property, along with the appropriate precon-
dition to assure finiteness is shown below. The precondition essentially restricts
file names to either a, b or c, and the record names to 1, 2 or 3 (we will show
later on how to make this query more general). The member predicate is the
standard predicate for checking membership of an element in a list; when its
first argument is unbound and the second argument is bound to a list, it acts as
a generator of values.

?- member(X, [a,b,c]), member(Y, [1,2,3]) %precondition

program(A,[edit,X,cr,insert,Y,cr,delete,cr,quit],[]),

prog val(A,F,G),

F �= G. %negated postcondition

The above query corresponds to verifying whether there exist values for X
(file name) and Y (record value) such that inserting and deleting Y in X leads to
a resulting file system different from the one we started from. This query should
fail, if indeed the result of one insertion and one deletion leaves the file system
unchanged. The backtracking mechanism of logic programming goes through all
possible values for variables X and Y (finiteness is hence important), and finds
that in every case F = G holds, and thus the whole query fails because the final
call asserts that F �= G. In most practical cases, the restriction of having a finite
generator can be readily dismissed as long as the fixpoint of the considered
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computation can be analyzed in a finite amount of time. The above example
could be encoded more simply as:

?- program(A, [edit,X,cr,insert,Y,cr,delete,cr,quit],[]),

prog val(A,F,G), F �= G.

If executed on a logic programming system which uses a fair search strategy
(e.g., we tested it on the XSB system [45], which uses tabling), the query will
produce a failed answer, thus verifying the desired property.
More complex properties can be semi-automatically verified using this semantic
definition. Let us study the following property: if an editing session is open for a
certain file (let us say file a), then no other file is affected. Proving this property
is not straightforward—as it requires being able to infer independence of argu-
ments. This property can be easily tested using a combination of transformation
and analysis techniques. We start by partially evaluating the editor specification
with respect to the query:

?- program(X,[edit,a,cr|Rest],[]),

prog_val(X,[(a,AIn),(b,BIn),(c,CIn)],[(a,AOut),(b,BOut),(c,COut)]).

(we are assume that the file system contains only 3 files; this can be easily
generalized). The entry point of the partially evaluated program is the following:

entry([edit,a,cr|A], [(a,B),(b,C),(c,D)], [(a,E),(b,F),(c,G)]) :-

’entry.edit1’(A, B, C, D, E, F, G).

’entry.edit1’(A, B, C, D, E, F, G) :-

sequence1(A, H),

seq_val1(H, B, I),

I=(J,K),

reverse1(J, L),

C=F, %%% **

D=G, %%% **

append3(L, K, E).

We have annotated the two unifications (with ’**’) to show how the partially
evaluated program shows that the output files for b and c are indeed identical
to the input ones—i.e., those two files are not affected by the editing session.
Using a constraint-based execution, which allows to solve equality and inequality
constraints, a query like

?- (C �= F; D �= G),

entry([edit,a,cr|Rest],[(a,B),(b,C),(c,D)],[(a,E),(b,F),(c,G)]).

terminates with a failure. Thus, there is no computation which edits file a and
modifies also file b or c. This property could be also determined without execut-
ing the last query but by simply performing static analysis—for independence
detection—on it [12].

5.1 DSLs: Verification with Constraints

When we generalize Horn logic to Constraint Logic Programming [31] more in-
teresting applications become possible. For example, domain specific languages
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for realizing real-time systems can be modeled and verified/model-checked us-
ing our approach. We illustrate this through an example. Consider the domain
specific language UPPAAL [30,2], designed by researchers at Uppsala University
and Aalborg University. We specify the syntax and semantics of this DSL using
our Horn logic denotational approach, and show how program denotations can
be used for automatic verification.

UPPAAL is a domain specific language designed for specifying and verifying
concurrent real-time systems. The concurrent real-time system is modeled as a
collection of timed automata [1]. A timed automaton is a finite state automaton
augmented with timers. These timers may be reset to zero on state transitions,
and additionally, state transitions may also be conditioned on a given timer
satisfying certain properties (e.g., the transition can be made only if a certain
amount of time has elapsed on a particular timer). The UPPAAL language
provides constructs for defining these automata, along with timing constraints
that each timed automaton imposes.

A real-time system is essentially a recognizer of a sequence of timed-events.
A sequence of timed-events is correct if the individual events occur in a certain
order (syntactic correctness) and the time at which these events occur satisfy
the time-constraints laid out by the real-time system specification (semantic
correctness). The syntax and semantics of a real-time system can be specified
using constraint logic denotations [18]—the key insight is that the specification of
a real-time system is a semantic specification of its corresponding timed-language
[18]. Time constraints can be modeled as constraints over real numbers [31]. The
semantic algebra models the state, which consists of the global time (wall-clock
time), and the valuation predicates are maps from sequences of events to the
global time. This constraint logic denotational specification is executable and
can be used for verifying interesting properties of real-time systems, e.g., safety
(for instance, if we design a real-time system for a railroad gate controller, we
want to make sure that at the time a train is at the gate, the gate can never be
open), and bounded liveness (for instance, the railroad gate is not closed forever).
In the real-time systems modeled, we do not exactly know when an event is
actually going to occur, all we know is the relationship between the time at
which different events took place. Thus, the exact time at which each event took
place cannot be computed from the constraint logic denotation. However, the
constraints laid out in the denotation together with constraints that the safety
property enforces can be solved to check for their consistency. Essentially, the
constraints laid out by the real-time system should entail the constraints laid
out by the properties to be verified, if the property indeed holds.

The real-time system that we wish to verify can be specified in the UPPAAL
domain specific language. A real-time system that is to be modeled as a timed
automaton is expressed as an UPPAAL program. If we give the semantics of the
UPPAAL language using constraint denotations, then an executable specification
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Fig. 5. Train, Controller, and Gate automata

of a timed-automaton system is easily obtained. This executable specification can
be run on a constraint logic programming systems, such as CLP (R) [31], and
used for verifying properties of the real-time system. The BNF of the UPPAAL
language can be found in [30,2]. The DCG of the UPPAAL language is given
in Appendix A. The Horn logic semantics of UPPAAL program is given as
predicates that map the components of the abstract syntax of the program to
a list of tuples of the form 〈α, τ,States〉, where α is a particular automaton
transition, τ is the time at which that transition took place, and States is the
description of the states (of the different timed automaton) from which the
transition took place. The postconditions are queries that check for appropriate
patterns in this semantics. The semantics is shown in Appendix B. Note that for
reasons of practicality our semantic definition uses assert, a non-logical feature
of Prolog. It is possible to give a completely declarative logical semantics, but
this is avoided here for the sake of readability.

The UPPAAL language specifies a real-time system in terms of a collection
of timed automata. Each automaton is specified using the process construct.
The process construct identifies the name of the automaton, its states, the
initial state (using the init statement), and the transitions (using the trans

construct). The actions associated with each transition—i.e., testing a conditions
on clocks, resetting clocks, communicating with other processes—are specified
with each transition.

We next specify a real-time system for controlling a gate at a railroad crossing
using the UPPAAL Domain Specific Language. The system is composed of three
processes, a gate-controller, the gate itself, and the train. The train is modeled
by the timed automaton shown in figure 5(i). It has four different transitions that
are labeled approach in, out, exit: (i) The approach edge corresponds to the
train approaching the gate; (ii) the edge labeled in denotes that the train is at
the gate; (iii) the edge out denotes that the train has just left the gate; and, (iv)
and exit denotes that the train has left the gate area. The controller is modeled
by the timed-automaton in figure 5(ii); it synchronizes with the train process
on the approach and exit edges described above. The controller has two other
edges labeled: (i) lower denoting starting of the lowering of the gate; and, (ii)
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raise denoting starting of the raising of the gate. Finally, the gate is modeled by
the timed-automaton in figure 5(iii). Time constraints force the train to employ
at most 5 units of time to cross the gate area, with a speed which should allow 2
units of time to the gate to lower before the arrival of the train. The controller
should be able to react in less than one unit of time to the approach of the train,
and the gate should employ no more than one unit of time to completely lower
or raise the gate. The UPPAAL program describing this system is presented in
Figure 6.

// Global Declarations
clock c,e,d;
chan approach,exit,

lower,raise;
//
// Processes Section
//
process train {
state s0, s1, s2, s3;
init s0;
trans
s0 → s1 {

sync approach!;
assign c := 0;

},
s1 → s2 {

guard c > 2;
},
s2 → s3,
s3 → s0 {

guard c < 5;
sync exit!;

};
}

process cntl {
state s0, s1, s2, s3;
init s0;
trans s0 → s1 {

sync approach?;
assign e := 0;

},
s1 → s2 {
guard e == 1;
sync lower!;

},
s2 → s3 {
sync exit?;
assign e := 0;

},
s3 → s0 {
guard e < 1;
sync raise!;
};

}

process gate {
state s0, s1, s2, s3,

s4;
init s0;
trans s0 → s1 {

sync lower?;
assign d := 0;

},
s1 → s2 {
guard d < 1;

},
s2 → s3 {
sync raise?;
assign d := 0;

},
s3 → s4 {
guard d > 1;

},
s4 → s0 {
guard d < 2;

};
}
// System Description
system train,cntl,gate;

Fig. 6. UPPAAL Program

This program can be fed to the executable syntax/semantics specification shown
in Appendices A and B. Partial evaluation of this program (massaged for read-
ability) yields the following program:
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train(s0,approach,s1,T1,T2,T3) :- T3 = T1.

train(s1,epsilon,s2,T1,T2,T2) :- T1 - T2 > 2.

train(s2,epsilon,s3,T1,T2,T2).

train(s3,exit,s0,T1,T2,T2) :- T1 - T2 < 5.

train(X,lower,X,T1,T2,T2).

train(X,raise,X,T1,T2,T2).

gate(s0,lower,s1,T1,T2,T1). cntl(s0,approach,s1,T1,T2,T1).

gate(s1,epsilon,s2,T1,T2,T2) cntl(s1,lower,s2,T1,T2,T2)

:- T1 - T2 < 1. :- T1 - T2 = 1.

gate(s2,raise,s3,T1,T2,T1). cntl(s2,exit,s3,T1,T2,T1).

gate(s3,epsilon,s4,T1,T2,T2) cntl(s3,raise,s0,T1,T2,T2)

:- T1-T2 > 1, T1-T2 < 2. :- T1-T2 < 1.

gate(s4,epsilon,s0,T1,T2,T2) cntl(X,epsilon,X,T1,T2,T2).

:- T1-T2 < 2.

gate(X,approach,X,T1,T2,T2).

gate(X,exit,X,T1,T2,T2).

system([],S0,S1,S2,T,T0,T1,T2,[]).

system([X|S],S0,S1,S2,T,T0,T1,T2,[(X,T,[S0,S1,S2])|R]):-

train(S0, X, S00, T, T0, T00),

gate(S1, X, S10, T, T1, T10) ,

cntl(S2, X, S20, T, T2, T20) , TA > T,

system(S,S00,S10,S20,TA,T00,T10,T20,R).

The above constraint denotation of the railroad crossing controller is an ex-
ecutable specification of the composite real-time system. The composite specifi-
cation can be used for verifying various global properties. For example, we may
want to verify the safety property that when the train is at the gate, the gate is
always closed. These properties are specified by the designer, and ensure correct-
ness of the real-time system specification. We use the axiomatic semantics based
framework discussed earlier to perform this verification. We use preconditions to
put restrictions on the events list to ensure finiteness of the computation, and
then the properties of interest (postconditions) can be verified. The net effect
obtained is that of (deductive) model-checking. Thus, our queries to the program
will be of the form:

pre_condition(X),

system(X, ...),

not post_condition(X)

where post condition is the verification condition, while pre condition is
the condition imposed on the input—e.g., characterization of the input states
of interest and conditions to ensure finiteness. This query should fail, if the
post condition holds true. The pre condition should be such that it gener-
ates all sentences satisfying it. For example, if we want to check that the event
“the train is in the gate area” (state s2 of the train process) never occurs before
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the event “the gate is down” (state s2 of process gate), then a possible precon-
dition is that the transitions to state s2 for the train or to s2 for the gate must
occur between two approach events. This precondition can be expressed so that
it can act as a generator of all possible strings that start with an approach and
end in approach (i.e., thus focusing only on one train at the time). Integrating
this precondition in the semantics and partially evaluating it again, we get a
modified definition of the system predicate as follows:

system(_,[],_,_,_,_,_,_,_,[]) :-

system(N,[X|S],S0,S1,S2,T,T0,T1,T2,[(X,T,[S0,S1,S2])|R]) :-

train(S0,X,S00,T,T0,T00),

gate(S1,X,S10,T,T1,T10) ,

contr(S2,X,S20,T,T2,T20) ,

TA > T, (X = approach ->

(N = 0 -> M = 1; Rest = []);

M = N),

system(M,S,S00,S10,S20,TA,T00,T10,T20,R).

The system predicate thus acts as a generator, generating all possible strings
that begin with approach and end in approach and that will be accepted by the
automata. Now a property can be verified by calling the system predicate with
uninstantiated input, and checking that the negated property does not hold for
every possible meaning of the automata. Suppose, we want to verify that when
the train is at the crossing, the gate must be down. This boils down to the
following fact: in every possible run of the real-time system, the transition of the
train to s2 must occur after the transition of the gate to state s2. The negated
property will be that the train gets to s2 before the gate gets to s2. Thus, for
example the query

?- system(0,X,s0,s0,s0,0,0,0,0,R),

append(_,[(_,_,[s2,s1,_])|_],R).

will fail when run on a constraint logic programming system (we used the
CLP(R) [31] system). The append program is the standard logic program for
appending two lists.

Likewise, if we want to verify that the gate will be down at least 4 units of
time—i.e., the time between the gate transition to s1 and the transition to s0
is at least 4 time units—then we will pose the following query:

?- system(0,s0,s0,s0,0,0,0,0,X,R),

append(A, [(_,T2,[_,s4,_]),(_,_,[_,s0,_]) |_], R), % Trans. to s0

append(_, [(_,_,[_,s0,_]), (_,T1,[_,s1,_])|_], A), % Trans. to s1

T2 - T1 < 4.

The above query will fail. Using our constraint-based approach one can also
find out the minimum and the maximum amount of time the gate will be closed
by posing the following query:
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?- system(0,s0,s0,s0,0,0,0,0,X,R),

append(A, [(_,T2,[_,s4,_]) , (_,_,[_,s0,_]) |_], R),

append(_, [(_,_,[_,s0,_]), (_,T1,[_,s1,_])|_], A),

N < T2 - T1 < M, M > 0, N > 0.

We obtain the answer M < 7, N > 1. This tells us that the minimum time the
gate will be down is 1 units, and the maximum time it will be down is 7 units.
Other properties of the real-time system can similarly be tested. The ability to
easily compute values of unknowns is a distinct advantage of a logic programming
based approach, and considerable effort is required in other approaches used for
verifying real-time systems to achieve similar behavior.

5.2 Discussion

A major weakness of our approach is that we have to make sure that the verifi-
cation of properties leads to finite computations. The use of constraint handling
and the use of tabling or bottom up computation in the underlying execution
model often guarantee such a property (as seen in the examples in Section 5).
If it is not, then we have to impose preconditions that ensure this. A popular
approach to verifying an infinite state system is to abstract it (so that it becomes
finite) while making sure that enough information remains in the abstraction so
that the property of interest can be verified. The technique of abstraction can
be easily adapted in our logical denotational approach: (i) one can give an ab-
stract (logical denotational) semantics for the language, and then run tests on
the resulting abstract denotation obtained, using the approach described above.
(ii) we can use abstract interpretation tools built for logic programming to ab-
stract the concrete denotation and use that for verifying the properties; in fact,
work is in progress in to use non-failure analysis of constraint logic programs
[11] to verify properties of real-time systems. A third approach that can be used
to remove the finiteness restriction is to use first-order theorem proving. The
logical denotation of a program provides an axiomatization w.r.t. the language’s
semantics. These axioms can then be fed to a theorem prover, along with the pre-
conditions and postconditions, and other additional axioms that may be needed
in the postcondition, to perform verification [16].

However, we feel that our approach based on preconditions and postcondi-
tions is a pretty good compromise. While we do not verify the system completely,
we do verify the program subject to the preconditions, and thus gain more con-
fidence regarding software correctness.

Note that verification can be done more efficiently by inserting preconditions
and postconditions in the program’s denotation, and then partially evaluating
the interpreter obtained for the language with respect to this annotated program
denotation. We essentially obtain a compiled version of the program annotated
with preconditions and postconditions. We have adopted this technique in both
the domain specific languages considered in our examples. It is a lot more efficient
to execute this partially evaluated annotated program rather than the original
annotated denotation.
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The interactive behavior of logic programming provides a simple interactive
access to the verification process, encouraging users to “play” with preconditions
and postconditions and try different scenarios.

Note also that while the examples that we have included in this paper use
only direct semantics, continuation semantics can also be easily modeled using
Horn logic and constraints [14].

6 Related Work

Domain Specific Languages have been becoming increasingly popular. Confer-
ences have been organized on DSLs [43,25,33,6] and several groups have been
working on developing frameworks for implementing and analyzing DSLs. This
includes the pioneering work of Consel’s group in France that has developed a
semantics-based framework which has some similarity to ours [7]. However, Con-
sel’s framework is based on the traditional lambda calculus, thus syntax analysis
and verification, unlike our framework, have to be done outside of the frame-
work. Hudak has proposed the notion of Domain Specific Embedded Languages
(DSEL) where a Domain Specific Language is built on top of the constructs of
an existing General Purpose Language (GPL). As a result, an implementation
for the DSEL is easily obtained since the compiler for the GPL also serves as
a compiler for the DSEL. The fact that the constructs of the DSEL are built
on top of a GPL imposes some constraints on the design of the DSEL. In our
approach the DSL designer has complete freedom: as long as the semantics of
a construct can be expressed in terms of Horn logic, it can be included in the
DSL. Also, in the DSEL framework, the debugger used will be that of the GPL,
which might expose the underlying GPL to the DSEL user. Modifying the de-
bugger to hide the details of the GPL while debugging a DSEL program may be
quite hard. We believe that the DSEL approach is motivated by the fact that
many aspects of the infrastructure needed for a DSL cannot be directly handled
in traditional λ-calculus frameworks (e.g., parsing). For these missing aspects,
piggy-backing on an existing language simplifies the task of DSL infrastructure
development. No such piggy-backing is needed in our approach, since everything
can be handled in the logic programming framework.

The major difference of our frameworks from others is that ours is based on
logic programming. As a result, a complete interpreter/compiler can be rapidly
obtained from the semantic specification. Additionally, verification/debugging
can be done in the same framework, since the Horn logic denotation of a DSL
program can be viewed as an axiomatization of the problem that the program is
supposed to solve. The rapidity with which parsers, interpreters and compilers
can be realized is of great importance to the design of domain specific languages.
Typically, while a language is being designed, the ability to run programs written
in that language so as to better understand the impact of various design decisions
is of great significance. The designers can come up with a feature, writes its
syntax and semantic specifications, and obtain its implementation in a few hours
of work compared to few days or weeks. Our experience indicates that, as a result,
the process of language design is greatly accelerated.
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Logic programming has been applied in the past to aid and automate differ-
ent aspects of the software engineering process. These efforts include work by
McClusky et al [36,37] on verifying and debugging specifications written in Z
using logic programming, application of logic programming to model checking
[42], to component based software engineering [32,9], etc.

7 Conclusions

In this paper we presented a Horn logic and constraint based framework for
using denotational semantics for specifying, efficiently implementing, and ver-
ifying/debugging Domain Specific Language programs [19]. The three distinct
advantages that our Horn logic approach offers are: (i) the syntax specification
is conveniently and rapidly expressed using the Definite Clause Grammar facil-
ity of logic programming to obtain a parser for the language with little effort;
(ii) a uniform framework is created for the specification of all components (syn-
tax and semantics) of the denotational description; (iii) verification/debugging
of programs written in the DSL. In this regard, our framework is more advan-
tageous than the frameworks for DSLs developed using the λ-calculus, e.g., in
[7].

Our framework can also be used for software development, by taking a
language-centric view of the software development process. In the language-
centric view of software development, we think of the software system as a pro-
cessor of programs written in the software system’s input language (a domain
specific language). An executable semantic specification of this input language
is also an executable specification of the software system. This executable spec-
ification can be made more efficient by using partial evaluation. The executable
specification can also be used for verification and model checking purposes. In
this paper, we illustrated our framework by considering two domain specific lan-
guages: a file-editor command language and a language for specifying real-time
systems. Our framework provides a rapid way of obtaining an executable spec-
ification of a domain specific language or a software system. For example, it
took us only 2-3 hours to produce the syntax and semantic specification of the
UPPAAL language shown in appendix A and B, which we could then use to
verify properties on different examples. While one may not use our approach
for obtaining a final implementation of a DSL, it is certainly useful for rapidly
prototyping and “debugging” the DSL or a software system and for quickly ver-
ifying programs written in the DSL. Work is in progress to use our framework
for specification, implementation, and verification of other DSLs. Once the DSL
has been prototyped, an efficient optimizing implementation can be obtained by
using traditional compilation techniques.
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Appendix A: Definite Clause Grammar for UPPAAL

ita(ita(V,P,G)) --> varlist(V), proclist(P), globals(G).

varlist([]) --> { true }.

varlist([X|Y]) --> channel(X), varlist(Y).

varlist([X|Y]) --> variable(X), varlist(Y).

proclist([P]) --> proc(P).

proclist([P|Q]) --> proc(P), proclist(Q).

globals(system(List)) --> [’system’], idlist(List), [’;’].

channel(chan(L)) --> [chan], idlist(L), [’;’].

variable(var(clock,L)) --> [clock], idlist(L), [’;’].

proc(proc(Id,States,Trans)) --> [process], id(Id),

[’{’],statedecls(States), transdecls(Trans) , [’}’].

idlist([I]) --> id(I).

idlist([I|L]) --> id(I), [’,’], idlist(L).

statedecls(state(Initial,States)) -->

[state], idlist(States), [’;’], [init], id(Initial), [’;’].

transdecls(trans(L)) --> [trans], translist(L) , [’;’].

translist([A]) --> trans(A).

translist([A|B]) --> trans(A), [’,’],translist(B).

trans(t(I1,I2,G,S,A)) -->

id(I1), [’->’], id(I2), [’{’], opg(G), ops(S), opa(A), [’}’].

opg(noguard) --> {true}.

opg(guard(L)) --> [guard], guardlist(L), [’;’].

ops(nosync) --> {true}.

ops(sync(send,I)) --> [sync], id(I), [’!’],[’;’].

ops(sync(receive,I)) --> [sync], id(I), [’?’], [’;’].

opa(noassign) --> {true}.

opa(assign(L)) --> [assign], assignlist(L),[’;’].

guardlist([L]) --> guard(L).

guardlist([L|R]) --> guard(L), [’,’], guardlist(R).

assignlist([A]) --> assign(A).

assignlist([A|B]) --> assign(A), [’,’], assignlist(B).

assign(A) --> clockassign(A).

guard(compare(I,N,Op)) --> id(I), relop(Op), nat(N).

guard(ccompare(I1,I2,N,Op1,Op2)) -->

id(I1), relop(Op1), id(I2), oper(Op2), nat(N).

clockassign(assign(I,N)) --> id(I) , [’:=’], nat(N).

relop(’<’) --> [’<’].

relop(’<=’) --> [’<=’].

relop(’>’) --> [’>’].
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relop(’>=’) --> [’>=’].

relop(’=’) --> [’==’].

oper(plus) --> [’+’].

oper(minus) --> [’-’].

nat(X) --> [X], {integer(X)}.

id(X) --> [X], {atom(X)}.

Appendix B: Logical Denotation of UPPAAL

semita( ita([var(clock,Vars),chan(Chan)] , Procs , System) ) :-

semprocs(Procs,Vars,Chan,Initials),

semglobals(System,Initials,Vars,Chan).

semglobals(system(List),_,Vars,_) :-

length(List,N), length(States,N),

length(Vars,M), length(Clocks,M),

append(States,[C|Clocks],Args1),

append(Args1, [[(X,C)|Remainder]], Args),

Head =.. [system,[X|Y]|Args],

generate_body(States,List,Clocks,C,X,Body,NewStates,NewClocks),

append(NewStates,[T1|NewClocks],NewArgs1),

append(NewArgs1,[Remainder],NewArgs),

RecCall =.. [system,Y|NewArgs],

assert((Head :- Body, (T1>C) , RecCall)).

generate_body([State],[Name],Clocks,GClock,Symbol,C,[NState],Clocks1):-

gen_new_clocks(Clocks,Clocks1,ClocksCode),

C =.. [Name,State,Symbol, NState,GClock|ClocksCode].

generate_body([State|OtherStates], [Name|OtherNames], Clocks,

GClock, Symbol, (Call,OtherCalls),

[NState|NewStates], NewClocks):-

gen_new_clocks(Clocks,Clocks1,ClocksCode),

Call =.. [Name,State,Symbol,NState,GClock|ClocksCode],

generate_body(OtherStates,OtherNames,Clocks1,GClock,

Symbol,OtherCalls,NewStates,NewClocks).

gen_new_clocks([],[],[]).

gen_new_clocks([X|Y],[Z|W],[X,Z|Rest]) :- gen_new_clocks(Y,W,Rest).

semprocs([],_,_,[]).

semprocs([proc(Name,States,Trans)|Rest],Vars,Chan,[In1|In2]) :-

semprocedure(Name,States,Trans,Vars,Chan,In1),

semprocs(Rest,Vars,Chan,In2).

semprocedure(Name,state(Init,_),trans(List),Vars,Chan,Init) :-

semtransitions(List,Name,Vars,Chan).

semtransitions([],_,_,_).

semtransitions([t(From,To,Guard,Sync,Assign)|Rest],Name,Vars,Chan) :-
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(Sync = sync(_,C) ->

generate_fact(Name,From,To,C,GClock,Vars,Fact) ;

generate_fact(Name,From,To,epsilon,GClock,Vars,Fact)),

semguardassign(Fact,Guard,Vars,Assign,GClock),

semtransitions(Rest,Name,Vars,Chan).

semguardassign(Head,noguard,_,noassign,_) :-

generate_equalities(Head,Eqs), assert((Head :- Eqs)).

semguardassign(Head,noguard,Vars,assign(AList),GClock) :-

semopa(AList,Vars,Head,Equalities,GClock,Used),

difflist(Vars,Used,Remaining),

additional_equalities(Remaining,Vars,Head,Others),

assert((Head :- Equalities,Others)).

semguardassign(Head,guard(List),Vars, noassign,GClock) :-

semopg(List,Vars,Head,Constraints,GClock),

generate_equalities(Head,Equalities),

assert((Head :- Constraints,Equalities)).

semguardassign(Head,guard(List),Vars,assign(AList),GClock) :-

semopg(List,Vars,Head,Constraints,GClock),

semopa(AList,Vars,Head,Equalities,GClock,Used),

difflist(Vars,Used,Remaining),

additional_equalities(Remaining,Vars,Head,Others),

assert((Head :- Constraints,Equalities,Others)).

semopg([],_,_,true,_).

semopg([compare(Clock,Nat,Op)|Rest],Vars,Head,(C1,C2),GClock) :-

semguard(Op,Clock,Nat,Vars,Head,C1,GClock),

semopg(Rest,Vars,Head,C2,GClock).

semopa([],_,_,true,_,[]).

semopa([assign(Var,Nat)|Rest],Vars,Head,(C1,C2),GClock,[Var|Used]) :-

semassign(Var,Nat,Vars,Head,C1,GClock),

semopa(Rest,Vars,Head,C2,GClock,Used).

semassign(Var,Nat,Vars,Head,C1,GClock) :-

extract_variable1(Var,Vars,Head,V),

C1 = ((GClock - Nat) = V).

semguard(Op,Clock,Nat,Vars,Head,C1,GClock) :-

extract_variable(Clock,Vars,Head,V),

C1 =.. [Op,(GClock-V),Nat].

%%%%%%%%% Auxiliary predicates

difflist([],_,[]).

difflist([X|Y],Used,Z) :- member(X,Used), !, difflist(Y,Used,Z).

difflist([X|Y],Used,[X|Z]) :- difflist(Y,Used,Z).

additional_equalities([],_,_,true).

additional_equalities([X|Y],Vars,Head,((V1=V2),Rest)) :-
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extract_variable(X,Vars,Head,V1),

extract_variable1(X,Vars,Head,V2),

additional_equalities(Y,Vars,Head,Rest).

generate_equalities(Head,Eqs) :- Head =..[_,_,_,_,_|List],

get_equalities(List,Eqs).

get_equalities([],true).

get_equalities([X1,X2|Rest],((X1=X2),C)) :- get_equalities(Rest,C).

extract_variable(Clock,Vars,Head,V) :- Head =.. [_,_,_,_,_|Clocks],

search_variable(Vars,Clock,Clocks,V).

search_variable([X|_],X,[Y|_],Y).

search_variable([X|Y],Z,[_,_|Rest],V) :- X \== Z,

search_variable(Y,Z,Rest,V).

extract_variable1(Clock,Vars,Head,V) :- Head =.. [_,_,_,_,_|Clocks],

search_variable1(Vars,Clock,Clocks,V).

search_variable1([X|_],X,[_,Y|_],Y).

search_variable1([X|Y],Z,[_,_|Rest],V) :- X \== Z,

search_variable1(Y,Z,Rest,V).

generate_fact(Name,StartState,EndState,Symbol,GlobClock,Clocks,FACT) :-

generate_rest(Clocks,Rest),

FACT =.. [Name,StartState,Symbol,EndState,GlobClock|Rest].

generate_rest([],[]).

generate_rest([_|Y],[_,_|Rest]) :- generate_rest(Y,Rest).



Negation as Failure through Abduction:

Reasoning about Termination

Paolo Mancarella, Dino Pedreschi, and Salvatore Ruggieri

Dipartimento di Informatica, Università di Pisa
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Abstract. We study termination properties of normal logic programs
where negation as failure is interpreted as a form of abduction, as origi-
nally proposed by Eshghi and Kowalski in [EK89]. The abductive proof
procedure associated with this interpretation exhibits a better behavior
than SLDNF as far as termination is concerned. We first present a strong
termination characterization for the Eshghi and Kowalski proof proce-
dure for Datalog programs which is sound and complete. We then extend
the characterization to the class of non-Datalog programs, and prove its
soundness. Finally we present two instantiations of the general charac-
terization and study the relationships between the classes of programs
introduced in the paper.

1 Introduction

Since its early years, the basic logic programming paradigm has been extended
in various respects in order to increase its expressive power as well as its effec-
tiveness in different application domains. One of the very first extensions was
the introduction of a limited form of negation, namely negation as finite fail-
ure [Cla78], and the corresponding extension of the computational mechanism
from SLD-resolution to SLDNF-resolution. Negation as failure has been, and is
still being, the subject of many research efforts, both from a semantics viewpoint
and from a computational viewpoint. Among others, negation as failure has been
given an abductive interpretation by Eshghi and Kowalski [EK89]. This interpre-
tation amounts to viewing negative literals in a normal logic program as a form
of (abductive) hypotheses that can be assumed to hold, provided they satisfy a
canonical set of constraints which express the intended meaning of negation as
failure.

Abduction is a form of synthetic inference which allows one to draw explana-
tions of observations. In its simplest form, from α→ β (a general rule) and β (an
observation) abduction allows one to assume α as a possible explanation of the
observation. In the general case, this form of reasoning from observations and
rules to explanations may lead to inconsistencies (as it happens, for instance,
if ¬α holds in the previous example). Hence, abductive explanations should be
assumed only if they do not lead to inconsistencies. Abduction has found many
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applications in AI, such as fault diagnosis, planning, natural language under-
standing, knowledge assimilation, and default reasoning (see e.g. [KKT93] and
references therein).

From a semantics viewpoint, the interpretation of negation as failure as ab-
duction has a direct correspondence with the stable models semantics of normal
logic programs [GL88]. From a computational viewpoint, Eshghi and Kowalski
have defined an abductive proof procedure which extends the standard SLDNF
proof procedure for negation as failure. In the sequel we will refer to it as the EK-
proof procedure. As we will discuss later in the paper, computations of the EK-
proof procedure are the interleaving of two types of phases. The abductive phase
is standard SLD-resolution, which possibly generates hypotheses corresponding
to the negative literals encountered during the computation. The consistency
phase checks that the generated hypotheses satisfy the constraints associated
with negation as failure. In order to perform this checking, a consistency phase
may in turn require new abductive phases to be fired. Indeed, the search spaces
of SLDNF and the EK-proof procedure share many similarities, due to the fact
that each consistency phase corresponds to a subsidiary derivation which is fired
each time a negative (ground) atom is selected in SLDNF. However, one of the
main differences with SLDNF is that, during a computation, the hypotheses
generated so far can be used to avoid the recomputation of negative subgoals.
Indeed, this is the main reason why the EK-proof procedure exhibits a better
behavior than SLDNF as far as termination is concerned, in the sense that the
former terminates more often than the latter.

The main aim of this work is to formally understand the termination proper-
ties of the EK-proof procedure. In fact, an abundant literature is available on the
subject of termination of logic programs, as witnessed for instance by the sur-
veys in [DD94, PRS02]. Several proposed approaches to prove termination deal
with normal logic programs and SLDNF-based proof procedures [AB91, AP93].
A natural question then arises which asks whether the proposed methods for
proving termination of SLDNF can be extended to deal with the EK-proof pro-
cedure, the latter being a natural extension of SLDNF. As far as we know, this
is still an unanswered problem.

Up to our knowledge, the only work in the literature dealing with a sim-
ilar problem, namely termination of abductive based proof-procedures, is the
paper of Verbaeten [Ver99], who proposes a method of proving termination of
abductive logic programs executed using the SLDNFA procedure of Denecker
and De Schreye [DS98]. SLDNFA is a non trivial extension of SLDNF which
deals with more general frameworks, namely abductive logic programs. In these
frameworks, some predicate symbols are defined as abducibles, which never oc-
cur in clause heads, but can be assumed during a computation, under suitable
consistency requirements. Among others, an interesting feature of the SLDNFA
proof procedure is that it solves the floundering abduction problem (i.e. it allows
assuming non-ground hypotheses), and it also provides a partial solution to the
floundering of negation. However, in SLDNFA negation is not treated abduc-
tively, as in the EK-proof procedure. Our main interest here is to understand
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in what respects the abductive treatment of negation as failure allows one to
improve the termination properties of normal logic programs.

The paper is organized as follows. In Sect. 2 we give some examples to get
the intuition of the behaviour of the EK-proof procedure and to compare it
informally with SLDNF. After setting up some notations and terminology in
Sect. 3, we give a concise but formal account of the EK-proof procedure in
Sect. 4. The approach of Apt and Bezem to strong termination of logic programs
executed using negation as failure, based on the notion of an acyclicity, is given
in Sect. 5. Next, we present in Sect. 6 a termination characterization for Datalog
programs, and prove its soundness and completeness. The termination method
for the general case is given in Sect. 7, along with two simplified methods and
with a discussion of the relationships between the classes of program and queries
associated with the different methods. Section 8 draws some conclusions and
scope for future work.

2 Motivating Examples

The aim of this Section is twofold. We provide some examples showing the be-
haviour of both SLDNF and the EK-proof procedure, in order to give the reader
an intuition about their similarities and differences. At the same time we provide
an informal and intuitive understanding of the EK-proof procedure, assuming
that the reader has some familiarity with SLDNF. The formal definition of the
EK-proof procedure will be given in Sect. 4.

Example 1. Consider the simple normal logic program1

p←∼ q.

and the goal← p. The search space generated by SLDNF is shown in Fig.1 (left).

p 

~ q q

p

~ q

q
H = {~ q}

Fig. 1. Search space generated by SLDNF (left) and the EK-proof procedure
(right)

1 In this paper we use ∼ to denote negation as failure.
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Notice that a subsidiary SLDNF-derivation is required as soon as the atom
∼ q is selected in the main derivation. This subsidiary derivation is needed in
order to show that the goal ← q finitely fails, which is indeed the case since
there is no definition for ← q.

The EK-proof procedure views negative atoms as hypotheses which can be
assumed during a derivation, provided it is consistent to do so. As we will see
in Sect. 3, in the original presentation of [EK89], a normal logic program is first
transformed into a positive program, by replacing each negative literal of the
form ∼ p(t) into a positive literal, say not-p(t), not-p being a newly introduced
predicate symbol. For simplicity, in this informal discussion we keep the original
program unchanged.

The consistency requirements impose that, given an atom A,

(i) A and ∼ A do not hold at the same time
(ii) either A or ∼ A hold.

The requirement (i) expresses the fact that ∼ A has to be understood as the
negation of A, hence preventing the assumption of ∼ A whenever A holds. On
the other hand, the requirement (ii) forces ∼ A to hold whenever A does not
hold. Computationally, the consistency requirements (i) and (ii) are the source of
the interleaving of the abductive and consistency phases. Whenever a negative
condition ∼ p is selected during an abductive phase (which is basically SLD
resolution), the hypothesis ∼ p is assumed and a consistency phase is fired
in order to ensure that this assumption is consistent with the corresponding
requirement (i). This phase amounts to showing that p does not hold, i.e. its aim
is to show that all possible derivations for p actually fail. During the consistency
phase, whenever the potential failure of a derivation amounts to failing on an
hypothesis ∼ q, a nested abductive derivation is fired, in order to ensure that the
requirement (ii) holds, namely that q holds. In the current example, the search
space generated by the EK-proof procedure is depicted in Fig.1 (right).

The part of the search space enclosed by a double box corresponds to the
checking of the consistency requirements. The white little box represents success
and the black little box represents failure. Hence a white box at the end of
an abductive phase (resp. consistency phase) corresponds to a success (resp.
failure) of the phase, whereas a black box at the end of an abductive phase
(resp. consistency phase) corresponds to a failure (resp. success) of the phase.
Notice that, at each consistency phase, the hypothesis to be checked is added to
the current set H of hypotheses.

Also, notice that the answer to the goal comes along with the set of hypothe-
ses collected during the computation (in the previous example the only collected
hypothesis is ∼ q). In the general case, an answer to a goal is a substitution
(as in the standard SLDNF) along with the set of collected hypotheses. As it
happens with SLDNF, a negative literal (abductive hypothesis) is selected for
computation only if it is ground.

The next example shows how the abductive and consistency phases interleave.
A nested abductive phase is depicted in a single box.
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Example 2. Consider the following program:

p←∼ q. r←∼ s.
q ←∼ r. r← t.
q ← t.

The search space corresponding to the goal ← p is shown in Fig.2.

~ r

q

t

p

H = {~ q}~ q

r

~ s H = {~ q, ~ s}

s
t

Fig. 2. Nested abductive and consistency phases

Notice that the consistency checking of the hypothesis ∼ q needs to explore
two branches (corresponding to the two clauses in the definition of q). The right
branch is consistent (since there is no definition for t), while the left branch
needs a nested abductive phase, in order to make sure that r holds, and hence
q cannot be proved. Since there is no clause for t, the only way to prove r is by
adding the hypothesis ∼ s to the current set of hypotheses, which is checked in
turn for consistency.

Let us see an example pointing out the different behaviours of SLDNF and
the EK-proof procedure.

Example 3. Consider the following program.

p←∼ q.
q ←∼ p.
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p

H = {~ q}~ q

q

~ p 
p

~ q

Fig. 3. The search space for the two-loop program

It is easy to see that the goal ← p does not terminate under SLDNF. On the
contrary, it does terminate using the EK-proof procedure, as shown by the as-
sociated search space of Fig.3.

Notice that, in the consistency phase associated with checking the hypothesis
∼ q, a nested abductive derivation requires that ∼ p does not hold which requires
in turn that p holds. This is indeed the case, since the hypotheses collected so
far (namely ∼ q) actually allows the nested abductive phase to succeed on p.

As the previous example points out, the EK-proof procedure terminates more
often than the SLDNF proof procedure, due to the fact that the hypotheses col-
lected during a computation can be used to avoid the recomputation of negative
literals. Let us see a further example.

Example 4. Consider the well known two-person game program:

win(x)← move(x, y),∼ win(y).

Here, move(x, y) is any extensional binary relation over a finite set of game
states, where move(x, y) should be read as “there is a move from game state x
to game state y”. According to this view, win(x) defines x as a winning state if
there is a move from x to a state y which is not a winning state.

It is readily checked that, whenever the relation move contains a cycle, say
move(a, a), then the execution of the goal ← win(a) does not terminate using
SLDNF. On the contrary, executing the same goal ← win(a) by the EK-proof
procedure, we get a failure, indicating correctly that a is not a winning state, as
shown if Fig.4.
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win(a)

~ win(a) H = {~ win(a)}

win(a)

~ win(a)

move(a,y), ~ win(y)

move(a,y), ~ win(y)

Fig. 4. Search space for the two-person game program

In this paper, we expand on the work on termination of general logic pro-
grams, in order to find suitable methods to prove that a general logic program
terminates, when executed using the EK-proof procedure. We first present a
method which applies to the class of Datalog programs, i.e. programs with an
associated finite Herbrand Base, and we prove its soundness and completeness.
In the general case, i.e. for non-Datalog programs, we provide a new method and
two simplifications of it.

3 Preliminaries

We assume that the reader is familiar with the terminology of standard logic
programming, as found in [Apt96]. We recall here the conventions and notations
adopted in the rest of the paper. We consider a fixed language L in which pro-
grams and queries are written. All the results are parametric with respect to L,
provided L is rich enough to contain every symbol of the programs and queries
under consideration. Given the language L, we denote by BL the Herbrand Base
associated with it and by not-BL be the set

not-BL = {not-p(t)|p(t) ∈ BL}.
Then, given a logic program P , the abductive program associated with P is
the program KBP obtained from P by replacing each negative literal ∼ p(t)
by a positive atom not-p(t) ∈ not-BL. Notice that an abductive program is
always a positive (Horn) program over an extended language, obtained from
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L by adding a new predicate symbol not-p, for each predicate symbol p ∈ L.
Atoms of the form not-p(t) will be referred to as abducible atoms, whereas atoms
of the form p(t) will be referred to as ordinary atoms. From now onwards, we
will denote an abductive program simply by KB, whenever the program P is
clear from the context. Moreover, for a definite, normal or abductive program
P , by groundL(P ) we denote the set of ground instances of clauses from P . For
a goal G, by groundL(G) we denote the set of ground instances of G. Finally,
we denote by # the set cardinality operator.

We refer the reader to the literature [Dun95, EK89, KKT93] for a thorough
discussion about the semantics of abductive programs. Here we concentrate only
on computational aspects and in particular on termination properties.

Example 5. Let P be the normal logic program of Example 3. The associated
abductive program KB is

p← not-q.
q ← not-p.

where not-p and not-q are the only abducible atoms.

4 The Eshghi and Kowalski Procedure

In this Section we introduce the formal definition of the EK-proof procedure, as
presented in [Dun95].2 As shown in the examples of Sect. 2 a computation is an
interleaving of abductive and consistency phases. An abductive phase is basically
SLD-resolution. Whenever a ground abducible atom is selected for computation
there are two possible cases:

– the abducible is already a member of the current set of hypotheses: then the
computation proceeds by simply removing the abducible from the current
subgoal;

– the abducible is not in the current set of hypotheses: the abducible is added
to the current set of hypotheses and a consistency phase is fired, in order to
check that the abducible can be safely assumed. If the consistency phase is
successful, the abductive phase proceeds by removing the abducible from the
current goal and with the set of hypotheses resulting from the consistency
phase.

On the other hand, a consistency phase tries to fail all possible ways of proving an
atom, say p(t), in order to make sure that it is consistent to assume not-p(t). The
computation proceeds basically by exploring the whole SLD-tree corresponding
to the goal p(t), looking for failure of all branches. Whenever a ground abducible
atom is selected, there are basically two cases:

2 Dung [Dun95] has shown that the original version of the procedure presented in
[EK89] contained a minor error.
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– the abducible is already a member of the current set of hypotheses: then the
current branch is further explored, if possible, i.e. the abducible is removed
from the current subgoal.

– the abducible is not in the current set of hypotheses: an abductive phase is
fired, in order to check that the converse of the abducible (i.e. p(t) if the
abducible is not-p(t)) can be proved. The success of the nested abductive
phase makes the current branch of the consistency phase successful. The
failure of the nested abductive phase requires to further explore, if possible,
the current branch.

The definition given next formalizes this intuitive understanding of the proce-
dure. In the sequel, we simply say atom to refer to an ordinary or abducible atom.
First, the definition of abductive derivation is given, as a sequence of pairs of the
form (Gi, ∆i) where Gi is a collection of atoms (representing the current subgoal
as in ordinary SLD) and ∆i ⊆ not-BL is the set of the hypotheses collected so
far. Secondly, the definition of consistency derivation is given, as a sequence of
pairs of the form (Fi, ∆i), where Fi is a set of collections of atoms (each collec-
tion representing a node in a different branch of the SLD tree currently under
examination) and, as before, ∆i ⊆ not-BL is the set of the hypotheses collected
so far. The objective of an abductive phase is to look for an abductive derivation
ending up to a pair (2, ∆). If this is the case, the original goal succeeds, ∆ being
the set of hypotheses needed for the success of the computation. The objective
of a consistency phase is to look for a consistency derivation ending up to a pair
(∅, ∆). ∅ represents the fact that all the branches of the SLD tree have been
successfully explored. ∆ is the set of hypotheses needed.

It is important to notice that an abducible is selected, both in the abductive
and in the consistency phases, provided it is ground. This is similar to the be-
havior of SLDNF, where negative literals can be selected only if they are ground.
In the sequel we say that a selection rule3 is safe if it selects an abducible atom
only if it is ground.

Definition 1. Let KB be an abductive program and let R be a safe selection
rule.

An abductive derivation from (G1, ∆1) is a (possibly infinite) sequence

(G1, ∆1), (G2, ∆2), . . . , (Gn, ∆n), . . .

such that, for each i ≥ 1, Gi has the form ← l, l′ where (without loss of gener-
ality) R selects l and l′ is a (possibly empty) collection of atoms, ∆i is a set of
hypotheses (i.e. a subset of neg-BL), and

ab1) if l is an ordinary atom
then Gi+1 = C and ∆i+1 = ∆i

where C is the SLD-resolvent of some clause in KB with Gi on the selected
atom l.

3 Given a goal ← l1, . . . , ln a selection rule simply returns an atom li, for some i,
1 ≤ i ≤ n.
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ab2) if l is an abducible atom and l ∈ ∆i

then Gi+1 = ← l′ and ∆i+1 = ∆i

ab3) if l is an abducible atom(l = not-k) and l �∈ ∆i and there is a consistency
derivation from ({← k}, ∆i ∪ {l}) to (∅, ∆′)

then Gi+1 = ← l′ and ∆i+1 = ∆′.

In the case where the sequence above is finite, we say that it is an abductive
derivation from (G1, ∆1) to (Gn, ∆n). An abductive refutation is an abductive
derivation to a pair (2, ∆′).

A consistency derivation from (F1, ∆1) is a (possibly infinite) sequence

(F1, ∆1), (F2, ∆2), . . . , (Fn, ∆n), . . .

such that, for each i ≥ 1, Fi has the form {← l, l′} ∪ F ′
i where (without loss of

generality) ← l, l′ has been selected (to continue the search), R selects l and

co1) if l is an ordinary atom
then Fi+1 = C′ ∪ F ′

i and ∆i+1 = ∆i

where C′ is the set of all resolvents of clauses in KB with ← l, l′ on the
selected atom l, and 2 �∈ C′.

co2) if l is an abducible atom, l ∈ ∆i and l′ is not empty
then Fi+1 = {← l′} ∪ F ′

i and ∆i+1 = ∆i

co3) if l is an abducible atom (l = not-k) and l �∈ ∆i

then if there is an abductive derivation from (← k,∆i) to (2, ∆′)
then Fi+1 = F ′

i and ∆i+1 = ∆′

else if l′ is not empty
then Fi+1 = {← l′} ∪ F ′

i and ∆i+1 = ∆i

In the case where the sequence above is finite, we say that it is a consistency
derivation from (F1, ∆1) to (Fn, ∆n). 2

Notice that the definition of the EK-proof procedure suffers the same floun-
dering problem as SLDNF, in the case where the selected goal contains only
non-ground abducible atoms.

We have already seen examples showing the behavior of the EK-proof pro-
cedure, and in particular showing that it terminates on some programs where
SLDNF does not terminate. We present here some more examples, in order to
relate the formal definition with the graphical representation used in Sect. 2.

Example 6. Let us consider again the program of Example 2. The associated
abductive program is the following:

p← not-q.
q ← not-r.
r ← not-s.
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The abductive and consistency derivations corresponding to the search space
depicted in Fig.2 are shown next. To help the reader, we write

(S,∆) r−→ (S′, ∆′)

to denote a step of an abductive or consistency derivation by means of rule r of
Def.1.

– Main abductive derivation

(← p, {}) ab1−→ (← not-q, {})
ab3−→

(2, {not-q})
– First consistency derivation

({← q}, {not-q})
co1−→

({← not-r}, {not-q})
co3−→

(∅, {not-q, not-s})
– Nested abductive derivation

(← r, {not-q})
ab1−→

(← not-s, {not-q})
ab3−→

(2, {not-q, not-s})
– Second consistency derivation

({← s}, {not-q, not-s})
co1−→

(∅, {not-q, not-s})
In the next example, we show a program containing function symbols, and

a goal which does not terminate using SLDNF but does so using the EK-proof
procedure.

Example 7. Consider the following program P

p(x)←∼ q(f(x)).
q(f(x))←∼ p(x).

and the associated abductive program

p(x)← not-q(f(x)).
q(f(x))← not-p(x).
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It is easy to see that any ground goal of the form ← p(f(f . . . f(a) . . .)) does not
terminate using SLDNF. Consider one instance of the goal in the corresponding
abductive program, say ← p(f(a)). The abductive and consistency derivations
generated by the goal are the following.

– Main abductive derivation

(← p(f(a)), {})
ab1−→

(← not-q(f(f(a))), {})
ab3−→

(2, {not-q(f(f(a)))})
– Consistency derivation

({← q(f(f(a)))}, {not-q(f(f(a)))})
co1−→

({← not-p(f(a))}, {not-q(f(f(a)))})
co3−→

(∅, {not-q(f(f(a)))})
– Nested abductive derivation

(← p(f(a)), {not-q(f(f(a)))})
ab1−→

(← not-q(f(f(a))), {not-q(f(f(a)))})
ab2−→

(2, {not-q(f(f(a)))})
Notice that the last step of the nested abductive derivation applies rule (ab2),

i.e. it succeeds by exploiting the hypothesis not-q(f(f(a))) already collected in
the current set of hypotheses.

Finally, we show an example where both SLDNF and the EK-proof procedure
do not terminate.

Example 8. Let P be the following program

p(x)←∼ p(f(x)).

and KB the corresponding abductive framework.

p(x)← not-p(f(x)).

The goal ← p(a) does not terminate using SLDNF. The same goal, executed
by the EK-proof procedure with respect to KB, requires infinitely many nested
abductive and consistency derivations, as shown in Fig.5.
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H = {not−p(f(a))}

p(f(a))

not−p(f(f(a)))

not−p(f(f(f(a))))

p(f(f(a)))

p(a)

not−p(f(a))

Fig. 5. A non terminating computation

5 Strong Termination of Logic Programs

The problem of universal termination of a program and a goal w.r.t. a set of
admissible selection rules consists of showing that every derivation for them via
any of the admissible selection rule is finite. Early approaches to the termination
problem in logic programming treated universal termination w.r.t. all selection
rules, called strong termination. We extend this notion to abductive programs
and goals.

Definition 2. A normal logic program P and goal G strongly terminate if every
SLDNF-derivation of P and G is finite.

An abductive program KB and goal G strongly terminate if every abduc-
tive/consistency derivation reachable from (G, ∅) is finite. ��

A largely acknowledged characterization of strong termination for definite logic
programs and goals was proposed by Bezem in [Bez89], introducing the class
of recurrent programs. The characterization relies on the basic notions of level
mappings and ground instances of program clauses.

Definition 3. A level mapping is a function | |: BL → IN of ground atoms to
natural numbers. | A | is called the level of A. ��

Intuitively, a program is recurrent if for every ground instance of a clause, the
level of the body atoms is smaller than the level of the head.
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Example 9. Consider the common logic program defining a predicate list(x)
which recognizes when x is a list.

list([]).
list([x|xs])← list(xs).

Level mappings are used to measure the “size” of a ground atom (and also
of a goal) and show that this size decreases along a derivation, hence showing
termination. Intuitively, the “size” of list could be defined as the list-length of
its argument, i.e. for x ground term we define |list(x)| = llen(x), where:

llen([x|xs]) = llen(xs) + 1,
llen(f(x1, . . ., xn)) = 0 if f �= [ . | . ].

Note that for a ground list xs, llen(xs) is the length of xs.

Definition 4. Let | | be a level mapping.

– A definite program P is recurrent by | | iff for every A← B1 , . . . , Bn ∈
groundL(P ) , for i ∈ [1, n] |A| > |Bi|.

– P is recurrent if it is recurrent by some | |.
– A goal G is recurrent by | | iff there exists k ∈ IN such that for every
←B1 , . . . , Bn ∈ groundL(G) , for i ∈ [1, n] k > |Bi|. ��

It is readily checked that the program of Example 9 is recurrent by the level
mapping defined there.

We summarize the main termination properties of recurrent programs in the
following Theorem (see [Bez89] for a proof).

Theorem 1. Let P be a definite logic program and G a goal.
If P and G are both recurrent by some | | then they strongly terminate.
Conversely, if P and every ground goal strongly terminate, then P is recur-

rent by some | |. If in addition P and G strongly terminate, then P and G are
both recurrent by | |. ��

Apt and Bezem [AB91] extended the method to normal logic programs and
SLDNF-resolution. By introducing the notion of acyclicity, a level mapping | |
is extended to literals by defining | ∼ A| = |A| for a ground atom A.

Definition 5. Let | | be a level mapping.

– A normal program P is acyclic by | | iff for every A← L1 , . . . , Ln ∈
groundL(P ) , for i ∈ [1, n] |A| > |Li|.

– P is acyclic if it is acyclic by some | |.
– A goal G is acyclic by | | iff there exists k ∈ IN such that for every
← L1 , . . . , Ln ∈ groundL(G) , for i ∈ [1, n] k > |Li|. ��
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The proof obligations of acyclicity are a direct extension of those of recurrency.
Apt and Bezem [AB91] showed termination soundness and a restricted form of
completeness.

Theorem 2. Let P be a normal program and G a goal.
If P and G are both acyclic by some | | then they strongly terminate.
Conversely, if P and every ground goal strongly terminate and do not floun-

der, then P is acyclic by some | |. If in addition P and G strongly terminate and
do not flounder, then P and G are both acyclic by | |. ��

Example 10. Consider again Example 3. The program cannot be acyclic since
the proof obligation would require for some level mapping | | that:

|p| > | ∼ q| = |q| > | ∼ p| = |p|,

which is impossible. With an analogous reasoning, we can conclude that the
programs of Examples 4 and 7 are not acyclic.

6 A Simple Termination Characterization for Datalog
Programs

In this section, we introduce a simple termination characterization of abductive
programs under the assumption that BL is finite, namely that the underlying
language does not contain function symbols. Such a class of programs is often
referred to as the class of Datalog programs, and it is of interest, e.g. in the
deductive databases area.

Consider again Examples 3 and 4. A distinctive feature of the EK-proof proce-
dure is that at each nested consistency derivation, the set of abduced hypotheses
strictly increases. Since such a set is a subset of BL, which is finite, this fea-
ture implies that there cannot be infinitely many nested consistency/abductive
derivations. Strong termination reduces then to show that each of the nested con-
sistency/abductive derivations is finite. The key observation is that finiteness of
those derivations depends only on ordinary atoms.

Definition 6. Let KB be an abductive program. We define KBpos as the defi-
nite program obtained by removing all the abducible atoms in KB. Given a goal
G, Gpos is defined similarly. ��

As an example, let KB be the program from Example 3. We have that KBpos

consists of two unit clauses:

p.
q.

In order to show termination for ordinary atoms, we can adapt recurrency to
abductive programs.
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Definition 7 (EK-recurrency). Let | | be a level mapping.

– An abductive program KB is EK-recurrent by | | iff KBpos is recurrent by
| |.

– KB is EK-recurrent if it is EK-recurrent by some | |.
– A goal G is EK-recurrent by | | iff the goal Gpos is recurrent by | |. ��

Intuitively, an abductive program KB is EK-recurrent if its “ordinary part”
KBpos is recurrent in the sense of Definition 4. Under the assumption that
BL is finite, EK-recurrency is a sound and complete characterization of strong
termination of abductive programs and goals.

Theorem 3. Let KB be an abductive program and G a goal.

(i) If BL is finite, and KB and G are both EK-recurrent by some | | then they
strongly terminate.

(ii) Conversely, if KB and every ground goal strongly terminate, then KB is
EK-recurrent by some | |. If in addition KB and G strongly terminate, then
KB and G are both EK-recurrent by | |. ��

Proof.

(i). We will show in Theorem 4 a termination soundness result for a class
of abductive programs and goals called EK-acyclic. Under the assumption that
BL is finite, EK-recurrent programs and goals are also EK-acyclic, as shown in
Lemma 3.

(ii). Consider an SLD-derivation ξ of KBpos and a ground goal Gpos1 . We
observe that ξ can be mapped into an abductive derivation for KB and G1 by
adopting a (safe) selection rule that selects ordinary atoms in a goal, unless all
atoms are abducible. Since KB and Gpos1 strongly terminate, KBpos and Gpos1

strongly terminate (as definite programs). By Theorem 1, KBpos is recurrent
by some | |, which implies KB is EK-recurrent by | |. By following the same
reasoning, we conclude that also G is EK-recurrent by | |. ��

Example 11. The program KB of Example 3 is EK-recurrent by any level map-
ping | |, since KBpos is readily checked to be recurrent. Also, the goal ← p is
EK-recurrent by | |. Therefore, we conclude that KB and ← p strongly termi-
nate.

Analogously, the two-person game program of Example 4 and a goal
← win(x) strongly terminate. In fact, the “ordinary part” of the program
is win(x) ← move(x, y), which is readily checked to be recurrent, e.g. by
|win(t)| = 1, |move(s, t)| = 0.

Notice that part (ii) of the theorem holds also for non-Datalog programs,
namely EK-recurrent programs include abductive programs that strongly termi-
nate for every ground goal. However, such an inclusion is strict.

Example 12. The abductive program of Example 8 is readily checked EK-
recurrent, but, as shown in that example, it and the ground goal ← p(a) do
not strongly terminate.
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7 A General Termination Characterization

In this section, we introduce a sound characterization of strongly terminating
abductive programs and goals, which does not require the hypothesis that BL
is finite. Such a general characterization, called EK-acyclicity, is then simpli-
fied into the notion of Simply EK-acyclicity, which turns out to strictly include
acyclicity in the sense of Bezem. As a result, we have that termination of a nor-
mal program w.r.t. SLDNF implies termination w.r.t. the EK-proof procedure.

7.1 EK-acyclic Abductive Programs

First of all, let us extend the definition of level mappings in order to take into
account sets of abductive hypotheses.

Definition 8 (Extended level mappings). An extended level mapping is a
function | | : BL × 2neg-BL → IN from ground atoms and sets of hypotheses to
natural numbers such that:

∀A ∀ ∆⊆∆′ |A,∆| ≥ |A,∆′|.

For a pair (A,∆), we say that |A,∆| is the level of (A,∆). ��

Intuitively, the requirement that extended level mappings do not increase when
the set of abductive hypotheses increases (i.e. anti-monotonicity) is the declara-
tive counterpart that termination is antimonotonic w.r.t. the set of hypotheses.

We are now in the position to introduce our general characterization, called
EK-acyclicity. It exploits two extended level mappings | |+ and | |−.
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Fig. 6. EK-acyclicity: decrease of | |+ and | |− over the axis of the search space



Negation as Failure through Abduction: Reasoning about Termination 257

Proof obligations on | |+ require a decrease from the head to ordinary atoms
of clauses. These correspond to the proof obligations of EK-recurrency, and they
are needed to prove finiteness of each abductive/consistency derivation of the
EK-proof procedure.

Proof obligations on | |− require a decrease from the head to abducible atoms
of clauses. These are needed to prove that there are finitely many nested abduc-
tive/consisteny derivations (this is always true when BL is finite). Since abduc-
tive and consistency derivations are interleaved, the decrease can be required only
when starting one of them, while a non-increasing requirement can be assumed
for the other. We assume a decrease when starting a consistency derivation.
Finally, | |− is required not to increase on ordinary atoms.

Figure 6 depicts how proof obligations on | |+ and | |− models the de-
crease along two axis: | |+ imposes finiteness of a single abductive/consistency
derivation; | |− imposes finiteness of the number of nested abductive/consistency
derivations.

Definition 9 (EK-acyclicity). An abductive program KB is EK-acyclic
by two extended level mappings | |+ and | |− iff for every ∆⊆ not-BL,
A← L1 , . . . , Ln ∈ groundL(KB) , for i ∈ [1, n]:

ac1) if Li = B then
(i) |A,∆|+ > |B,∆|+,
(ii) |A,∆|− ≥ |B,∆|−;

ac2) if Li = not-B and Li �∈ ∆, then
(i) |A,∆|− > |B,∆ ∪ {Li}|−,
(ii) |A,∆|− ≥ |B,∆|−.

A goal G is EK-acyclic by | |+ and | |− iff there exists k ∈ IN such that for every
← L1 , . . . , Ln ∈ groundL(G) , for i ∈ [1, n]:

gc1) if Li = B then k > |B, ∅|+ and k > |B, ∅|−;
gc2) if Li = not-B then k > |B, ∅|−. ��

Proving that a program belongs to the class of the EK-acyclic programs is
the proposed termination method. The following result states the soundness of
this method.

Theorem 4. Let KB be an abductive program and G a goal.
If KB and G are both EK-acyclic by some | |+ and | |−, then they strongly

terminate.

Proof. See Appendix A. ��

We give next an example of a non-Datalog program P which is not acyclic,
but such that the corresponding abductive program is EK-acyclic (part of the
example is a reformulation of a well-known example by Reiter [Rei80]).
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Example 13. Let KB be the following abductive program:4

friends([]).
friends([x]).
friends([x, y|xs]) ← support same(x, y), friends([y|xs]).
support same(x, y)← support(x, z), support(y, z).
support(x, peace) ← quaker(x), not-support(x, fight).
support(x, fight) ← republican(x), not-support(x, peace).
quaker(john).
republican(john).
quaker(karl).
republican(mary).
quaker(paul).

Intuitively, if a person is either republican or quaker, but not both, she/he
(normally) supports fighting or peace, respectively. The question is what hap-
pens to a person, say s, who is both republican and quaker. Computationally,
in this case the goals ← support(s, peace) and support(s, fight) both succeed,
the former by assuming not-support(s, fight) (corresponding to the assumption
that the person is not abnormal as far as being religious is concerned), and the
second by assuming not-support(s, peace) (corresponding to the assumption that
the person is not abnormal as far as being republican is concerned). The other
definitions in the program above are self-explanatory.

It is easy to see that a goal of the form friends(xs), xs being a ground list
of persons, does not terminate using SLDNF in the logic program corresponding
to KB. Let us show that KB is EK-acyclic by the level mappings | |+ and
| |−, defined next. In the definitions of the level mappings, we use the list-
length function llen, as defined in Example 9. Moreover, we use the common int
function which given a boolean expression b, returns 1 if b is true and 0 if b is
false. Finally, let

∆̃(s) = {not-support(s, t)| t ∈ {peace, fight}}.

The level mappings are defined as follows:

|friends(l), ∆|+ = llen(l) + 1 |support same(s, t), ∆|+ = 2
|support(s, t), ∆|+ = 1 |quaker(s), ∆|+ = 0
|republican(s), ∆|+ = 0 |support(s, t), ∆|− = #(∆̃(s) \∆)
|friends(l), ∆|− = 2 |support same(s, t), ∆|− = 2
|quaker(s), ∆|− = 0 |republican(s), ∆|− = 0

Notice that there are no proof obligations as far as unit clauses are concerned.
The proof obligations ac1(i) of Def. 9 are trivially satisfied, for each non unit
clause. Similarly, the proof obligations ac1(ii) and ac2 of Def. 9 are trivially
satisfied as far as the first two non unit clauses are concerned. Indeed, notice
that, for each ∆ and ground terms s, t, |support(s, t), ∆|− ≤ 2.

4 We use the standard Prolog-like syntax for lists.
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Let us consider a ground instance of the third non unit clause
support(s, peace)← quaker(s), not-support(s, fight).

Let ∆ be a set of hypotheses such that not-support(s, fight) �∈ ∆. We calculate:

|support(s, peace), ∆|−
=

#(∆̃(s) \∆)
>

#(∆̃(s) \ (∆ ∪ {not-support(s, fight)}))
=
|support(s, fight), ∆ ∪ {not-support(s, fight)}|−.

Hence, the proof obligation ac2(i) of Def. 9 is satisfied.
Moreover, |support(s, peace), ∆|− = |support(s, fight), ∆|−, hence also the

proof obligation ac2(ii) of Def. 9 is satisfied.
By totally symmetric arguments, we can prove that the same proof obliga-

tions are satisfied as far as the last non unit clause is concerned.

7.2 Simply EK-acyclic Abductive Programs

While acyclicity (in the sense of Apt and Bezem) requires a single level mapping,
proving EK-acyclicity requires two (extended) level mappings. It is then natural
to simplify the notion of EK-acyclicity by identifying | |+ and | |−.

Definition 10 (Simple EK-acyclicity). An abductive program KB is sim-
ply EK-acyclic by an extended level mapping | | if for every ∆⊆ not-BL,
A← L1 , . . . , Ln ∈ groundL(KB) , for i ∈ [1, n]:

sac1) if Li = B then |A,∆| > |B,∆|;
sac2) if Li = not-B and Li �∈ ∆i, then

(i) |A,∆| > |B,∆ ∪ {Li}|,
(ii) |A,∆| ≥ |B,∆|.

A goal G is simply EK-acyclic by | | iff there exists k ∈ IN such that for every
← L1 , . . . , Ln ∈ groundL(G) , for i ∈ [1, n]:

sgc1) if Li = B then k > |B, ∅|;
sgc2) if Li = not-B then k > |B, ∅|. ��

Since simply EK-acyclicity is obtained as an instantiation of EK-acyclicity, it
inherits the termination soundness property.

Lemma 1. Let KB be an abductive program and G a goal.
If KB and G are both simply EK-acyclic by some | |, then they are EK-

acyclic by | | and | |, and then they strongly terminate. ��
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Finally, it is natural to ask ourselves whether EK-acyclicity and simple EK-
acyclicity coincide. The answer is negative. EK-acyclicity strictly extends acyclic-
ity.

Example 14. Let KB be the following abductive program:

p← r.
r ← not-p.

It is easy to see that KB is EK-recurrent, since KBpos is obviously recurrent.
As we will see next, in the case of Datalog programs, the classes of EK-recurrent
and EK-acyclic programs coincide. Therefore, KB is EK-acyclic.

However, KB is not simply EK-acyclic. Assume the contrary, and let ∆ ⊆
not-BL such that not-p �∈ ∆. We have:

(1) by the first clause and condition sac1:

|p,∆| > |r,∆|.
(2) by the second clause and condition sac2 (ii):

|r,∆| ≥ |p,∆|.
Obviously, (1) and (2) give a contradiction.

7.3 Acyclic Abductive Programs

As an instantiation of simply EK-acyclicity, we observe that an extended level
mapping such that |A,∆| depends only on A turns out to be a level mapping.
Under such an assumption, simply EK-acyclicity boils down to acyclicity in the
sense of Apt and Bezem (modulo renaming of negative atoms into abducible
ones).

Definition 11 (Acyclicity). An abductive program KB is acyclic by a level
mapping | | if for every A← L1 , . . . , Ln ∈ groundL(KB) , for i ∈ [1, n]:

aac1) if Li = B then |A| > |B|;
aac2) if Li = not-B then |A| > |B|.

A goal G is acyclic by | | iff there exists k ∈ IN such that for every
← L1 , . . . , Ln ∈ groundL(G) , for i ∈ [1, n]:

agc1) if Li = B then k > |B|;
agc2) if Li = not-B then k > |B|. ��

The following Lemma states that acyclicity implies EK-acyclicity.

Lemma 2. Let KB be an abductive program and G a goal.
If KB and G are both acyclic by a level mapping | | then they are both simply

EK-acyclic by some extended level mapping | |′, and then they strongly terminate.
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Proof. By considering |A,∆|′ = |A|, the proof obligations of Definition 10 are
trivially satisfied. By Lemma 1, KB and G are EK-acyclic and then they strongly
terminate. ��

It is immediate to observe that simply EK-acyclicity strictly extends acyclicity,
as the following example shows.

Example 15. The simple program:

p← not-p.

is readily checked to be simple EK-acyclic by defining |p,∆| = 1 if not-p �∈ ∆,
and |p,∆| = 0 otherwise. However, the same program is not acyclic, since the
proof obligations require |p| > |p| for some level mapping | |.

As a consequence of Lemma 2, we obtain a formalized account of the fact
that the abductive procedure terminates more often than SLDNF.

Corollary 1. Let KBP be an abductive program associated with a normal pro-
gram P . Let also GP be the goal associated with a normal goal G.

If P and every ground goal strongly terminate and do not flounder, and
P and G strongly terminate and do not flounder, then KBP and GP strongly
terminate.

Proof. By Theorem 2, P and G are both acyclic by some level mapping | |. By
Lemma 2, KBP and GP strongly terminate. ��

7.4 EK-recurrent Abductive Programs

Finally, let us relate EK-acyclic programs with EK-recurrent programs. As an
immediate observation, EK-acyclicity implies EK-recurrency. When BL is finite,
the converse is also true.

Lemma 3. Assume that BL is finite. Let KB be an abductive program and G
a goal.

If KB and G are both EK-recurrent by a level mapping | | then they are both
EK-acyclic by some | |+ and | |−.

Proof. See Appendix A. ��

The reason of such a dramatic simplification lies in the fact that when BL is
finite, then | |− is naturally defined as the set of abducible atoms that may still
be abduced. Such a set is finite and decreasing along the computation of the
EK-proof procedure.

Summarizing, when BL is finite, EK-recurrency and EK-acyclicity coincide.
However, they still stricly include simply EK-acyclicity. The program of Exam-
ple 14 is defined on BL finite: it is EK-recurrent, and then EK-acyclic, but it is
not simply EK-acyclic.
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7.5 A Hierarchy of Characterizations

Figure 7 summarizes the hierarchy of the classes of abductive programs discussed
in this paper (the meaning of the dashed line will be explained below.) By
strongly terminating we mean abductive programs P such that P and any ground
goal strongly terminate.

Acyclic Simply
EK−Acyclic

EK−Acyclic

= Strongly
Terminating

Acyclic Simply
EK−Acyclic

EK−Acyclic

Strongly
Terminating

= EK−Recurrent

EK_Recurrent

Fig. 7. A hierarchy of characterization: BL finite (top) and infinite (bottom).

When BL is finite (top of figure 7), the classes of EK-acyclic programs,
strongly terminating programs and EK-recurrent programs coincide (Theorem 3
and Lemma 3). Moreover, they strictly include simply EK-acyclic programs (Ex-
ample 14), which in turn strictly include acyclic ones (Example 15).

When BL is infinite (bottom of figure 7), we have as before that EK-acyclic
programs strictly include simply EK-acyclic programs (just add a clause q(f(x))
to Example 14), which again strictly include acyclic ones. Also, we have that
EK-recurrent programs include strongly terminating ones (Theorem 3). Such
an inclusion is strict (Example 12). Finally, by Theorem 4, strongly terminat-
ing programs include EK-acyclic programs. However, these two classes do not
coincide.

Example 16. Let KB be the following abductive program:
p(x) ← q(x, y), not-p(y).
q(a, f(a)).

KB and the goal ← p(a) strongly terminate. However, the program is not EK-
acyclic by any | |+ and | |−. Assume the contrary. By Def. 9 ac2(i), we have for
every n ≥ 0:

|p(a), ∅|− > |p(f(a)), {not-p(f(a))}|− > . . . > |p(fn(a)), ∪ i=1..n{not-p(f i(a))}|−.
This is impossible since |p(a), ∅|− ∈ IN.
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We observe that a similar incompleteness problem is exhibited by acyclicity
for normal logic programs. In fact, the normal program P corresponding to KB
and the goal ← p(a) strongly terminate (w.r.t. SLDNF), but P is not acyclic
either.

In both cases, the reason of such an incompleteness problem is floundering.
On the one side, floundering prevents the operational semantics (SLDNF or EK-
proof procedure) from possible non-termination (e.g., in the example above one
could always select the abducible non ground atom not-p(y) and loop indefi-
nitely.) On the other side, however, floundering is not taken into account from
proof obligations. Moreover, since proof obligations do not take into account safe
vs non-safe selection rules, floundering must be avoided both for safe and non-
safe selection rules. In fact, the termination completeness result (Theorem 2) of
Apt and Bezem [AB91] requires that no SLDNF-derivation of P and G floun-
ders. Therefore, we conjecture that a completeness result extending Theorem 2
can be stated only under the further assumption that no abductive/consistency
flounders for the program and the goal at hand. This is the reason why, in Fig.
7 (bottom), the circle of strongly terminating programs is dashed.

Another way to reason about the program above, is to consider the leftmost
selection rule. In this case, a proof method could exploit the information provided
by the atom to the left of not-p(y), namely y = f(a), thus preventing both
floundering and non-termination.

8 Conclusion and Future Work

We studied in this paper the termination properties of the abductive interpre-
tation of negation as failure, in order to provide a formal understanding of the
fact that such an abductive procedure terminates more often than the usual
SLDNF procedure, and to provide a proof method to reason about termination
of abductive programs.

The proof method consists in proving that a program belongs to one of the
classes of EK-acyclic, simply EK-acyclic, acyclic, and EK-recurrent programs.
These classes are defined declaratively by proof obligations that do not refer
to the operational semantics of a program, but rather to the structure of the
program itself. The automation of the method is outside the scope of this pa-
per. However, automatic methods have been proposed in the literature for the
automatic generation of level mappings, as well as the automatic check of proof
obligations, in the case of normal logic programs and of the SLDNF proof pro-
cedure [LS97, DDV99, MN01]. We are confident that this automation can be
readily applied also to our methods.

In the case of programs over a finite universe, a win-win situation occurs:
a dramatically simple method for proving termination of abductive program is
both sound and complete, in the sense that it captures all and only the (strongly)
terminating abductive programs. The simplicity of the method is due to the fact
that a single level mapping (termination function) is needed, which deals only
with the ordinary (non-abducible) literals.
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In the case of programs over an infinite universe the picture gets more in-
volved. First, two separate level mappings are needed, to take into account two
distinct dimensions: the depth of the trees and the number of the subsidiary
trees. Simplifications of this scheme, such as collapsing the two level mappings
into one, are possible, but lead to less powerful proof methods. Second, the proof
method is sound, but not complete, due to the possibility of floundering, which,
as pointed out in Example 15, prevents a general completeness result as in the
case of finite universes. We believe that such a result can be obtained by re-
stricting our attention to non-floundering programs and goals, as in the case of
acyclic programs with respect to SLDNF [AB91].

Besides completeness, there are a few more questions that are worth further
research.

– The notion of recurrent/acyclic programs was extended in [AP93] to that of
acceptable programs, in order to prove termination of a larger class of logic
programs, namely the left-terminating programs: those programs which ter-
minate using (Prolog’s) left-most selection rule. This class is much larger
than the class of strong-terminating programs, which are expected to termi-
nate with every selection rule. It would be interesting to extend the notions
above to abductive programs, and devise a method for the left-most abduc-
tive procedure.

– In the same paper [AP93], terminating programs are also studied from a
declarative semantics point of view. For instance, (normal) acceptable pro-
grams exhibit the property that their completion (iff version) has a unique
Herbrand model, or equivalently their associated TP mapping has a unique
fixpoint. It would be interesting to study if and how analogous properties
may extend to terminating abductive programs, which exhibit a multiplicity
of minimal (partial) stable models.

– In the case of the simply EK-acyclic programs, it would be interesting to see
whether a meaningful operational (or declarative) semantics exists, which is
characterized by this intermediate class of programs.
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A Proofs

A.1 Preliminaries

Function max(). In the following, we assume that the function max : 2ω→ IN
is defined as follows:

max S =




0 if S = ∅,
n if S is finite and non-empty, and n is the maximum of S,
∞ if S is infinite.

Then max S <∞ iff the set S is finite.

Lexicographic ordering. We recall that the lexicographic ordering on pairs of
natural numbers can be defined as follows. We say that 〈a1, a2〉 >lex 〈b1, b2〉 if
a1 > b1 or (a1 = b1 and a2 > b2). We write 〈a1, a2〉 ≥lex 〈b1, b2〉 if 〈a1, a2〉 >lex
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〈b1, b2〉 or 〈a1, a2〉 = 〈b1, b2〉. Finally, let us recall that the lexicographic ordering
on tuples of natural numbers is well-founded.

Multiset ordering. Moreover, we will use the finite multiset ordering. A multi-
set on W is an unordered sequence of elements from W . We denote a multiset of
elements a1 , . . . , an by bag(a1 , . . . , an ). If W is associated with an irreflexive
ordering >, we define the ordering �m on the finite multisets induced by > as
the transitive closure of the relation

Y � X iff X = Y − {a} ∪ Z for a ∈ Y and Z such that a > b for every b ∈ Z,

where X,Y, Z are finite multisets of elements from W . A well-known result (cfr.,
[Der87]) shows that if (W,<) is a well-founded ordering, then the corresponding
multiset ordering is well-founded as well. Finally, the multiset union is defined
as follows: bag(a1 , . . . , an ) ∪ bag(b1 , . . . , bm ) = bag(a1, . . . , an, b1, . . . , bm).

A.2 Termination Soundness of EK-acyclicity

By S we denote the set { abd, con }. Intuitively, we will use the symbol abd
to denote abductive derivations and con to denote consistency derivations. We
define the functions is abd() and is con() on S as follows: is abd( abd ) =
is con(con) = 1, is abd( con ) = is con( abd ) = 0.

We associate a finite multiset over pairs of natural numbers to states of ab-
ductive or consistency derivations, here modelled respectively as triples (G,∆, s)
and pairs (F,∆), where G is a goal, ∆ a set of hypotheses, s ∈ S and F a set of
goals.

Definition 12. Consider an atom l, a set of hypotheses ∆, two extended level
mappings | |+ and | |−, and s ∈ S. We define

bo1) if l is an ordinary atom

|l,∆, s|+− = 〈 max{2 · |l′, ∆|− + is con(s) : l′ ∈ groundL(l) },
max{|l′, ∆|+ : l′ ∈ groundL(l) } 〉.

bo2) if l is an abducible atom
if s = abd

|l,∆, s|+− = 〈 max{2 · |l′, ∆ ∪ {neg-l′}|− + 1 : neg-l′ ∈ groundL(l) \∆},
max{|l′, ∆ ∪ {neg-l′}|+ + 1 : l′ ∈ groundL(l) } 〉,

if s = con

|l,∆, s|+− = 〈 max{2 · |l′, ∆|− : neg-l′ ∈ groundL(l) \∆},
max{|l′, ∆|+ + 1 : l′ ∈ groundL(l) } 〉.
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Now, consider a goal G = ← L1, . . ., Ln. The triple (G,∆, s) is called bounded
by | |+− if ∞ is not an element of the pair |Li, ∆, s|+− for every i ∈ [1, n].

For (G,∆, s) bounded, we define the multiset ‖G,∆, s‖ of pairs of natural
numbers as follows:

‖G,∆, s‖ = bag (|L1, ∆, s|+−, . . ., |Ln, ∆, s|+−).

We say that a pair (F,∆), where F is a finite set of goals, is bounded by | |+− iff
every (G,∆, con) with G ∈ F is bounded by | |+−. In such a case, we define:

‖ F,∆ ‖ =
⋃
G∈F
‖G,∆, con‖.

��

We state a simple fact.

Lemma 4. A goal G is EK-acyclic by | |+ and | |− iff (G, ∅,abd) is bounded
by | |+−. ��

We prove a simple lemma.

Lemma 5. Consider an abductive/consistency derivation

(G1, ∆1), (G2, ∆2), . . . , (Gn, ∆n) . . .

Then ∆1 ⊆∆2 ⊆ . . . ⊆∆n . . . ��

Lemma 6. Let KB be a program EK-acyclic by | |+ and | |−, and assume that
(G,∆, s) is bounded by | |+−. Let G′ be an SLD-resolvent of G and a clause from
KB. Then (G′, ∆, s) is bounded by | |+−, and

‖G,∆, s‖ �m ‖G′, ∆, s‖.

Proof. Assume that G has the form ← l, ln+1, . . . , lm where (without loss of
generality) the ordinary atom l is selected and m ≥ n. Let C = h← l1 , . . . , ln be
the renamed-apart selected clause, and θ = mgu(h, l). Then the SLD-resolvent
is: G′ = ← (l1 , . . . , ln , . . . , lm)θ. We observe that:

(1) by Def. 12, (Gθ,∆, s) is bounded by | |+− and

‖G,∆, s‖ �m ‖Gθ,∆, s‖.

(2) Since KB is EK-acyclic, for every ground instance of Cθ, ac1 and ac2 hold.
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(3) Let i ∈ [1, n]. If li is an ordinary atom, then:

max{|l′, ∆|+ : l′ ∈ groundL(lθ) }
> { ac1(i) }

max{|l′i, ∆|+ : l′i ∈ groundL(liθ) }

max{2 · |l′, ∆|− + is con(s) : l′ ∈ groundL(lθ) }
≥ { ac1(ii) }

max{2 · |l′i, ∆|− + is con(s) : l′i ∈ groundL(liθ) }

which imply: |lθ,∆, s|+− >lex |liθ,∆, s|+−. If li is an abducible atom, then

max{2 · |l′, ∆|− + 0 : l′ ∈ groundL(lθ) }
> { ac2(i) }

max{2 · |l′i, ∆ ∪ {neg-l′i}|− + 1 : neg-l′i ∈ groundL(liθ) \∆}

max{2 · |l′, ∆|− + 1 : l′ ∈ groundL(lθ) }
> { ac2(ii) }

max{2 · |l′i, ∆|− : l′i ∈ groundL(liθ) \∆}.

The first inequality covers the case: |lθ,∆, abd|+− >lex |liθ,∆, abd|+−. The
second one covers: |lθ,∆, con|+− >lex |liθ,∆, con|+−.

Summarizing:

‖G,∆, s‖
�m { (1) }
= ‖Gθ,∆, s‖
= bag ( |lθ,∆, s|+−, |ln+1θ,∆, s|+−, . . ., |lmθ,∆, s|+−)
�m { (3) }
= bag ( |l1θ,∆, s|+−, . . ., |lmθ,∆, s|+−)
= ‖G′, ∆, s‖.

��

Lemma 7. Let KB be a program EK-acyclic by | |+ and | |−, and

(G1, ∆1), . . . , (Gi, ∆i), (Gi+1, ∆i+1) . . .

an abductive derivation.
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If (Gi, ∆i,abd) is bounded by | |+− then (Gi+1, ∆i+1,abd) is bounded by | |+− and

‖Gi, ∆i,abd‖ �m ‖Gi+1, ∆i+1,abd‖.

Moreover, if, for some i, step ab3 of the abductive procedure applies, and a
consistency derivation is started from ({← k}, ∆i ∪ {neg-k}), then

‖Gi, ∆i,abd‖ �m ‖{← k}, ∆i ∪ {neg-k}‖.

Proof. Assume that Gi has the form ← l, l where (without loss of generality) l
is selected and l is a (possibly empty) sequence of atoms. We distinguish three
cases:

ab1) if l is an ordinary atom, then the conclusion follows from Lemma 6.
ab2) if l is an abducible atom and l ∈ ∆i, then:

‖Gi, ∆i,abd‖ = ‖(← l, l), ∆i,abd‖
�m { Def. 12 }
‖(← l), ∆i,abd‖

= { Abductive Procedure ab2 }
‖Gi+1, ∆i+1,abd‖,

ab3) if l is a (ground) abducible atom (l = not-k) and l �∈ ∆i and there is a
consistency derivation from ({← k}, ∆i ∪ {l}) to (∅, ∆′), then

‖Gi, ∆i,abd‖ = ‖(← l, l), ∆i,abd‖
�m { Def. 12 }
‖← l, ∆i,abd‖

�m { ∆i ⊆∆′ (Lemma 5) and Def. 8 }
‖← l, ∆′,abd‖

= { Abductive Procedure ab3 }
‖Gi+1, ∆i+1,abd‖.

Moreover, we calculate:

‖Gi, ∆i,abd‖ = ‖← l, l, ∆i,abd‖
�m { Def. 12 }
‖← l,∆i,abd‖

= { Def. 12 }
bag(〈2 · |k,∆i ∪ {l}|− + 1, |k,∆i ∪ {l}|+ + 1〉)

�m { Def. 12 }
‖← k,∆i ∪ {l}, con‖ = ‖{← k}, ∆i ∪ {l}‖.

��
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Lemma 8. Let KB be a program EK-acyclic by | |+ and | |−, and

(F1, ∆1), . . . , (Fi, ∆i), (Fi+1, ∆i+1) . . .

a consistency derivation .
If (Fi, ∆i) is bounded by | |+− then (Fi+1, ∆i+1) is bounded by | |+− and

‖Fi, ∆i‖ �m ‖Fi+1, ∆i+1‖.
Moreover, if, for some i, step co3 of the abductive procedure applies, and an

abductive refutation is started from (← k,∆i), then

‖Fi, ∆i‖ �m ‖← k,∆i,abd‖.
Proof. Assume that Fi has the form {← l, l} ∪ F ′

i where (without loss of gener-
ality) the clause ← l, l has been selected (to continue the search), and l is the
selected atom:

co1) if l is an ordinary atom, then for C′ set of SLD-resolvents of KB and
← l, l:

‖Fi, ∆i‖ = ‖{← l, l} ∪ F ′
i , ∆i‖

= ‖{← l, l}, ∆i, con‖ ∪
⋃
G∈F ′

i

‖G,∆i, con‖

�m { Lemma 6 and KB finite set }⋃
G∈C′

‖G,∆i, con‖ ∪
⋃
G∈F ′

i

‖G,∆i, con‖

= ‖C′ ∪ F ′
i , ∆i‖

= { Abductive Procedure co1 }
‖Fi+1, ∆i+1‖, .

co2) if l is an abducible atom, l ∈ ∆i and l is not empty:

‖Fi, ∆i‖ = ‖{← l, l} ∪ F ′
i , ∆i‖

�m { Def. 12 }
‖{← l} ∪ F ′

i , ∆i‖
= { Abductive Procedure co2 }
‖Fi+1, ∆i+1‖,

co3) if l is a (ground) abducible atom (l = not-k) and l �∈ ∆i, then:
– if there is an abductive derivation from (← k,∆i) to (2, ∆′), then:

‖Fi, ∆i‖ = ‖{← l, l} ∪ F ′
i , ∆i‖

�m { ∆i ⊆∆′ (Lemma 5) and Def. 8 }
‖{← l, l} ∪ F ′

i , ∆
′‖
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�m { Def. 12 }
‖F ′

i , ∆
′‖

= { Abductive Procedure co3 }
‖Fi+1, ∆i+1‖.

Moreover, we calculate:

‖Fi, ∆i‖ = ‖{← l, l} ∪ F ′
i , ∆i‖

�m { Def. 12 }
‖{← l}, ∆i‖

= { Def. 12 }
bag(〈2 · |k,∆i|−, |k,∆i|+ + 1〉)

�m { Def. 12 }
‖← k,∆i,abd‖

– else if l is not empty

‖Fi, ∆i‖ = ‖{← l, l} ∪ F ′
i , ∆i‖

�m { Def. 12 }
‖{← l} ∪ F ′

i , ∆i‖
= { Abductive Procedure co3 }
‖Fi+1, ∆i+1‖.

��

Theorem 4

Proof. Since G is EK-acyclic by | |+ and | |−, then by Lemma 4 (G, ∅,abd) is
bounded by | |+−.

The EK-procedure is non-deterministic. By Lemmata 7 and 8, each non-
deterministic choice of the EK-procedure yields a goal/set of goals whose asso-
ciated multiset decreases according to the �m well-founded ordering. There-
fore, the EK-procedure cannot have an infinite computation when the non-
deterministic choices are never retracted. Since at each non-deterministic choice
there are finitely many alternatives (because KB is finite), by König’s Lemma,
also when the non-deterministic choices may be retracted the EK-procedure can-
not have an infinite computation. ��
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A.3 EK-recurrency Implies EK-acyclicity

Lemma 3

Proof. Consider the extended level mappings:

|A,∆|+ = |A|
|A,∆|− = #(BL \∆).

Let us show the proof obligations of EK-acyclicity for KB. Consider ∆⊆ neg-BL,
A← L1 , . . . , Ln ∈ groundL(KB) and i ∈ [1, n]:

ac1) if Li = Bi then:

(i) |A,∆|+ = |A|
> { KB is EK-recurrent by | | }
|Bi| = |Bi, ∆|+

(ii) |A,∆|− = #(BL \∆) = |Bi, ∆|−.
ac2) if Li = neg-Bi and Li �∈ ∆ then:

(i) |A,∆|− = #(BL \∆)
> { Li �∈ ∆ }

#(BL \∆ ∪ {Li})
= |Bi, ∆ ∪ {Li}|−

(ii) |A,∆|− = #(BL \∆) = |Bi, ∆|−.
Let k be such that the definition of EK-recurrency of G holds. We define h =
max{k,#BL}. We show the proof obligations of EK-acyclicity for G using h.
Consider ∆⊆ neg-BL, ← L1 , . . . , Ln ∈ groundL(G) and i ∈ [1, n]:

ac1) if Li = Bi then:

(i) h ≥ k

> { G is EK-recurrent by | | }
|Bi| = |Bi, ∆|+

(ii) h ≥ #BL ≥ #(BL \∆) = |Bi, ∆|−.
ac2) if Li = neg-Bi and Li �∈ ∆ then:

(i) h ≥ #BL

> { Li �∈ ∆ }
#(BL \∆ ∪ {Li})

= |Bi, ∆ ∪ {Li}|−
(ii) h ≥ #BL ≥ #(BL \∆) = |Bi, ∆|−.

��
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Abstract. In a seminal paper [38] Prof. Robert Kowalski advocated the
paradigm Algorithm = Logic + Control which was intended to charac-
terize program executions. Here we want to illustrate the corresponding
paradigm Program Derivation = Rules + Strategies which is intended
to characterize program derivations, rather than executions. During pro-
gram execution, the Logic component guarantees that the computed re-
sults are correct, that is, they are true facts in the intended model of the
given program, while the Control component ensures that those facts
are derived in an efficient way. Likewise, during program derivation, the
Rules component guarantees that the derived programs are correct and
the Strategies component ensures that the derived programs are efficient.

In this chapter we will consider the case of logic programs with locally
stratified negation and we will focus on the following three important
methodologies for program derivation: program transformation, program
synthesis, and program verification. Based upon the Rules + Strategies
approach, we will propose a unified method for applying these three
programming methodologies. In particular, we will present: (i) a set of
rules for program transformation which preserve the perfect model se-
mantics and (ii) a general strategy for applying the transformation rules.
We will also show that we can synthesize correct and efficient programs
from first order specifications by: (i) converting an arbitrary first order
formula into a logic program with locally stratified negation by using a
variant of the Lloyd-Topor transformation, and then (ii) applying our
transformation rules according to our general strategy. Finally, we will
demonstrate that the rules and the strategy for program transformation
and program synthesis can also be used for program verification, that is,
for proving first order properties of systems described by logic programs
with locally stratified negation.

1 Introduction

Various models of computation were proposed since the early history of com-
puting. Among others, we may recall the von Neumann machine for imperative
languages, term rewriting for functional languages, and resolution for logical
languages. In these three different language paradigms, people explored and an-
alyzed different programming methodologies. In particular, in the area of logical
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languages, it was realized that both computing and programming can be viewed
as a deductive activity.

The idea of computation as deduction may be traced back to the beginnings
of the computation theory and recursive function theory, but it emerged clearly
within the Theorem Proving community through the pioneering work of Robin-
son [62] and later, the paper by Kowalski [37], where the author proposed a
particular deduction rule, namely, SLD-resolution, to compute in a logical the-
ory consisting of Horn clauses. The deductive approach to computation was still
considered to be not very practical at that time, but the situation changed when
Warren [75] proposed a Prolog compiler based on SLD-resolution with perfor-
mance comparable to that of the functional language Lisp. Efficiency is obtained
by sacrificing correctness in some cases, but fortunately, that incorrectness turns
out not to be a problem in practice.

The idea of programming and program development as a deduction from
logical specifications to executable expressions in a formal setting, has its roots
in the works by Burstall-Darlington and Manna-Waldinger [10,49] for functional
languages and in the works by Clark et al., Hogger, and Kowalski [11,12,32,39]
for the case of logical languages. Similar ideas were proposed also in the case of
imperative languages and one should mention, among others, the contributions
of Dijkstra and Hoare (see, for instance, [21,31]).

In the paper [38] Kowalski proposes the motto: Algorithm = Logic + Con-
trol, to promote a separation of concern when writing programs: a concern for
correctness in the Logic component, and a concern for efficiency in the Control
component. This separation idea for program development goes back to the sem-
inal paper by Burstall and Darlington [10]. The aim is to derive programs which
are correct and efficient by applying transformation rules in a disciplined manner
according to suitable strategies. In this case the Logic component consists of the
transformation rules, such as unfolding and folding, which are correct because
they preserve the semantics of interest, and the Control component consists of
the strategies which direct the use of the rules so to derive efficient programs.
Our motto, which can be viewed as an application of Kowalski’s motto to the
case of program development, is: Program Derivation = Rules + Strategies.

As we will illustrate in this chapter, our motto also indicates a way of under-
standing the relationship among various techniques for program development
such as program synthesis, program reuse, and program verification. Some of
these techniques based on rules and strategies, are described in [19,20,33,52].

The main objective of this chapter is to provide a unified view of: (i) program
transformation, (ii) program synthesis, and (iii) program verification as deduc-
tive activities based on the unfolding/folding transformation rules and strategies.
We consider the class of logic programs with locally stratified negation. The se-
mantics of a program P in this class is given by its unique perfect model, denoted
M(P ), which coincides with its unique stable model and its (total) well-founded
model [2].

In our setting program transformation, synthesis, and verification can be
formulated as follows.
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Program Transformation. Given a program P and a goal G with free variables
X1, . . . , Xn, we want to find a computationally efficient program T for a new
n-ary predicate g such that, for all ground terms t1, . . . , tn,
M(P ) |= G{X1/t1, . . . , Xn/tn} iff M(T ) |= g(t1, . . . , tn) (Transf )

Notice that our formulation of program transformation includes program special-
ization [27,33,44,47] which can be regarded as the particular case where G is an
atom with instantiated arguments.
Program Synthesis. Given a program P and a specification of the form g(X1, . . . ,
Xn) ↔ ϕ, where: (i) ϕ is a first order formula with free variables X1, . . . , Xn,
and (ii) g is a new n-ary predicate, we want to derive a computationally efficient
program T for the predicate g such that, for all ground terms t1, . . . , tn,

M(P ) |= ϕ{X1/t1, . . . , Xn/tn} iff M(T ) |= g(t1, . . . , tn) (Synth)

Program Verification. Given a program P and a closed first order formula ϕ, we
want to check whether or not

M(P ) |= ϕ (Verif )

In order to get a unified view of program transformation, program synthesis,
and program verification, let us first notice that each of these three tasks starts
from a given program P and a first order formula. This formula, say γ, is: (i)
the goal G in the case of program transformation, (ii) the formula ϕ of the
specification g(X1, . . . , Xn) ↔ ϕ in the case of program synthesis, and (iii) the
closed first order formula ϕ in the case of program verification. Thus, we can
provide a unified treatment of program transformation, program synthesis, and
program verification, by viewing them as instances of the following general, two
step method for program derivation, which takes as input a given program P
and a first order formula γ.

The Unfold/Fold Method for Program Derivation.
We are given a locally stratified program P and a first order formula γ.
Step 1. We construct a conjunction of clauses, denoted by Cls(g, γ) such that
P ∧Cls(g, γ) is a locally stratified program and, for all ground terms t1, . . . , tn,

M(P ) |= γ{X1/t1, . . . , Xn/tn} iff M(P ∧Cls(g, γ)) |= g(t1, . . . , tn)
where X1, . . . , Xn are the free variables of γ.
Step 2. We apply unfold/fold transformation rules which preserve the perfect
model semantics and we derive a new program T such that, for all ground terms
t1, . . . , tn,

M(P ∧ Cls(g, γ)) |= g(t1, . . . , tn) iff M(T ) |= g(t1, . . . , tn)
The derivation of program T is made according to a transformation strategy
which guides the application of the rules.

Let us now briefly explain how this general unfold/fold method for program
derivation will be instantiated to three specific methods for program transfor-
mation, program synthesis, and program verification. More details and examples
will be given in Sections 2, 3, and 4.
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Among the tasks of program transformation, program synthesis, and program
verification, the one which has the most general formulation is program synthesis,
because the formula ϕ of a specification is any first order formula, whereas the
inputs for program transformation and program verification consist of a goal
(that is, a conjunction of literals) and a closed first order formula, respectively.

A method for program synthesis can be obtained from the general unfold/fold
method for program derivation in a straightforward way by taking γ as the
formula ϕ of the specification g(X1, . . . , Xn) ↔ ϕ. In Section 3 we will see
how the conjunction of clauses Cls(g, ϕ) can be constructed by using a suitable
variant of the Lloyd-Topor transformation [46]. Moreover, we will propose (see
Section 2) a general transformation strategy for deriving a suitable program T
from programP∧Cls(g, ϕ) as required by Step 2 of the unfold/fold method. From
the fact that our variant of the Lloyd-Topor transformation and the unfold/fold
transformation rules preserve the perfect model semantics, it follows that the
equivalence (Synth) indeed holds for this program T .

Similarly, if we consider our general unfold/fold method for program deriva-
tion in the case where γ is the goal G, then we derive a program T which satis-
fies the relation (Transf ), and thus, in this case the general method becomes a
method for program transformation.

Finally, program verification can be viewed as an instance of our general
unfold/fold method in the case where γ is the closed first order formula ϕ. In
particular, the conjunction of clauses Cls(g, ϕ) can be constructed as in the case
of program synthesis by starting from the specification g ↔ ϕ. Then, one can
prove that M(P ) |= ϕ holds by applying Step 2 of our method for program
derivation and obtaining a program T which includes the clause g ← .

The contributions of this chapter are the following ones. (i) We describe in
some detail our general, two step method based on rules and strategies, for the
unified treatment of program transformation, synthesis, and verification, and
through some examples, we show that our method is effective for each of these
tasks. (ii) We establish the correctness of the transformation rules by giving suf-
ficient conditions for the preservation of perfect model semantics. These correct-
ness results extend results already published in the literature [70]. In particular,
we take into consideration also the unfolding and folding rules w.r.t. negative
literals, and these rules are crucial in the examples we will present. (iii) We out-
line a general strategy for the application of the transformation rules and we
demonstrate that various techniques for rather different tasks, such as program
transformation, program synthesis, and program verification, can all be realized
by that single strategy.

The plan of the chapter is as follows. In Section 2 we present a set of trans-
formation rules for locally stratified programs and we give sufficient conditions
which ensure their correctness w.r.t. the perfect model semantics. We also present
our general strategy for the application of the transformation rules. In Section 3
we present the instance of our two step unfold/fold method for the synthesis of
logic programs from specifications provided by first order formulas. In Section
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4 we show that also program verification can be performed using our two step
method.

2 Transformation Rules and Strategies for Locally
Stratified Logic Programs

In this section we recall the basic concepts of locally stratified programs and
perfect model semantics. We then present the transformation rules which we use
for program transformation, and we provide a sufficient condition which ensures
that these rules preserve the perfect model semantics. We also outline a general
strategy for applying the transformation rules.

2.1 Preliminaries: Syntax and Semantics of Stratified Logic
Programs

We recall some basic definitions and we introduce some terminology and notation
concerning general logic programs and their semantics. In particular, we will
recall the definitions of locally stratified logic programs and their perfect models.
For notions not defined here the reader may refer to [2,46,59].

Given a first order language L, its formulas are constructed out of variables,
function symbols, predicate symbols, terms, atomic formulas (also called atoms),
the formula true, the connectives ¬ and ∧, and the quantifier ∃ (see, for instance,
[2,46]). We feel free to write formulas using also the symbols false, ∨, →, ↔,
and ∀, but we regard them as abbreviations of the equivalent formulas written
using the symbols true, ¬, ∧, and ∃ only. Following the usual logic programming
convention, we use upper case letters for variables and lower case letters for
function and predicate symbols.

A literal is an atom (i.e., a positive literal) or a negated atom (i.e., a negative
literal). A goal G is a conjunction of n (≥ 0) literals.

General logic programs, simply called logic programs, or programs, are first
order formulas defined as follows. A program is a conjunction of clauses, each of
which is of the form: G→ H , where G is a goal and H is an atom different from
true and false. Normally a clause will be written asH ← G. The atomH is called
the head of the clause, denoted by hd(C), and the goal G is called the body of
the clause, denoted by bd(C). A clause H←G where G is the empty conjunction
true, is said to be a unit clause and it is written as H←. When writing goals,
clauses, and programs, we also denote conjunctions by using comma ‘,’ instead of
∧. Thus, usually, a goal will be written as L1, . . . , Ln, where the Li’s are literals,
a clause will be written as H ← L1, . . . , Ln, and a program will be written as
C1, . . . , Cn, where the Ci’s are clauses. When writing programs we will also feel
free to omit commas between clauses, if no confusion arises.

A clause is said to be definite iff no negated atom occurs in its body. A
definite program is a conjunction of definite clauses.

Given a term t we denote by vars(t) the set of all variables occurring in t. Sim-
ilar notation will be used for the variables occurring in formulas. Given a clause
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C, a variable in bd(C) is said to be existential iff it belongs to vars(bd(C)) −
vars(hd(C)). Given a formula ϕ we denote by freevars(ϕ) the set of all variables
of ϕ which have a free occurrence in ϕ. A clause C is said to be ground iff no
variable occurs in it. We may freely rename the variables occurring in clauses,
and the process of renaming the variables of a clause by using new variables, is
called renaming apart [46].

The definition of a predicate p in a program P , denoted by Def (p, P ), is
the conjunction of the clauses of P whose head predicate is p. We say that p is
defined in P iff Def (p, P ) is not empty. We say that a predicate p depends on a
predicate q in P iff either there exists in P a clause of the form: p(. . .)← B such
that q occurs in the goal B or there exists in P a predicate r such that p depends
on r in P and r depends on q in P . The extended definition of a predicate p
in a program P , denoted by Def ∗(p, P ), is the conjunction of the definition of
p and the definition of every predicate on which p depends in P . We say that
a predicate p depends on existential variables in a program P iff in Def ∗(p, P )
there exists a clause C whose body has an existential variable.

The set of useless predicates of a program P is the maximal set U of the
predicates of P such that a predicate p is in U iff the body of each clause of
Def (p, P ) has a positive literal whose predicate is in U . For instance, p and q
are useless and r is not useless in the following program:

p← q, r
q ← p
r←

By ground(P ) we denote the conjunction of all clauses in L which are ground
instances of clauses of P , and by BL we denote the Herbrand Base of L, that is,
the set of all ground atoms in L. A stratification σ is a total function from BL
to the set W of countable ordinals. Given a ground literal L which is the atom
A or the negated atom ¬A, we say that L is in stratum α iff σ(A) = α.

A ground clause H ← L1, . . . , Ln is locally stratified w.r.t. a stratification
σ iff for every i = 1, . . . , n, if Li is an atom then σ(H) ≥ σ(Li), and if Li
is a negated atom, say ¬Ai, then σ(H) > σ(Ai). We say that the program P
is locally stratified iff there exists a stratification σ such that every clause in
ground(P ) is locally stratified w.r.t. σ. Let Pα be the conjunction of the clauses
in ground(P ) whose head is in the stratum α. We may assume without loss of
generality, that every ground atom is in a stratum which is greater than 0, so
that P0 may be assumed to be the empty conjunction of clauses.

An Herbrand interpretation is a subset of BL. We say that a closed first order
formula ϕ is true in an Herbrand interpretation I, written as I |= ϕ, iff one of
the following cases holds: (i) ϕ is the formula true, (ii) ϕ is a ground atom A
which is in I, (iii) ϕ is ¬ϕ1 and ϕ1 is not true in I, (iv) ϕ is ϕ1 ∧ ϕ2 and both
ϕ1 and ϕ2 are true in I, (v) ϕ is ∃X ϕ1 and there exists a ground term t such
that ϕ1{X/t} is true in I.

Given a formula ϕ and an Herbrand interpretation I, if it is not the case that
I |= ϕ, we say that ϕ is false in I and we write I �|= ϕ.
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The perfect model M(P ) of a program P which is locally stratified w.r.t. a
stratification σ, is the Herbrand interpretation defined as the subset

⋃
α∈W Mα

of BL, where for every ordinal α in W , the set Mα is constructed as follows:
(1) M0 is the empty set, and
(2) if α > 0,Mα is the least Herbrand model [46] of the definite program derived
from Pα as follows: (i) every literal L in stratum τ , with τ < α, in the body of
a clause in Pα is deleted iff Mτ |= L, and (ii) every clause C in Pα is deleted iff
in bd(C) there exists a literal L in stratum τ , with τ < α such that Mτ �|= L.

For a locally stratified program P , with vars(P ) = {X1, . . . , Xn}, we have
that M(P ) |= ∀X1, . . . , Xn P .

Our construction of the perfect model differs from the construction presented
in [2,59], but as the reader may verify, the two constructions yield the same
model.

Recall that perfect models are the usual intended semantics for logic pro-
grams with locally stratified negation, and for those programs all major ap-
proaches to the semantics of negation coincide [2]. Indeed, as already mentioned,
a locally stratified program has a unique perfect model which is equal to its
unique stable model, and also equal to its total well-founded model.

2.2 Unfold/Fold Transformation Rules

In this section we present the rules for transforming logic programs and we
provide a sufficient condition which ensures that perfect models are preserved
during program transformation.

For the application of the transformation rules we divide the predicate sym-
bols of the language into two classes: (i) basic predicates and (ii) non-basic
predicates. Atoms, literals, and goals which have occurrences of basic predicates
only, are called basic atoms, basic literals, and basic goals, respectively. We as-
sume that every basic atom is in a strictly smaller stratum w.r.t. every non-basic
atom, and thus, in any given program no basic predicate depends on a non-basic
one. Our partition of the set of predicates into basic or non-basic predicates is
arbitrary and it may be different for different program derivations.

A transformation sequence is a sequence P0, . . . , Pn of programs, where for
0≤k≤n−1, program Pk+1 is derived from program Pk by the application of a
transformation rule as indicated below.

We consider a set Preds of predicates of interest. We also consider, for 0≤
k ≤ n, the conjunction Defsk of the clauses introduced by using the following
rule R1 during the whole transformation sequence P0, . . . , Pk.

R1. Definition Introduction Rule. We get the new program Pk+1 by adding
to program Pk a conjunction of m clauses of the form:


newp(X1, . . . , Xs)← Body1

. . .
newp(X1, . . . , Xs)← Bodym
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such that:
(i) the predicate newp is a non-basic predicate which does not occur in P0∧Defsk,
(ii) X1, . . . , Xs are distinct variables occurring in Body1, . . . ,Bodym, and
(iii) every predicate occurring in Body1, . . . ,Bodym also occurs in P0.

R2. Definition Elimination Rule. By definition elimination w.r.t. Preds,
from program Pk we derive the new program Pk+1 by deleting the definitions of
all predicates on which no predicate belonging to Preds depends in Pk.

R3. Positive Unfolding Rule. Let C be a renamed apart clause in Pk of the
form: H ← G1, A,G2, where A is an atom, and G1 and G2 are (possibly empty)
goals. Suppose that:

1. D1, . . . , Dm, with m≥0, are all clauses of program Pk, such that A is unifi-
able with hd(D1), . . . , hd(Dm), with most general unifiers ϑ1, . . . , ϑm, re-
spectively, and

2. Ci is the clause (H ← G1, bd(Di), G2)ϑi, for i = 1, . . . ,m.

By unfolding clause C w.r.t. A we derive the clauses C1, . . . , Cm. From program
Pk we derive the new program Pk+1 by replacing C with C1, . . . , Cm.

In particular, if m = 0, that is, if we unfold a clause C in program Pk w.r.t. an
atom which is not unifiable with the head of any clause in Pk, then we derive
the new program Pk+1 by deleting clause C.

R4. Negative Unfolding Rule. Let C be a renamed apart clause in Pk of the
form: H ← G1,¬A,G2. Let D1, . . . , Dm, with m ≥ 0, be all clauses of program
Pk, such that A is unifiable with hd(D1), . . . , hd(Dm), with most general unifiers
ϑ1, . . . , ϑm, respectively. Assume that:

1. A = hd(D1)ϑ1 = · · · = hd(Dm)ϑm, that is, for i = 1, . . . ,m, A is an instance
of hd(Di),

2. for i = 1, . . . ,m, Di has no existential variables, and
3. from G1, ¬(bd(D1)ϑ1∨. . .∨bd(Dm)ϑm), G2 we get an equivalent disjunction
Q1∨ . . .∨Qr of goals, with r ≥ 0, by first pushing ¬ inside and then pushing
∨ outside.

By unfolding clause C w.r.t. ¬A we derive the clauses C1, . . . , Cr, where Ci is the
clause H ← Qi, for i = 1, . . . , r. From program Pk we derive the new program
Pk+1 by replacing C with C1, . . . , Cr.

In particular: (i) if m = 0, that is, if we unfold a clause C w.r.t. a negative literal
¬A such that A is not unifiable with the head of any clause in Pk, then we get
the new program Pk+1 by deleting ¬A from the body of clause C, and (ii) if
for some i ∈ {1, . . . ,m}, bd(Di) = true, that is, if we unfold a clause C w.r.t. a
negative literal ¬A such that A is an instance of the head of a unit clause in Pk,
then we derive from program Pk the new program Pk+1 by deleting clause C.

R5. Positive Folding Rule. Let C1, . . . , Cm be renamed apart clauses in Pk
and D1, . . . , Dm be the definition of a predicate in Defsk. For i = 1, . . . ,m, let
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Ci be of the form: H ← G1, Bi, G2. Suppose that there exists a substitution ϑ
such that, for i = 1, . . . ,m the following conditions hold:
(1) Bi = bd(Di)ϑ, and
(2) for every variable X in the set vars(Di) − vars(hd(Di)), we have that Xϑ
is a variable which occurs neither in {H,G1, G2} nor in the term Y ϑ, for any
variable Y occurring in bd(Di) and different from X .
By folding clauses C1, . . . , Cm using clauses D1, . . . , Dm we derive the clause E:
H ← G1, hd(D1)ϑ,G2. ¿From program Pk we derive the new program Pk+1 by
replacing C1, . . . , Cm with E.
Notice that by definition of rule R1, we have that hd(D1) = . . . = hd(Dm).

R6. Negative Folding Rule. Let C be a renamed apart clause in Pk and let
newp be a predicate in Defsk whose definition consists of a single clause D. Let
C be of the form: H ← G1,¬A,G2. Suppose that the following conditions hold:
(1) A = bd(D)ϑ, for some substitution ϑ, and
(2) vars(hd(D)) = vars(bd(D)).
By folding clause C w.r.t. ¬A using clause D we derive the clause E: H ←
G1,¬hd(D)ϑ,G2. ¿From program Pk we derive the new program Pk+1 by re-
placing C with E.

R7. Tautology Rule. We derive the new program Pk+1 by replacing in Pk a
conjunction of clauses γ1 with a new conjunction of clauses γ2, according to the
following rewritings γ1 ⇒ γ2 , where H and A, denote atoms, G, G1, G2, G3,
and G4 denote goals, and C1, C2 denote clauses:

(1) H ← A,¬A,G ⇒ true
(2) H ← H,G ⇒ true
(3) H ← G1, G2, G3, G4 ⇒ H ← G1, G3, G2, G4

(4) H ← A,A,G ⇒ H ← A,G
(5) H ← G1, H ← G1, G2 ⇒ H ← G1

(6) H ← A,G1, G2, H ← ¬A,G1 ⇒ H ← G1, G2, H ← ¬A,G1

(7) C1, C2 ⇒ C2, C1

R8. Clause Deletion Rule. We derive the new program Pk+1 by removing
from Pk the definitions of the useless predicates of Pk.

R9. Basic Goal Replacement Rule. Let us consider r (> 0) renamed apart
clauses in Pk of the form: H ← G1, Q1, G2, . . . , H ← G1, Qr, G2. Suppose that,
for some goals R1, . . . , Rs, we have:
M(P0) |= ∀X1 . . .Xu (∃Y1 . . . Yv (Q1 ∨ . . . ∨Qr)↔ ∃Z1 . . . Zw (R1 ∨ . . . ∨Rs))
where:
(i) {Y1, . . . , Yv} = vars(Q1, . . . , Qr)− vars(H,G1, G2),
(ii) {Z1, . . . , Zw} = vars(R1, . . . , Rs)− vars(H,G1, G2), and
(iii) {X1,. . . ,Xu} = vars(Q1, . . . , Qr, R1, . . . , Rs)− {Y1, . . . , Yv, Z1, . . . , Zw}.
Suppose also that R1, . . . , Rs are basic goals and H is a non-basic atom.
Then from program Pk we derive the new program Pk+1 by replacing the clauses
H ← G1, Q1, G2, . . . , H ← G1, Qr, G2 with the clauses H ← G1, R1, G2, . . . ,
H ← G1, Rs, G2.



282 Alberto Pettorossi and Maurizio Proietti

We assume that the equality predicate = is a basic predicate which is defined
in each program by the single clause X=X ← .
R10. Equality Introduction and Elimination. Let C be a clause of the
form (H ← Body){X/t}, such that the variable X does not occur in t and let D
be the clause: H ←X= t, Body .
By equality introduction we derive clause D from clause C. By equality elimina-
tion we derive clause C from clause D.
If C occurs in Pk then we derive the new program Pk+1 by replacing C with D.
If D occurs in Pk then we derive the new program Pk+1 by replacing D with C.

The transformation rules from rule R1 to rule R10 we have introduced above,
will collectively be called unfold/fold transformation rules.

Theorem 1. [Correctness of the Unfold/fold Transformation Rules] Let
P0, . . . , Pn be a transformation sequence and Preds be a set of predicates of in-
terest. Let us assume that:
(1) during the construction of P0, . . . , Pn, each clause introduced by the definition
introduction rule and used for folding, is unfolded (before or after its use for
folding) w.r.t. a non-basic positive literal in its body, and
(2) during the transformation sequence P0, . . . , Pn, either the definition elimina-
tion rule is never applied or it is applied at the end of that sequence.
Then, for all ground atoms A with predicate in Preds, M(P0 ∧ Defsn) |= A iff
M(Pn) |= A.
Notice that the statement obtained from Theorem 1 by replacing ‘positive un-
folding’ by ‘negative unfolding’ is not a theorem as shown by the following ex-
ample.

Example 1. Let P0 be the program:
1. p← ¬q(X)
2. q(X)← q(X)
3. q(X)← r

By negative unfolding w.r.t. ¬q(X), from clause 1 we get the following clause 4:
4. p← ¬q(X),¬r

Then by folding clause 4 w.r.t. ¬q(X), we get the following clause 5:
5. p← p,¬r

The final program P1 consists of clauses 2, 3, and 5. We have that M(P0) |= p,
while M(P1) |= ¬p. 2

Our presentation of the transformation rules essentially follows the style of
Tamaki and Sato who first introduced the unfold/fold transformation rules in the
case of definite programs [74] and proved their correctness w.r.t. the least Her-
brand model semantics. Among the rules presented in this section, the following
ones were introduced by Tamaki and Sato in [74] (actually, their presentation
was a bit different): R1 restricted to m = 1, R3, R5 restricted to m = 1, R7
restricted to definite clauses, R8, R9 restricted to r=s=1, and R10. Thus, some
of our rules may be considered an extension of those in [74].
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One of the most relevant features of Tamaki and Sato’s rules is that their
correctness is ensured by conditions on the construction of the transformation
sequences similar to Condition (1) of Theorem 1.

A subset of Tamaki and Sato’s rules, namely R3 (positive unfolding) and
R5 (positive folding) with m=1, has been extended to general logic programs
by Seki and proved correct w.r.t. various semantics, including the perfect model
semantics [70,71].

An extension of Seki’s rules has been recently proposed by Roychoudhury et
al. in [64]. In particular, they drop the restrictions that we can fold one clause
only and the clauses used for folding are not recursive. The correctness of this
extension of Seki’s rules is ensured by a rather sophisticated condition which,
in the case where recursive clauses cannot be used for folding, is implied by
Condition (1) of Theorem 1.

Thus, the positive folding rule presented here is less powerful than the fold-
ing rule of [64], because we can only fold using clauses taken from Defsk, and
according to the definition introduction rule R1, we cannot introduce recursive
clauses in Defsk. However, our set of rules includes the negative unfolding (R4),
the negative folding (R5), and the basic goal replacement rules (R9) which are
not present in [64], and these rules are indeed very useful in practice and they
are needed for the program derivation examples given in the next sections. We
believe that we can easily incorporate the more powerful folding rule of [64]
into our set of rules, but for reasons of simplicity, we stick to our version of the
positive folding rule which has much simpler applicability conditions.

2.3 A Transformation Method

Now we outline our two step method for program transformation based on: (i)
the unfold/fold transformation rules presented in Section 2.2, and (ii) a sim-
ple, yet powerful strategy, called unfold/fold transformation strategy, for guiding
the application of the transformation rules. This method is an instance of the
general unfold/fold method described in Section 1. Actually, our strategy is not
fully specified, in the sense that many transformation steps can be performed in
a nondeterministic way, and thus, we cannot prove that it improves efficiency in
all cases. However, our strategy can be regarded as a generalization and adap-
tation to the case of general logic programs of a number of efficiency improving
transformation strategies for definite programs presented in the literature, such
as strategies for specializing programs, achieving tail recursion, avoiding interme-
diate data structures, avoiding redundant computations, and reducing nondeter-
minism (see [53] for a survey). Through some examples, we will indeed show that
program efficiency can be improved by applying our unfold/fold transformation
strategy.

The Unfold/Fold Transformation Method.
Given a locally stratified program P and a goal G such that vars(G) = {X1,
. . . , Xn}, our transformation method consists of two steps as follows.
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Step 1. We introduce a new n-ary predicate, say g, not occurring in {P,G} and
we derive a conjunction Cls(g,G) of clauses such that P ∧Cls(g,G) is a locally
stratified program and, for all ground terms t1, . . . , tn,

(1) M(P ) |= G{X1/t1, . . . , Xn/tn} iff M(P ∧Cls(g,G)) |= g(t1, . . . , tn).
Step 2. From the program P , the conjunction Cls(g,G) of clauses, and a set of
equivalences to be used for rule R9, by applying the unfold/fold transformation
strategy described below, we derive a program T such that, for all ground terms
t1, . . . , tn,

(2) M(P ∧ Cls(g,G)) |= g(t1, . . . , tn) iff M(T ) |= g(t1, . . . , tn)
and thus, the relation (Transf ) considered in the Introduction holds.

Clearly, a program T which satisfies (2) is P ∧ Cls(g,G) itself. However, most
often we are not interested in such trivial derivation because, as already men-
tioned, we look for an efficient program T which satisfies (2).

Now let us look at the above two steps of our transformation method in more
detail.
Step 1 is performed by first introducing the clause C1: g(X1, . . . , Xn) ← G
and then replacing this clause by a conjunction Cls(g,G) of clauses as follows:
for each non-basic negative literal ¬p(u1, . . . , um) in G such that p depends on
existential variables in P ,

(i) we introduce the clause D: new(Y1, . . . , Yk)← p(u1, . . . , um), where

vars(p(u1, . . . , um)) = {Y1, . . . , Yk}, and
(ii) we fold clause g(X1, . . . , Xn)← G w.r.t. ¬p(u1, . . . , um) using D.

For instance, in Example 2 below, from the initial goal

G: word(W ), ¬derive([s],W )
we introduce the clause: g(W )← word(W ), ¬derive([s],W ), because the defini-
tion of the predicate derive includes clause 3 which has the existential variables
B and T . At the end of Step 1, we derive the following two clauses:

16. g(W )← word(W ), ¬new1(W )
17. new1(W )← derive([s],W )

Step 1 is motivated by the fact that it is often useful, for reasons of efficiency, to
transform the definitions of the predicates occurring in negative literals, if these
definitions include clauses with existential variables. Indeed, since the unfolding
w.r.t. a negative literal, say ¬p(u1, . . . , um), is defined only if the clauses whose
heads unify with p(u1, . . . , um), have no existential variables, it is desirable to
transform Def ∗(p, P ) ∧ (new1(Y1, . . . , Yk) ← p(u1, . . . , um)) so to derive a new
definition for the predicate new1 whose clauses do not have existential variables.
Then, this new definition of new1 can be used for performing unfolding steps
w.r.t. literals of the form ¬new1(u1, . . . , um) and it may also allow more effective
transformations of the clauses where new1 occurs.

Step 2 consists in applying the unfold/fold transformation strategy which we
describe below. This strategy constructs n program transformation sequences
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S1, . . . , Sn, where for i = 1, . . . , n− 1, the final program of the sequence Si

coincides with the initial program of the sequence Si+1. Each transformation
sequence corresponds to a level which is induced by the construction of the
conjunction Cls(g,G) of clauses. We will define these levels according to the
following notion of level mapping [46].

Definition 1. A level mapping of a program P is a mapping from the set of
predicate symbols occurring in P to the set of natural numbers. Given a level
mapping m, the level of the predicate p is the number assigned to p by m.

Given a program P and a goal G, by construction there exists a level mapping
of Cls(g,G) such that: (1) the conjunction Cls(g,G) can be partitioned into
K subconjunctions: D1, . . . , DK , such that Cls(g,G) = D1 ∧ . . . ∧ DK , and,
for i = 1, . . . ,K, the subconjunction Di of clauses consists of all clauses in
Cls(g,G) whose head predicates are at level i, (2) for i = 1, . . . ,K and for each
clause p(. . .) ← B in Di, the level of each predicate symbol in the goal B is
strictly smaller than the level of p, (3) the predicate g is at the highest level K,
and (4) all predicates of Cls(g,G) which occur in P , are at level 0.

The reader may notice that, according to our definition of Step 1 above, K
is at most 2. However, we have considered the case of an arbitrary value of K,
because this will be appropriate when in Sections 3 and 4 below we consider
program synthesis and program verification, respectively.

For the construction of each transformation sequence Si, for i = 1, . . . ,
n− 1, our unfold/fold transformation strategy uses the following three sub-
sidiary strategies : (i) unfold(P,Q), (ii) tautology-replace(Laws , P,Q), and
(iii) define-fold(Defs , P,Q ∧ NewDefs).

(i) Given a program P , unfold(P,Q) specifies how to derive a new program
Q by performing positive and negative unfolding steps (rules R3 and R4).

(ii) Given a program P and a set Laws of equivalences needed for the appli-
cation of the goal replacement rule, tautology-replace(Laws , P,Q) specifies
how to derive a new program Q by applying the tautology, goal replacement,
and equality introduction and elimination rules (rules R8, R9, and R10).

(iii) Given a program P and a conjunction Defs of predicate definitions,
define-fold(Defs , P,Q∧NewDefs) specifies how to derive a new program Q∧
NewDefs by introducing a new conjunction NewDefs of predicate definitions and
performing folding steps using clauses occurring in Defs ∧ NewDefs (rules R1,
R5, and R6).

The effectiveness of the unfold/fold transformation strategy depends upon
the choice of these subsidiary strategies, and much research, mostly in the case
of definite programs, has been devoted to devise subsidiary strategies which al-
low us to derive very efficient programs [53]. For instance, the introduction of
new predicate definitions, also called eureka definitions, influences the efficiency
of the derived programs. Various techniques have been proposed for determining
the suitable eureka definitions to be introduced. Here we only want to men-
tion that it is often useful to introduce new predicates whose definition clauses
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have bodies which are: (i) instances of atoms, so to perform program special-
ization, (ii) conjunctions of literals that share variables, so to derive programs
that simultaneously perform the computations relative to several literals, and
(iii) disjunctions of goals, so to derive programs with reduced nondeterminism,
because they simultaneously perform the computations relative to several alter-
native goals.

We omit here the detailed description of the unfold, tautology-replace,
and define-fold subsidiary strategies. We will see them in action in the exam-
ples given below. Here is our Unfold/Fold Transformation Strategy.

The Unfold/Fold Transformation Strategy.

Input : (i) a program P , (ii) a conjunction Cls(g,G) of clauses constructed as
indicated at Step 1, and (iii) a set Laws of equivalences for the application of
rule R9. These equivalences are assumed to hold in M(P ∧ Cls(g,G)).
Output : A program T such that, for all ground terms t1, . . . , tn,

M(P ∧ Cls(g,G)) |= g(t1, . . . , tn) iff M(T ) |= g(t1, . . . , tn).
Let us partition Cls(g,G) into K subconjunctions: D1, . . . , DK , as indicated in
Step 2 above.

T := P ;
for i = 1, . . . ,K do
We construct a transformation sequence Si as follows.
Defs := Di; InDefs := Di;

By the definition introduction rule we add the clauses of InDefs to T , thereby
obtaining T ∧ InDefs .
while InDefs is not the empty conjunction do
(1) unfold(T ∧ InDefs , T ∧ U ): ¿From program T ∧ InDefs we derive T ∧ U
by a finite sequence of applications of the positive and negative unfolding rules
to the clauses in InDefs.
(2) tautology-replace(Laws , T∧U , T∧R): ¿From program T∧U we derive
T ∧R by a finite sequence of applications of the tautology and goal replacement
rules to the clauses in U , using the equivalences in the set Laws.
(3) define-fold(Defs , T ∧ R, T ∧ F ∧ NewDefs): ¿From program T ∧ R we
derive T ∧F ∧NewDefs by: (3.i) a finite sequence of applications of the definition
introduction rule by which we add to T ∧ R the (possibly empty) conjunction
NewDefs of clauses, followed by (3.ii) a finite sequence of applications of the
folding rule to the clauses in R, using clauses occurring in Defs ∧ NewDefs .
We assume that the definition and folding steps are such that all non-basic
predicates occurring in the body of a clause which has been derived by folding,
are defined in Defs ∧ NewDefs .
T := T ∧ F ; Defs := Defs ∧NewDefs ; InDefs := NewDefs
end while;
Delete from T the definitions of useless predicates.
end for
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Delete from T the definitions of the predicates upon which the predicate g does
not depend.

The unfold/fold transformation strategy is correct in the sense that for all ground
terms t1, . . . , tn, M(P ∧ Cls(g,G)) |= g(t1, . . . , tn) iff M(T ) |= g(t1, . . . , tn), if
each clause used for folding when executing the define-fold subsidiary strategy
is unfolded w.r.t. a positive literal during an execution of the unfold subsidiary
strategy. If this condition is satisfied, then the correctness of our transformation
strategy w.r.t. the perfect model semantics follows from the Correctness Theorem
1 of Section 2.2.

Notice that the unfold/fold transformation strategy may not terminate, be-
cause during the execution of the while loop, InDefs may never become the
empty conjunction.

Notice also that the iterations of our strategy over the various levels from 1 to
K, correspond to the construction of the perfect model of program P ∧Cls(g,G)
derived at the end of Step 1. This construction is done, so to speak, level by level
moving upwards and starting from the perfect model of the program P whose
predicates are assumed to be at level 0.

Let us now present an example of program derivation using our unfold/fold
transformation method.

Example 2. Complement of a context-free language. Let us consider the follow-
ing program CF for deriving a word of a given context-free language over the
alphabet {a, b}:

1. derive([ ], [ ])← Program CF
2. derive([A|S], [A|W ])← terminal(A), derive(S,W )
3. derive([A|S],W )← nonterminal(A), production(A,B),

append(B,S, T ), derive(T,W )
4. terminal (a)←
5. terminal (b)←
6. nonterminal(s)←
7. nonterminal(x)←
8. production(s, [a, x, b])←
9. production(x, [ ])←
10. production(x, [a, x])←
11. production(x, [a, b, x])←
12. append([ ], A,A)←
13. append([A|B], C, [A|D])← append(B,C,D)
14. word([ ])←
15. word([A|W ])← terminal(A), word(W )

The relation derive([s],W ) holds iff the word W can be derived from the start
symbol s using the following productions of the grammar defining the given
context-free language (see clauses 8–11):

s→ a x b x→ ε x→ a x x→ a b x
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The terminal symbols are a and b (see clauses 4 and 5), the nonterminal symbols
are s and x (see clauses 6 and 7), the empty word ε is represented as the empty
list [ ], and words in {a, b}∗ are represented as lists of a’s and b’s.

In general, the relation derive(L,W ) holds iff L is a sequence of terminal
or nonterminal symbols from which the word W can be derived by using the
productions.

We would like to derive an efficient program for an initial goal G of the form:
word(W ), ¬derive([s],W ), which is true in M(CF ) iff W is a word which is not
derived by the given context-free grammar. We perform our program derivation
as follows.
Step 1. We derive the two clauses:

16. g(W )← word(W ), ¬new1(W )
17. new1(W )← derive([s],W )

as indicated in the description of the Step 1 above. The predicate g is at level 2
and the predicate new1 is at level 1. All predicates in program CF are at level
0.
Step 2. We apply our unfold/fold transformation strategy. During the applica-
tion of this strategy we never apply rules R7, R8, R9, and R10. Thus, we use
neither the tautology-replace subsidiary strategy nor the deletion of useless
predicates. We have that K=2, D1 = {clause 17}, and D2 = {clause 16}.
Level 1. Initially program T is CF. We start off by adding clause 17 to T . Both
Defs and InDefs consist of clause 17 only. We will perform four iterations of
the body of the while loop of our strategy before InDefs becomes the empty
conjunction, and then we exit the while loop. Here we show only the first and
fourth iterations.
First Iteration.
unfold. By unfolding, from clause 17 we get:

18. new1([a|A])← derive([x, b], A)

define-fold. We introduce the following clause
19. new2(A)← derive([x, b], A)

and by folding clause 18 using clause 19 we get:
20. new1([a|A])← new2(A)

which is added to program T .

At the end of the first iteration T is made out of the clauses of CF together
with clause 20, Defs consists of clauses 17 and 19, and InDefs consists of clause
19. Since InDefs is not empty, we continue by iterating the execution of the body
of the while loop of our strategy.

During the second and third iteration of the while loop, by the definition
rule we introduce the following clauses:

21. new3(A)← derive([ ], A)
22. new4(A)← derive([x, b], A)
23. new4(A)← derive([b, x, b], A)
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24. new5(A)← derive([ ], A)
25. new5(A)← derive([x, b], A)

At the beginning of the fourth iteration InDefs is made out of clauses 24 and 25
only. Here are the details of this fourth iteration which is the last one.

Fourth Iteration.
unfold. By unfolding, from clauses 24 and 25 we get:

26. new5([ ])←
27. new5([b|A])← derive([ ], A)
28. new5([a|A])← derive([x, b], A)
29. new5([a|A])← derive([b, x, b], A)

define-fold. We fold clause 27 using clause 21, and clauses 28 and 29 using
clauses 24 and 25, and we get:

30. new5([b|A])← new3(A)
31. new5([a|A])← new4(A)

No new definition is introduced during this fourth iteration. Thus, InDefs is
empty and we exit from the while loop. The transformation strategy terminates
for level 1, and program T is made out of CF together with the following clauses:

20. new1([a|A])← new2(A)
32. new2([b|A])← new3(A)
33. new2([a|A])← new4(A)
34. new3([ ])←
35. new4([b|A])← new5(A)
36. new4([a|A])← new4(A)
26. new5([ ])←
30. new5([b|A])← new3(A)
31. new5([a|A])← new4(A)

Level 2. We start off by adding clause 16 to T . Both Defs and InDefs consist of
clause 16 only. Then we execute the body of the while loop.

First Iteration.
unfold. By positive unfolding from clause 16 we derive:

37. g([ ])← ¬new1([ ])
38. g([a|A])← word(A), ¬new1([a|A])
39. g([b|A])← word(A), ¬new1([b|A])

By negative unfolding from clauses 37, 38, and 39 we derive:
40. g([ ])←
41. g([a|A])← word(A), ¬new2(A)
42. g([b|A])← word(A)

define-fold. We introduce the following new definitions:
43. new6(A)← word(A), ¬new2(A)
44. new7(A)← word(A)
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and by folding clauses 41 and 42 we derive:
45. g([a|A])← new6(A)
46. g([b|A])← new7(A)

Clauses 43 and 44 are added to InDefs. Since InDefs is not empty, we continue
by a new iteration of the body of the while loop and we stop after the fourth
iteration, when InDefs becomes empty. We do not show the second, third, and
fourth iterations. The final program, whose clauses are listed below, is derived by
eliminating all predicate definitions upon which the predicate g does not depend.

40. g([ ])←
45. g([a|A])← new6(A)
46. g([b|A])← new7(A)
47. new6([ ])←
48. new6([a|A])← new8(A)
49. new6([b|A])← new9(A)
50. new7([ ])←
51. new7([a|A])← new7(A)
52. new7([b|A])← new7(A)
53. new8([ ])←
54. new8([a|A])← new8(A)
55. new8([b|A])← new10(A)
56. new9([a|A])← new7(A)
57. new9([b|A])← new7(A)
58. new10([a|A])← new8(A)
59. new10([b|A])← new9(A)

This final program corresponds to a deterministic finite automaton in the sense
that: (i) each predicate corresponds to a state, (ii) g corresponds to the initial
state, (iii) each predicate p which has a unit clause p([ ]) ←, corresponds to a
final state, and (iv) each clause of the form p([s|A]) ← q(A) corresponds to a
transition labeled by the symbol s from the state corresponding to p to the state
corresponding to q.

The derivation of the final program performed according to our transforma-
tion strategy, can be viewed as the derivation of a deterministic finite automa-
ton from a general program for parsing a context free language. Obviously, this
derivation has been possible, because the context free grammar encoded by the
production predicate (see clauses 8–11) generates a regular language.

The final program is much more efficient than the initial program which
constructs the complement of a context-free language by performing a nonde-
terministic search of the productions to apply (see clauses 10 and 11). 2

3 Program Synthesis via Transformation Rules and
Strategies

In this section we see how one can use for program synthesis the rules and the
strategy for program transformation we have presented in Sections 2.2 and 2.3.
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The program synthesis problem can be defined as follows: Given a specification
S, that is, a formula written in a specification language, we want to derive, by
using some derivation rules, a program T in a suitable programming language,
such that T satisfies S.

There are many synthesis methods described in the literature for deriving
programs from specifications and these methods depend on the choice of: (i)
the specification language, (ii) the derivation rules, and (iii) the programming
language.

It has been recognized since the beginning of its development (see, for in-
stance, [11,32,39]), that logic programming is one of the most effective settings
for expressing program synthesis methods, because in logic programming both
specifications and programs are formulas of the same language, i.e., the first or-
der predicate calculus, and moreover, the derivation rules for deriving programs
from specifications, may be chosen to be the inference rules of the first order
predicate calculus itself.

Now we propose a program synthesis method in the case of logic program-
ming. In this case the program synthesis problem can be more specifically defined
as indicated in the Introduction. Given a locally stratified program P and a spec-
ification of the form: g(X1, . . . , Xn)↔ ϕ, where: (i) g is a new predicate symbol
not occurring in {P, ϕ}, and (ii) ϕ is a formula of the first order predicate calcu-
lus such that freevars(ϕ) = {X1, . . . , Xn}, we want to derive a computationally
efficient program T such that, for all ground terms t1, . . . , tn,
M(P ) |= ϕ{X1/t1, . . . , Xn/tn} iff M(T ) |= g(t1, . . . , tn) (Synth)

The derivation rules we consider for program synthesis are: (i) a variant of the
Lloyd-Topor transformation rules [46], and (ii) the unfold/fold program trans-
formation rules presented in Section 2.2.

Let us begin by presenting the following example of program synthesis. It is
our running example for this section and it will be continued in the Examples 4
and 5 below.

Example 3. Specification of List Maximum. Let us consider the following List-
Membership program:

1. list([ ])←
2. list([A|As])← list(As)
3. member (X, [A|As])← X=A
4. member (X, [A|As])← member (X,As)

and = and ≤ are basic predicates denoting, respectively, the equality predicate
and a given total order predicate over the given domain. For brevity, we do not
show the clauses defining these two basic predicates. The maximum M of a list
L of items may be specified by the following formula:
max (L,M) ↔ (list(L), member(M,L), ∀X (member(X,L)→ X ≤M)) (Φ)

By our synthesis method we want to derive an efficient program Max which
defines the predicate max such that:
M(ListMembership ∧Max ) |= ∀L,M (max (L,M)↔ ϕmax )

where ϕmax denotes the right hand side of formula (Φ) above. 2
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In the rest of this section, we illustrate a synthesis method, called the unfold/fold
synthesis method, which we now introduce.

The Unfold/Fold Synthesis Method.
Given a locally stratified program P and a specification formula of the form:
g(X1, . . . , Xn)↔ ϕ, this method consists of two steps as follows.

Step 1.We apply a variant of the Lloyd-Topor transformation [46], and we derive
a conjunction Cls(g, ϕ) of clauses such that P ∧ Cls(g, ϕ) is a locally stratified
program and, for all ground terms t1, . . . , tn,

(1) M(P ) |= ϕ{X1/t1, . . . , Xn/tn} iff M(P ∧ Cls(g, ϕ)) |= g(t1, . . . , tn)
Step 2. From the program P , the conjunction Cls(g, ϕ) of clauses, and a set of
equivalences to be used for rule R9, by applying the unfold/fold transformation
strategy of Section 2.3, we derive a program T such that, for all ground terms
t1, . . . , tn,

(2) M(P ∧ Cls(g, ϕ)) |= g(t1, . . . , tn) iff M(T ) |= g(t1, . . . , tn)
and thus, the above relation (Synth) holds.

As already mentioned, our unfold/fold synthesis method is a generalization
of the two step transformation method presented in the previous Section 2.3,
because here we consider a first order formula ϕ, instead of a goal G. Notice
also that, similarly to the transformation method of Section 2.3, the program
P ∧Cls(g, ϕ) itself is a particular program satisfying (2), but usually we have to
discard this trivial solution because we look for an efficient program T satisfying
(2).

We now illustrate the variant of the method proposed by Lloyd and Topor
in [46] which we use for constructing the conjunction of clauses Cls(g, ϕ) start-
ing from the given specification formula g(X1, . . . , Xn) ↔ ϕ according to the
requirements indicated in Step 1 above.

We need to consider a class of formulas, called statements [46], each of which
is of the form: A ← β, where A is an atom and β, called the body of the
statement, is a first order logic formula. We write C[γ] to denote a first order
formula where the subformula γ occurs as an outermost conjunct, that is, C[γ] =
ρ1 ∧ . . .∧ρr ∧γ ∧σ1 ∧ . . .∧σs for some first order formulas ρ1, . . . , ρr, σ1, . . . , σs,
and some r≥0 and s≥0. We will say that the formula C[γ] is transformed into
the formula C[δ] when C[δ] is obtained from C[γ] by replacing the conjunct γ
by the new conjunct δ.

The LT transformation.
Given a conjunction of statements, perform the following transformations.
(A) Eliminate from the body of every statement the occurrences of logical con-
stants, connectives, and quantifiers other than true,¬,∧, ∨, and ∃.
(B) Repeatedly apply the following rules until a conjunction of clauses is gener-
ated:
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(1) A← C[¬true] is deleted.
(2) A← C[¬¬γ] is transformed into A← C[γ].
(3) A← C[¬(γ ∧ δ)] is transformed into
A← C[¬newp(Y1, . . . , Yk)] ∧ newp(Y1, . . . , Yk)← γ ∧ δ

where newp is a new non-basic predicate and {Y1, . . . , Yk} = freevars(γ ∧ δ).
(4) A← C[¬(γ ∨ δ)] is transformed into A← C[¬γ] ∧ A← C[¬δ].
(5) A← C[¬∃X γ] is transformed into
A← C[¬newp(Y1, . . . , Yk)] ∧ newp(Y1, . . . , Yk)← γ

where newp is a new non-basic predicate and {Y1, . . . , Yk} = freevars(∃X γ).
(6) A← C[¬p(t1, . . . , tm)] is transformed into

A← C[¬newp(Y1, . . . , Yk)] ∧ newp(Y1, . . . , Yk)← p(t1, . . . , tm)
where p is a non-basic predicate which depends on existential variables in P ,
newp is a new non-basic predicate, and {Y1, . . . , Yk} = vars(p(t1, . . . , tm)).

(7) A← C[γ ∨ δ] is transformed into A← C[γ] ∧ A← C[δ].
(8) A← C[∃X γ] is transformed into A← C[γ{X/Y }], where Y does not occur
in A← C[∃X γ].

Given a locally stratified program P and a specification g(X1, . . . , Xn)↔ ϕ, we
denote by Cls(g, ϕ) the conjunction of the clauses derived by applying the LT
transformation to the statement g(X1, . . . , Xn)← ϕ.

Example 4. LT transformation of the List Maximum specification. Let us con-
sider the program ListMembership and the specification formula (Φ) of Ex-
ample 3. By applying the LT transformation to the statement max (L,M) ←
list(L), member(M,L), ∀X (member(X,L) → X ≤M) we derive the conjunc-
tion Cls(max , ϕmax ) consisting of the following two clauses:

5. max (L,M)← list(L), member(M,L), ¬new1(L,M)
6. new1(L,M)← member(X,L), ¬X≤M

The program ListMembership ∧ Cls(max , ϕmax ) is a very inefficient, generate-
and-test program: it works by nondeterministically generating a member M of
the list L and then testing whether or not M is the maximum member of L. 2

The following result states that the LT transformation is correct w.r.t. the perfect
model semantics [46,55].

Theorem 2. [Correctness of LT Transformation w.r.t. Perfect Models]
Let P be a locally stratified program and g(X1, . . . , Xn) ↔ ϕ be a specification.
If Cls(g, ϕ) is obtained from g(X1, . . . , Xn)← ϕ by the LT transformation, then
(i) P ∧ Cls(g, ϕ) is a locally stratified program and (ii), for all ground terms
t1, . . . , tn, M(P ) |= ϕ{X1/t1, . . . , Xn/tn} iff M(P ∧ Cls(g, ϕ)) |= g(t1, . . . , tn).
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Step 2 of our unfold/fold synthesis method makes use, as already said, of the
unfold/fold transformation strategy presented in Section 2.3, starting from pro-
gram P, the conjunction Cls(g, ϕ) of clauses, instead of Cls(g,G), and a set of
equivalences to be used for the application of rule R9.

The partition of Cls(g, ϕ) into levels can be constructed similarly to the
partition of Cls(g,G) in Section 2.3. Indeed, by construction, there exists a
level mapping of Cls(g, ϕ) such that: (1) Cls(g, ϕ) can be partitioned into K
subconjunctions D1, . . . , DK , such that Cls(g, ϕ) = D1 ∧ . . . ∧ DK , and for
i = 1, . . . ,K, the subconjunction Di consists of all clauses in Cls(g, ϕ) whose
head predicates are at level i, (2) for i = 1, . . . ,K and for each clause p(. . .)← B
in Di the level of every predicate symbol in the goal B is strictly smaller than
the level of p, (3) the predicate g is at the highest level K, and (4) all predicates
of Cls(g, ϕ) which occur in P , are at level 0.

The reader may notice that for all K ≥ 0 there exists a formula ψ and a
predicate g such that K is the highest value of the level mapping of Cls(g, ψ).

Example 5. Synthesis of the List Maximum program. Let us consider again the
program ListMembership and the formula Φ of Example 3. Let us also consider
the conjunction Cls(max , ϕmax ) consisting of clauses 5 and 6 of Example 4 which
define the predicates max and new1. We may choose the level mapping so that
the levels of list , member , ≤, = are all 0, the level of new1 is 1, and the level of
max is 2. Thus, the highest level K is 2, D1 = {clause 6}, and D2 = {clause 5}.

We apply our unfold/fold transformation strategy as follows.

Level 1. Initially program T is ListMembership. We start off by adding clause 6
to T . Both Defs and InDefs consist of clause 6 only. Then we execute the body
of the while loop as follows.

unfold. We unfold clause 6 w.r.t. member(X,L) and we get:

7. new1([A|As],M)← X=A, ¬X≤M
8. new1([A|As],M)← member(X,As), ¬X≤M

tautology-replace. From clause 7, by applying the goal replacement rule
(using the equivalence ∀A,M (∃X (X=A,¬X≤M)↔ ¬A≤M)) we derive:

9. new1([A|As],M)← ¬A≤M
define-fold. By folding clause 8 using clause 6 we derive the clause:

10. new1([A|As],M)← new1(As,M)

No new definition has been introduced. Thus, InDefs is empty and the transfor-
mation strategy terminates for level 1. At this point program T is made out of
clauses 1, 2, 3, 4, 9, and 10.

Level 2. We start off the transformation strategy for this level, by adding clause
5 to T . Both Defs and InDefs consist of clause 5 only. Then we iterate twice the
body of the while loop as follows.
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First Iteration.
unfold. By some unfolding steps, from clause 5 in InDefs we derive:

11. max ([A|As],M)← list(As), M=A, A≤M, ¬new1(As,M)
12. max ([A|As],M)← list(As), member(M,As), A≤M, ¬new1(As,M)

tautology-replace. By applying the goal replacement rule, from clause 11
we derive:

13. max ([A|As],M)← list(As), M=A, ¬new1(As,M)

define-fold. The definition of predicate max, consisting of clauses 12 and 13 is
nondeterministic, because an atom of the form max (l,M), where l is a ground,
nonempty list, is unifiable with the head of both clauses. We may derive a more
efficient, deterministic definition for max by introducing the new predicate new2
as follows:

14. new2(A,As,M)← list(As), M=A, ¬new1(As,M)
15. new2(A,As,M)← list(As), member(M,As), A≤M, ¬new1(As,M)

and then folding clauses 12 and 13 using clauses 14 and 15, as follows:

16. max ([A|As],M)← new2(A,As,M)

Now, (i) T consists of clauses 1, 2, 3, 4, 9, 10, and 16, (ii) Defs consists of clauses
6, 14, and 15, and (iii) InDefs consists of clauses 14 and 15 only.

Second Iteration.
unfold. By positive and negative unfolding, from clauses 14 and 15 in InDefs
we get:

17. new2(A, [ ],M)←M=A
18. new2(A, [B|As],M)← list(As), M=A, B≤M, ¬new1(As,M)
19. new2(A, [B|As],M)← list(As), M=B, A≤M, B≤M, ¬new1(As,M)
20. new2(A, [B|As],M)← list(As), member(M,As), A≤M, B≤M,

¬new1(As,M)

tautology-replace. By applying the basic goal replacement rule to clauses
18, 19, and 20, and in particular, by using the equivalenceM(ListMembership) |=
true ↔ B≤A ∨A≤B (recall that ≤ is a total order), we get:

18.1. new2(A, [B|As],M)← B≤A, list(As), M=A, ¬new1(As,M)
19.1. new2(A, [B|As],M)← A≤B, list(As), M=B, ¬new1(As,M)

20.1. new2(A, [B|As],M)← B≤A, list(As), member(M,As), A≤M,
¬new1(As,M)

20.2. new2(A, [B|As],M)← A≤B, list(As), member(M,As), B≤M,
¬new1(As,M)

define-fold. Now we fold clauses 18.1 and 20.1 using clauses 14 and 15, and
we also fold clauses 19.1 and 20.2 using clauses 14 and 15. We obtain:

21. new2(A, [B|As],M)← B≤A, new2(A,As,M)
22. new2(A, [B|As],M)← A≤B, new2(B,As,M)
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No new definition has been introduced during the second iteration. Thus, InDefs
is empty and we terminate our unfold/fold transformation strategy also for the
highest level 2. We finally eliminate all predicate definitions on which max does
not depend, and we derive our final program:

16. max ([A|As],M)← new2(A,As,M)
17. new2(A, [ ],M)←M=A
21. new2(A, [B|As],M)← B≤A, new2(A,As,M)
22. new2(A, [B|As],M)← A≤B, new2(B,As,M)

This final program deterministically computes the answers to queries of the form:
max (l,M) where l is a ground list. Indeed, while traversing the given list l, the
first argument of the predicate new2 holds the maximal item encountered so
far (see clauses 21 and 22) and, at the end of the traversal, the value of this
argument is returned as an answer (see clause 17). 2

4 Program Verification via Transformation Rules and
Strategies

In this section we show that the transformation rules and the strategy we have
presented in Sections 2.2 and 2.3, can also be used for program verification. In
particular, we can prove a property ϕ of a given locally stratified logic program
P by applying the unfold/fold synthesis method of Section 3. For program ver-
ification purposes, instead of starting from a specification formula where free
variables may occur, the unfold/fold synthesis method is applied starting from
the closed specification formula g ↔ ϕ, where freevars(ϕ) = ∅ and g is a predi-
cate symbol of arity 0.

Our method for verifying whether or not ϕ holds in the perfect model of the
program P is specified as follows.

The Unfold/Fold Verification Method.
Given a locally stratified program P and a closed formula ϕ, we can check
whether or not M(P ) |= ϕ holds by performing the following two steps.

Step 1. We introduce a new predicate symbol g of arity 0, not occurring in {P, ϕ}
and, by using the LT transformation we transform the statement g ← ϕ, into a
conjunction Cls(g, ϕ) of clauses, such thatM(P ) |= ϕ iff M(P ∧Cls(g, ϕ)) |= g.
Step 2. From program P , the conjunction Cls(g, ϕ) of clauses, and a set of
equivalences to be used for rule R9, by applying the unfold/fold transformation
strategy of Section 2.3, we derive a program T such that

M(P ∧Cls(g, ϕ)) |= g iff M(T ) |= g

Thus, if T is the program consisting of the clause g ← only, then M(P ) |= ϕ,
and if T is the empty program, then M(P ) �|= ϕ.

Let us now see an example of program verification.
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Example 6. The Yale Shooting Problem. This problem has been often presented
in the literature on temporal and nonmonotonic reasoning. It can be formulated
as follows. Let us consider a person and a gun and three possible events : (e1) a
load event in which the gun is loaded, (e2) a shoot event in which the gun shoots,
and (e3) a wait event in which nothing happens. These events are represented
by clauses 6, 7, and 8 of the program YSP below. A situation is (the result of)
a sequence of events. This sequence is represented as a list which, so to speak,
grows to the left as time progresses. In any situation, at least one of the following
three facts holds : (f1) the person is alive, (f2) the person is dead, and (f3) the
gun is loaded. These facts are represented by clauses 9, 10, and 11 below. We
have the following statements:

(s1) In the initial situation, represented by the empty list [ ], the person is alive.
(s2) After a load event the gun is loaded.
(s3) If the gun is loaded, then after a shoot event the person is dead.
(s4) If the gun is loaded, then it is abnormal that after a shoot event the person
is alive.
(s5) If a fact F holds in a situation S and it is not abnormal that F holds after
the event E following S, then F holds also after the event E. This statement is
often called the inertia axiom.

The following locally stratified program, called YSP, formalizes the above
statements, and in particular, clauses 1–5 correspond to statements (s1)–(s5),
respectively. Our YSP program is similar to the one of Apt and Bezem [1].

1. holds(alive , [ ])← Program YSP
2. holds(loaded , [load |S])←
3. holds(dead , [shoot |S])← holds(loaded , S)
4. ab(alive , shoot , S)← holds(loaded , S)
5. holds(F, [E|S])← fact(F ), event(E), holds(F, S), ¬ab(F,E, S)
6. event(load)←
7. event(shoot)←
8. event(wait)←
9. fact(alive)←
10. fact(dead)←
11. fact(loaded)←
12. append([ ], Y, Y )←
13. append([A|X ], Y, [A|Z])← append(X,Y, Z)

Apt and Bezem showed that M(YSP) |= holds(dead , [shoot ,wait , load ]) can be
derived in a straightforward way by applying SLDNF-resolution. Let us now
consider the following stronger property σ:
∀S (holds(dead , S)

→ ∃S1, S2, S3, S4 (append(S1, [shoot |S2], S4), append(S4, [load |S3], S)))
meaning that the person may be dead in the current situation only if a load
event occurred in the past and that event was followed, maybe not immediately,
by a shoot event. We would like to prove that M(YSP) |= σ. Our two step
verification method works as follows.
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Step 1. We apply the LT transformation starting from the statement g ← σ and
we derive Cls(g, σ) which consists of the following three clauses:

14. g ← ¬new1
15. new1← holds(dead , S), ¬new2(S)
16. new2(S)← append(S1, [shoot |S2], S4), append(S4, [load |S3], S)

The level of new2 is 1, the level of new1 is 2, and the level of g is 3. The level
of all other predicates is 0.

Step 2. We now apply the unfold/fold transformation strategy of Section 2.3,
starting from the program YSP, the conjunction of clauses Cls(g, σ), and an
empty set of equivalences (rule R9 will not be applied). We have that K = 3,
D1 = {clause 16}, D2 = {clause 15}, and D3 = {clause 14}.
Level 1. Initially program T is YSP. We start off by applying the definition
introduction rule and adding clause 16 to T . Both Defs and InDefs consist of
clause 16 only. Then we iterate the execution of the body of the while loop of
the unfold/fold transformation strategy as follows.

First Iteration.
unfold. By unfolding, from clause 16 we derive:

17. new2([shoot |S])← append(S4, [load |S3], S)
18. new2([E|S])← append(S1, [shoot |S2], S4), append(S4, [load |S3], S)

define-fold. We introduce the following new predicate definition:

19. new3(A)← append(B, [load |C], A)
and we fold clauses 17 and 18 using clauses 19 and 16, respectively:

20. new2([shoot |S])← new3(S)
21. new2([E|S])← new2(S)

At this point (i) program T consists of clauses 20 and 21 together with clauses
1–13, (ii) Defs consists of clauses 16 and 19, and (iii) InDefs consists of clause
19.

Second Iteration.
unfold. By unfolding clause 19 we derive:

22. new3([load |S])←
23. new3([E|S])← append(S4, [load |S3], S)

define-fold. By folding clause 23 using clause 19 we derive:

22. new3([load |S])←
24. new3([E|S])← new3(S)

We need not introduce any new clause for folding. Thus, InDefs is empty and
the while loop terminates for level 1. At this point program T consists of the
following clauses:

20. new2([shoot |S])← new3(S)
21. new2([E|S])← new2(S)
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22. new3([load |S])←
24. new3([E|S])← new3(S)

together with clauses 1–13.

Level 2. We apply the definition introduction rule and we add clause 15 to T .
Both Defs and InDefs consist of clause 15 only. Then we iterate the execution
of the body of the while loop as follows.

First Iteration.
unfold. By unfolding, from clause 15 we derive:

25. new1← holds(loaded , S), ¬new3(S), ¬new2(S)
26. new1← holds(dead , S), ¬new2(S)
27. new1← holds(dead , S), ¬new3(S), ¬new2(S)
28. new1← holds(dead , S), ¬new2(S)

tautology-replace. Clauses 27 and 28 are subsumed by clause 26 and they
can be deleted.

define-fold. We introduce the following new predicate:
29. new4← holds(loaded , S), ¬new3(S), ¬new2(S)

and we fold clauses 25 and 28 using clauses 29 and 15, respectively. We get:
30. new1← new4
31. new1← new1

Now (i) T is made out of clauses 1–13, 20–24, and 30–31, (ii) Defs consists of
clauses 15 and 29, and (iii) InDefs consists of clause 29. Since InDefs is not the
empty conjunction, we proceed by a second execution of the body of the while
loop of the unfold/fold transformation strategy.

Second Iteration.
unfold. By unfolding, from clause 29 we derive:

32. new4← holds(loaded , S), ¬new3(S), ¬new3(S), ¬new2(S)
33. new4← holds(loaded , S), ¬new3(S), ¬new2(S)

tautology-replace. Clause 32 is deleted because it is subsumed by clause 33.
define-fold. We fold clause 32 using clause 29, and we derive:

34. new4← new4
No new clause is added by the definition introduction rule. Thus, InDefs is the
empty conjunction and the while loop terminates for level 2. Now, predicates
new1 and new4 are useless and their definitions, that is, clauses 30, 31, and 34,
are deleted.

Thus, at the end of the transformation strategy for level 2, the derived pro-
gram T consists of clauses 1–13 and 20–24.

Level 3. We add clause 14 to program T . By unfolding clause 14 we derive:
35. g ←

Our transformation strategy terminates by applying the definition elimination
rule and deleting all definitions of predicates upon which g does not depend.
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Thus our final program consists of clause 35 only, and we have proved that
M(YSP ∧Cls(g, σ)) |= g and thus, M(YSP) |= σ.

The reader may check that g cannot be derived from YSP ∧ Cls(g, σ) using
SLDNF-resolution, because an SLDNF-refutation of g would require the con-
struction of a finitely failed SLDNF-tree for new1 and no such a finite tree exists.
Indeed, g may be derived by using SLS-resolution, that is, resolution augmented
with the negation as (finite or infinite) failure rule. However, the applicability
conditions of the negation as infinite failure rule are, in general, not decidable
and even not semi-decidable. On the contrary, in our approach we use a set
of transformation rules which have decidable applicability conditions, assuming
that the equivalence of basic goals is decidable (see the goal replacement rule
R9). 2

5 Related Work

The idea of program development as a deductive activity in a formal theory
has been very fertile in the field of programming methodologies. Early results
on this topic are reported, for instance, in [10,11,12,21,32,39,49]. Here we would
like to mention some of the contributions to this field, focusing on logic program
transformation. In the pioneering work by Hogger [32] program transformation
was intended as a particular form of deduction in first order logic. Later, the ap-
proach based on the unfold/fold transformations proposed by Burstall and Dar-
lington [10] for functional languages, was adapted to logic languages by Tamaki
and Sato [74]. These authors proposed a set of rules for transforming definite
logic programs and proved their correctness w.r.t. the least Herbrand model se-
mantics. Since then, several researchers have investigated various aspects of the
unfold/fold transformation approach. They also considered its extension to deal
with negation [6,29,48,64,70,71], disjunctive programs [30], constraints [4,22],
and concurrency [23].

In this chapter we have essentially followed the approach of Tamaki and
Sato where the correctness of the transformations is ensured by conditions on the
sequence of the transformation rules which are applied during program derivation
[74]. The main novelty w.r.t. other papers which follow a similar approach and
deal with general logic programs (see, for instance, [64,70,71]) is that our set
of rules includes the negative unfolding (R4), the negative folding (R5), and
the basic goal replacement rules (R9) which are very useful for the program
derivation examples we have presented.

Together with the formalization and the study of the properties of the trans-
formation rules, various strategies for the application of these rules have been
considered in the literature. Among others, for case of logic programs we recall:
(i) the strategies for deriving tail recursive programs [3,17], (ii) the promotion
strategy for reducing nondeterminism within generate-and-test programs [72],
(iii) the strategy for eliminating unnecessary variables and thus, avoiding mul-
tiple traversals and intermediate data structures [58], and (iv) the strategy for
reducing nondeterminism during program specialization [56].
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The general unfold/fold transformation strategy we have presented in Sec-
tion 2.3, extends the above mentioned strategies to the case of programs with
locally stratified negation. The interesting fact to notice is that the same general
strategy can be refined in different ways so to realize not only program trans-
formation, but also program synthesis and program verification. However, in
order to be effective in practice, our general strategy requires some information
concerning specific computation domains and classes of programs. For instance,
information on the computation domains is needed for the application of the
goal replacement rule. The merit of a general purpose transformation strategy
rests upon the fact that it provides a uniform guideline for performing program
derivation in different computation domains.

The work on unfold/fold program transformation is tightly related to other
transformation techniques. In particular, partial evaluation (also called partial
deduction) and other program specialization techniques à la Lloyd-Shepherdson
[16,27,44,47] can be rephrased in terms of a subset of the unfold/fold rules [56,67].
Compiling control [7] is another transformation technique which is related to the
rules and strategies approach. Compiling control is based on the idea expressed
by Kowalski’s motto: Algorithm = Logic + Control, and it works as follows.
Let us consider a logic program P1 and let us assume that it is evaluated by
using a given control strategy C1. For instance, C1 may be the Prolog left-to-
right, depth-first control strategy. However, for efficiency reasons we may want
to use a different control strategy, say C2. Compiling control works by deriving
from program P1 a new program P2 such that P2 with control strategy C1 is
operationally equivalent to P1 with control strategy C2. Although the compiling
control technique was not originally presented following the rules and strategies
approach, the transformation of program P1 into program P2, may often be
performed by applying a suitable unfold/fold strategy (see, for instance, [53]).

Moreover, during the last two decades there has been a fruitful interaction be-
tween unfold/fold program transformation and program synthesis. To illustrate
this point, let us recall here the program synthesis methods based on derivation
rules, such as the one proposed by Hogger [32] and, along similar lines, those
reported in [34,35,42,68,69] which make use of derivation rules similar to the
unfold/fold rules. In this regard, the specific contribution of our chapter con-
sists in providing a method for program synthesis which ensures the correctness
w.r.t. the perfect model semantics.

Also related to our rules and strategies approach, is the proofs-as-programs
approach (see, for instance, [8,25] for its presentation in the case of logic pro-
gramming) which works by extracting a program from a constructive proof of a
specification formula. Thus, in the proofs-as-programs approach, programs syn-
thesis is regarded as a theorem proving activity, whereas by using our unfold/fold
method we view theorem proving as a particular case of program synthesis.

Our unfold/fold verification method is related to other methods for verifying
program properties. The existence of a relation between program transformation
and program verification was pointed out by Burstall and Darlington [10] and
then formalized by Kott [36] and Courcelle [14] in the case of applicative program
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schemata. The essential idea is that, since the transformation rules preserve a
given semantics, the transformation of a program P1 into a program P2 is also a
proof of the equivalence of P1 and P2 w.r.t. that semantics. In [54] this idea has
also been developed in the case of definite logic programs. The method presented
in that paper, called unfold/fold proof method, allows us to prove the equivalence
of conjunctions of atoms w.r.t. the least Herbrand model of a program. In [65] the
unfold/fold proof method has been extended by using a more powerful folding
rule and in [63,66] the extended unfold/fold proof method has been applied for
the proof of properties of parametrized finite state concurrent systems.

A further extension of the unfold/fold proof method has been presented in
[55]. By using the proof method described in [55] one can prove properties of the
form M(P ) |= ϕ where P is a logic programs with locally stratified negation,
M(P ) is its perfect model, and ϕ is any first order formula. In the present chapter
we basically followed the presentation of [55].

In recent developments (see, for instance, [24]), it has been shown that the
unfold/fold proof method can be used to perform model checking [13] of finite
or infinite state concurrent systems. To see how this can be done, let us recall
that in the model checking approach one formalizes the problem of verifying
temporal properties of finite or infinite state systems as the problem of verifying
the satisfaction relation T, s |=CTL F , where (i) T is a state transition system
(regarded as a Kripke structure), (ii) s is the initial state of the system, and (iii)
F is a formula of the CTL branching time temporal logic. In [24] the problem of
verifying T, s |=CTL F is reduced to that of verifying M(PT ) |= sat(s, F ), where
M(PT ) is the perfect model of a locally stratified program PT defining a predicate
sat which encodes the satisfaction relation |=CTL. Thus, the unfold/fold proof
method described in Section 4 can be used for performing finite or infinite state
model checking starting from the program PT and the atomic formula sat(s, F ).
An essential point indicated in [24] is that, in order to deal with infinite sets of
states, it is useful to consider logic programs extended with constraints.

Finally, we would like to mention that the unfold/fold proof method falls into
the wide category of methods that use (constraint) logic programming for soft-
ware verification. In the specific area of the verification of concurrent systems,
we may briefly recall the following ones. (i) The method described in [45] uses
partial deduction and abstract interpretation [15] of logic programs for verifying
safety properties of infinite state systems. (ii) The method presented in [26] uses
logic programs with linear arithmetic constraints to encode Petri nets. The least
fixpoint of one such program corresponds to the reachability set of the Petri net.
This method works by first applying some program transformations (different
from the unfold/fold ones) to compute a Presburger formula which is a symbolic
representation of the least fixpoint of the program, and then proving that a
given safety property holds by proving that it is implied by that Presburger for-
mula. (iii) Similarly to [24,26], also the method presented in [18] uses constraint
logic programs to represent infinite state systems. This method can be used to
verify CTL properties of these systems by computing approximations of least
and greatest fixpoints via abstract interpretation. (iv) The methods in [50] and
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[61] make use of logic programs (with and without constraints, respectively) to
represent finite state systems. These two methods employ tabulation techniques
[76] to compute fixpoints and they may be used for verifying CTL properties
and modal µ-calculus [40,57] properties, respectively.

It is difficult to make a precise connection between the unfold/fold proof
method and the verification methods listed above, because of the different for-
malizations and techniques which are used. However, we would like to notice that
all verification methods we mentioned above, work by finding, in a more or less
explicit way, properties which are invariants of the behaviour of a system, and
within the unfold/fold proof method, the discovery of invariants is performed
by the introduction of suitable predicate definitions which allow folding. This
introduction of new definitions is the most creative and least mechanizable step
during program transformation.

6 Conclusions

The main objective of this chapter has been to illustrate the power of the rules
and strategies approach to the development of programs. This approach is par-
ticularly appealing in the case of logic programming and it allows us to separate
the correctness requirement from the efficiency requirement during program de-
velopment. This separation is expressed by our motto: Program Derivation =
Rules + Strategies. It can be viewed as a variant of Kowalski’s motto for program
execution: Algorithm = Logic + Control.

More specifically, we have considered the unfold/fold transformation rules
for locally stratified logic programs and we have outlined a strategy for the ap-
plication of these transformation rules. As a novel contribution of this chapter
we have proposed a general, two step method for performing program trans-
formation, program synthesis, and program verification, and we have presented
a powerful unfold/fold transformation strategy which allows one to perform:
(1) elimination of multiple visits of data structures, program specialization, and
other efficiency improving program transformations, (2) program synthesis from
first order specifications, and (3) program verification.

The main advantage of developing several techniques for program deriva-
tion in a unified framework, is that we may reuse similar techniques in different
contexts. For instance, the program transformation strategy for eliminating un-
necessary variables [58] may be reused as a quantifier elimination technique for
theorem proving [55]. Moreover, our unified view of program derivation allows
us to design a general tool which may be used for machine assisted program
transformation, synthesis, and verification.

It should be pointed out that, besides the many appealing features illustrated
in this chapter, the transformational approach to program derivation has also
some limitations. Indeed, the problems tackled by program transformation have
inherent theoretical limitations due to well-known undecidability results. Thus,
in general, program derivation cannot be fully mechanical.
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Now we mention some approaches by which we can face this limitation and
provide techniques which are effective in practice.

(1) We may design interactive program transformation systems, so that many
ingenious steps can be performed under the user’s guidance, while the most te-
dious and routine tasks are automatically performed by the system. For instance,
KIDS [73] is a successful representative of such interactive systems for program
derivation. An important line of further development of interactive transfor-
mation systems, is the design of appropriate user interfaces and programmable
program transformers, which allow the user to interact with the system at a very
high level. In particular, in such systems the user should be able to program his
own rules and strategies. There are some achievements in this direction in the
related fields of term rewriting, program synthesis, and theorem proving. For
instance, we recall (i) the ELAN system [5] where the user may specify his own
strategy for applying rewriting rules, (ii) the Oyster/Clam system [9] where one
can make a plan to construct a proof or synthesize a program, and (iii) the
Isabelle generic theorem prover [51], where it is possible to specify customized
deductive systems.

(2) We may consider restricted sets of transformation rules or restricted
classes of programs, where certain transformation strategies can be performed
in a fully mechanical, algorithmic fashion. For logic programs, a number of al-
gorithmic transformation strategies have been developed, such as the already
mentioned techniques for partial deduction, eliminating unnecessary variables,
and reducing nondeterminism.

(3) We may enhance the program transformation methodology by using tech-
niques for global programs analysis, such as abstract interpretation. This ap-
proach may remedy to the fact that the transformation rules are designed to
make small, local changes of program code, but for their effective application
sometimes we need information on the operational or denotational semantics of
the whole program. Various techniques which combine program transformation
and abstract interpretation have been developed, especially for the task of pro-
gram specialization (see, for instance, [28,43,60] in the case of logic programs),
but also for the verification of concurrent systems (see [45]). We believe that this
line of research is very promising.

Finally, we would like to notice that the program derivation techniques we
have described in this chapter are essentially oriented to the development of
programs in-the-small, that is, within a single software module. We believe that
one of the main challenges for logic program development is the extension of
these techniques for program transformation, synthesis, and verification, to deal
with programs in-the-large, that is, with many software modules. Some results
in this direction are presented in the chapter by Lau and Ornaghi [41] where
software engineering methodologies for developing logic programs in-the-large
are proposed.
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50. Ulf Nilsson and Johan Lübcke. Constraint logic programming for local and sym-
bolic model-checking. In J. Lloyd et al., editor, CL 2000: Computational Logic,
number 1861 in Lecture Notes in Artificial Intelligence, pages 384–398, 2000.



308 Alberto Pettorossi and Maurizio Proietti

51. L. C. Paulson. The foundation of a generic theorem prover. J. Automated Reason-
ing, 5:363–397, 1989.

52. A. Pettorossi and M. Proietti. Rules and strategies for transforming functional
and logic programs. ACM Computing Surveys, 28(2):360–414, 1996.

53. A. Pettorossi and M. Proietti. Transformation of logic programs. In D. M. Gabbay,
C. J. Hogger, and J. A. Robinson, editors, Handbook of Logic in Artificial Intelli-
gence and Logic Programming, volume 5, pages 697–787. Oxford University Press,
1998.

54. A. Pettorossi and M. Proietti. Synthesis and transformation of logic programs
using unfold/fold proofs. Journal of Logic Programming, 41(2&3):197–230, 1999.

55. A. Pettorossi and M. Proietti. Perfect model checking via unfold/fold transforma-
tions. In J.W. Lloyd et al., editor, First International Conference on Computational
Logic, CL’2000, London, 24-28 July, 2000, Lecture Notes in Artificial Intelligence
1861, pages 613–628. Springer, 2000.

56. A. Pettorossi, M. Proietti, and S. Renault. Reducing nondeterminism while spe-
cializing logic programs. In Proc. 24-th ACM Symposium on Principles of Pro-
gramming Languages, Paris, France, pages 414–427. ACM Press, 1997.

57. V. Pratt. A decidable µ-calculus. In 22nd Symposium on Foundations of Computer
Science, Washington (DC), 1981. IEEE Computer Society Press.

58. M. Proietti and A. Pettorossi. Unfolding-definition-folding, in this order, for
avoiding unnecessary variables in logic programs. Theoretical Computer Science,
142(1):89–124, 1995.

59. T. C. Przymusinski. On the declarative and procedural semantics of logic programs.
Journ. of Automated Reasoning, 5:167–205, 1989.

60. G. Puebla and M. Hermenegildo. Abstract multiple specialization and its applica-
tion to program parallelization. J. of Logic Programming. Special Issue on Synthe-
sis, Transformation and Analysis of Logic Programs, 41(2&3):279–316, November
1999.

61. Y. S. Ramakrishna, C. R. Ramakrishnan, I. V. Ramakrishnan, S. A. Smolka,
T. Swift, and D. S. Warren. Efficient model checking using tabled resolution.
In CAV ’97, Lecture Notes in Computer Science 1254, pages 143–154. Springer-
Verlag, 1997.

62. J. A. Robinson. A machine-oriented logic based on the resolution principle. Journal
of the ACM, 12(1):23–41, 1965.

63. A. Roychoudhury, K. Narayan Kumar, C. R. Ramakrishnan, I. V. Ramakrish-
nan, and S. A. Smolka. Verification of parameterized systems using logic program
transformations. In Proceedings of the Sixth International Conference on Tools and
Algorithms for the Construction and Analysis of Systems, TACAS 2000, Berlin,
Germany, Lecture Notes in Computer Science 1785, pages 172–187. Springer, 2000.

64. A. Roychoudhury, K. Narayan Kumar, C. R. Ramakrishnan, and I.V. Ramakrish-
nan. Beyond tamaki-sato style unfold/fold transformations for normal logic pro-
grams. In P. S. Thiagarajan and R. H. C. Yap, editors, Proceedings of ASIAN’99,
5th Asian Computing Science Conference, Phuket, Thailand, December 10-12, Lec-
ture Notes in Computer Science 1742, pages 322–333. Springer-Verlag, 1999.

65. A. Roychoudhury, K. Narayan Kumar, C.R. Ramakrishnan, and I.V. Ramakrish-
nan. Proofs by program transformation. In PreProceedings of LOPSTR ’99, Venice,
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Abstract. Program synthesis research aims at developing a program
that develops correct programs from specifications, with as much or as
little interaction as the specifier wants. I overview the main achievements
in deploying logic for program synthesis. I also outline the prospects of
such research, arguing that, while the technology scales up from toy
programs to real-life software and to commercially viable tools, compu-
tational logic will continue to be a driving force behind this progress.

1 Introduction

In his seminal book Logic for Problem Solving [53], Bob Kowalski introduced
the celebrated equation:

Algorithm = Logic+ Control (A = L+ C)

expressing that for an algorithm, the statement of what it does — the logic
component — can be separated from the manner how it is done — the con-
trol component. Algorithms and programs in conventional languages feature a
merging of these components, whereas pure logic programs only express the logic
component, leaving the control component to the execution mechanism. In ac-
tual logic programming languages, such as prolog, some control directives can
be provided as annotations by the programmer. The logic component states only
the problem-specific part of an algorithm and determines only its correctness,
while the control component only expresses a problem-independent execution
strategy and determines only the efficiency of the algorithm.

Kowalski listed several advantages of this encapsulation, which is akin to the
abstraction achieved when separating the algorithm and data-structure compo-
nents of programs. These advantages include the following:

– The logic and control components of algorithms can be successively refined,
and improved, independently of each other.

– A default, and thus often sub-optimal, control can be provided for less experi-
enced programmers, who can thus focus their efforts on the logic component.

A.C. Kakas, F. Sadri (Eds.): Computat. Logic (Kowalski Festschrift), LNAI 2407, pp. 310–346, 2002.
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– The logic component of an algorithm can be mechanically generated from,
and verified against, a formal specification, using deduction, without consid-
ering the control component. Similarly, the logic component can be mechani-
cally transformed into another one, using deduction, without considering the
control component. One thus obtains what is known as program synthesis,
program verification, and program transformation, respectively.

The objective of this chapter is to overview the main achievements in deploying
logic for program synthesis, and to outline its future prospects. As synthesis
nowadays starts scaling up from toy programs to real-life software and to com-
mercially viable tools, it can be argued that computational logic will continue
to be a driving force behind these developments.

Scope of this Chapter. In contrast to Kowalski’s intention, I here do not focus
on the synthesis of logic programs only, but rather take a wider approach and
tackle the synthesis of any kinds of programs. Indeed, the target language does
not really matter, but what does matter is the use of computational logic in
the synthesis process. Similarly, I shall not restrict myself to his advocated use
of deductive inference for synthesis, but will also discuss the role of inductive,
abductive, and analogical inference in synthesis.

Also, although there is a large overlap in concepts, notations, and techniques
between program synthesis and program transformation, verification, and anal-
ysis (which is the study of the semantics and properties of programs, such as
their termination), I here discuss concepts and techniques relevant to program
synthesis only — assuming it can be clearly delineated from those other areas
— and refer the reader to the prolific literature on these related research fields.

Having thus both widened and narrowed the scope of this chapter compared
to Kowalski’s original agenda, the literature to be overviewed is very voluminous
and thus cannot possibly be discussed in such a single, short chapter. I have
thus made a maybe subjective selection of the landmark research in program
synthesis, with particular attention to seminal work and to approaches that scale
up for eventual deployment in actual software development. For coverage of more
approaches, I thus refer the interested reader to the numerous overviews, surveys,
and paper collections periodically published before this one, such as those — in
chronological order — by Barr & Feigenbaum [3], Biermann et al. [14,15,12,13],
Partsch et al. [73,72], Smith [79], Balzer [2], IEEE TSE [70], Goldberg [41], Rich
& Waters [74,75], Feather [30], Lowry et al. [60,61], Steier & Anderson [87], JSC
[16], Deville & Lau [27], and Flener [34,37].

Organisation of this Chapter. The rest of this chapter is organised as fol-
lows. In Section 2, I describe my viewpoint on what program synthesis actually
is, and what it is not, especially in relation to other areas, such as compilation
and transformation. Classification criteria are also given. The technical core of
this chapter are Sections 3 to 5, where I overview past achievements of logic-
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based program synthesis.1 I devote one section each to the three main streams
of research, namely transformational (Section 3), constructive (Section 4), and
mixed-inference (Section 5) synthesis, exhibiting one or two representative sys-
tems for each of them, in terms of their underlying machineries, their actual syn-
thesis processes, and interesting excerpts of sample syntheses. From this sketch
of the state-of-the-art, I can then outline, in Section 6, the future prospects of
program synthesis, whether logic-based or not, especially in terms of the chal-
lenges it faces towards scaling up and eventual transfer of the technology to
commercial software development. Finally, in Section 7, I conclude.

2 What Is Program Synthesis?

I now describe my viewpoint on what program synthesis actually is, and what
it is not. In Section 2.1, I state the objective and rationale of program synthesis,
and contrast it with program transformation. Next, in Section 2.2, I propose
a classification scheme for synthesisers. Finally, in Section 2.3, I show that the
goalposts of synthesis have been moving very much over the years, and that
synthesis is in retrospect nothing else but compilation.

2.1 The Goal of Program Synthesis

The grand objective of program synthesis — also known as automatic program-
ming — research is to develop a program that develops correct programs from
specifications, with as much or as little interaction as the specifier wants. Nothing
in this formulation is meant to imply that the focus is on programming-in-the-
small. Synthesising real-life software only requires a scalable synthesis process.
Just like manual programming, synthesis is thus about translating a statement
from one language into another language, namely from the specification lan-
guage into the programming language, thereby switching from a statement of
what the program does and how it should be used to a statement of how the
program does it, hence ideally not only establishing correctness (the program
outputs satisfy the post-condition of the specification, provided the inputs meet
its pre-condition) but also achieving a reasonable level of efficiency (outputs are
computed within a reasonable amount of time and space).

The rationale for this objective is the notorious difficulty for most program-
mers of effectively developing correct and efficient programs, even when these
programs are small. The benefits of a synthesiser would be higher-quality pro-
grams and the disappearance of the program validation and maintenance steps,
and instead total focus on specification elaboration, validation, and maintenance,
because replay of program development would become less costly. Synthesis
would be especially useful in problem domains where there is a huge gap between

1 Citations are not necessarily to the first paper on a specific approach, but to com-
prehensive papers that may have been published much later. In the latter case, I
indicate the year of the original paper in the running text.
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the end-user formulation of a problem and an efficient program for solving it,
such as for constraint satisfaction problems, for instance.

The hope for synthesisers is as old as computing science itself, but it is often
dismissed as a dream. Indeed, we are way off a fully automatic, general-purpose,
end-user-oriented synthesiser [75], and pursuing one may well be illusory. Most
of the early synthesis projects aimed at starting from informal specifications. For
instance, the safe project [2] initially went to great efforts to do so, but eventu-
ally switched to defining gist, a very-high-level formal language for conveying
formal descriptions of specifications. Nowadays, as a simplification, virtually all
synthesisers start from inputs in such formal languages. Another typical simplifi-
cation through division of work is to focus on the synthesis of the logic component
of programs, leaving the design of their data-structure and control components
to others. In this chapter, I focus on approaches to logic-based synthesis that
embody both of these usual simplifications.

A few words need to be said about the relationship between synthesis and
transformation. Whereas program synthesis is here defined as the translation of a
statement from a possibly informal specification description language into a pro-
gram in a necessarily formal programming language, with focus on correctness,
program transformation is here defined as the equivalence-preserving modifica-
tion of a program into another program of the same language, with focus on
achieving greater efficiency, in time or space or both. This makes transformation
different from synthesis in purpose, but complementary with it. In practice, they
share many concepts and techniques. Optimising transformation can be achieved
by changing any of the logic, control, or data-structure components of programs.
This raises many interesting issues:

– One can argue that synthesis and transformation should not be a sequence of
two separate but complementary tasks, because the correctness and efficiency
of algorithms are inevitably intertwined, even if separated in logic and control
components. But this division of work is appealing and has been useful.

– If only the text of a program enters transformation, then the rationale of its
synthesis steps is lost to the transformation and may have to be rediscovered,
in a costly way, in order to perform effective transformation. I am not aware
of any transformation approaches that take programming rationale as input.

– In Kowalski’s words [53]: “Changing the logic component is a useful short-
term strategy, since the representation of the problem is generally easier
to change than the problem-solver. Changing the control component, on the
other hand, is a better long-term solution, since improving the problem-solver
improves its performance for many different problems.” A good example of
the effect of suitably changing control is the switch from logic programming
to constraint logic programming, thereby giving programs with a generate-
and-test logic component an often spectacular speedup. Such paradigm shifts
may well require a redefinition of what synthesis and transformation are.

No matter which way the purposes of synthesis and transformation are defined,
there is an unclear boundary between them, made even more confusing by other
considerations, examined in Section 2.3.
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2.2 Classification Criteria

A huge variety of synthesis mechanisms exist, so I here propose a multi-dimen-
sional classification scheme for them. The criteria fall into three major categories,
grouping the attributes of the synthesis inputs, mechanisms, and outputs.

Synthesis Inputs. The input to synthesis is a specification of the informal
requirements. Sometimes, a domain theory stating the laws of the application
domain must also be provided. These inputs have the following attributes:

– Formality. An input to synthesis can be written in either an informal lan-
guage (whose syntax or semantics is not predefined), or a formal language
(whose syntax and semantics are predefined). The often encountered notion
of semi-formal language is strictly speaking meaningless: controlled natural
languages are formal, and UML and the likes are informal even though their
graphical parts may have a formal syntax and semantics.

– Language. When using a formal input language, a specification can be
either axioms, or input/output examples. Sometimes, the actual language is
disguised by a suitable graphical user interface, or it is sugared.

– Correctness wrt the Requirements. Informally, a statement S is correct
wrt another statement T iff S is consistent with T (everything that follows
from S also follows from T ) as well as complete wrt T (everything that
follows from T also follows from S). Input to synthesis is usually assumed to
be consistent with the requirements. On the other hand, the input is either
assumed to be complete or declared to be incomplete wrt the requirements. In
the former case, the synthesiser need only produce a program that is correct
wrt the input. In the latter case, the synthesiser must try to extrapolate the
actual complete requirements from the given input. In either case, actual
validation against the informal requirements is done by the programmer,
by changing the inputs to synthesis until the synthesised program has the
desired behaviour. As opposed to the external consistency and completeness
considered here, internal consistency and completeness are not classification
attributes, but rather quality criteria that may be mechanically checked
before synthesis begins: a statement S is internally consistent iff S has at
least one model, and internally complete iff every symbol in S is either
primitive to the language used or defined within S.

Synthesis Mechanisms. The mechanisms of program synthesis can also be
classified along a few dimensions:

– Level of Automation. Having by definition excluded manual program-
ming, synthesis is either semi-automatic or fully automatic.

– Initiative. In semi-automatic synthesis, the initiative in the interaction can
be on either side, making the mechanism synthesiser-guided or user-guided.

– Kinds of Inference. There are many kinds of inference and they can all be
used, and combined, towards synthesis. I here distinguish between purely-
deductive synthesis, which performs only deductive inference and is either
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transformational (see Section 3) or constructive (see Section 4), and mixed-
inference synthesis, which features any appropriate mix of deductive, induc-
tive, abductive, and analogical inference (see Section 5).

– Kinds of Knowledge. There is a great need for incorporating knowledge
into program synthesisers. There are essentially four kinds of useful syn-
thesis knowledge, namely knowledge about the mechanics of algorithm de-
sign, knowledge about the laws and refinement of data structures, knowledge
about the laws of the application domain (this was called the domain theory
above), and meta-knowledge, that is knowledge about how and when to use
the other kinds of knowledge.

– Determinism. A non-deterministic synthesiser can generate a family of
programs from a specification; otherwise, it is a deterministic synthesiser.

– Soundness. Synthesis should be a sound process, in the sense that it pro-
duces an output that is guaranteed to satisfy some pre-determined notion of
correctness wrt the input.

Synthesis Outputs. The output of synthesis is a program, and usually only
the logic component of its algorithm. The classification attribute is:

– Language. Technically, the synthesised program can be in any language,
because any code can be generated from the chosen internal representation.
In practice, the pure parts of the so-called declarative languages are usually
chosen as internal and external representation of programs, because they are
the highest-level languages compiled today and thus sufficient to make the
point. Common target languages thus are Horn clauses, recursion equations,
λ-expressions, etc.

These classification attributes are not independent: choices made for one of
them affect the available choices for the others.

2.3 The Moving Goalposts of Program Synthesis

The first assemblers and compilers were seen as automatic programming sys-
tems, as they relieved the programmers from many of the burdens of binary
programming. Ever since, program synthesis research has been trying to be one
step ahead of the state-of-the-art in programming languages, but, in retrospect,
it is nothing else but the quest for new programming paradigms. To paraphrase
Tesler’s sentence, which was originally on Artificial Intelligence: Program syn-
thesis deals with whatever has not been compiled yet. Of course, as our notion
of program evolves, our understanding of compilation has to evolve as well: it is
not because today’s compilers are largely deterministic and automatic that to-
morrow’s compilers, that is today’s synthesisers, are not allowed to have search
spaces or to be semi-automatic.

The main problem with formal inputs to program synthesis is that there is
no way to construct them so that we have a formal proof that they capture our
informal requirements. In fact, the phrase ‘formal specification’ is a contradiction
in terms, as real specifications can only be informal [57]. An informal correctness



316 Pierre Flener

proof is needed somewhere, as the purpose of software engineering is after all
to obtain programs that implement our informal requirements. Writing such
formal inputs just shifts the obligation of performing an informal proof from the
program-vs-informal-requirements verification to the formal-inputs-vs-informal-
requirements verification, but it does not eliminate that obligation.

In my opinion, programs and such formal inputs to synthesis are intrinsically
the same thing. As synthesis research aims at raising the level of language in
which we can interact with the computer, compilation and synthesis are intrin-
sically the same process. In other words, real programming and synthesis are
only being done when going from informal requirements to a formal description,
which is then submitted to a compiler. In this sense, focusing synthesis on start-
ing from formal statements is not really a simplification, as claimed above, but
rather a redefinition of the task, making it identical to compilation.

I am not saying that formal methods are useless. Of course it is important
to be able to check whether a formal description is internally consistent and
complete, and to generate prototypes from executable descriptions, because all
this allows early error detection. But one cannot say that such formal descriptions
are specifications, and one still knows nothing about whether they are externally
consistent and complete, namely wrt the informal requirements. Formal inputs
to program synthesis are already programs, though not in a conventional sense.
But conventions change in time, and the so-called “formal specifications” of
today will be perceived as programs tomorrow.

In order to stick to the contemporary terminology and make this chapter in-
dependent of agreement or disagreement on this sub-section, I shall nevertheless
speak of formal specifications (without the quotes) in the following.

3 Achievements of Transformational Synthesis

In transformational synthesis, meaning-preserving transformation rules are ap-
plied to the specification, until a program is obtained. Usually, this is done within
a so-called wide-spectrum language — such as b, gist, vdm, z — containing both
non-executable specification constructs and executable programming constructs.
I shall use the word ‘description’ to designate the software representations in such
a language, be they formal specifications, programs, or hybrids in-between these
two extremes.

Given a logic specification of the following form, where there is no prejudice
about which parameters are inputs and which ones are outputs, at run-time:

∀P . pre(P )→ ( p(P )↔ post(P ) )

where pre is the pre-condition (an assertion on all the parameters P , assumed
to hold when execution of a program for p starts), post is the post-condition (an
assertion on the parameters P , to be established after execution of a program
for p), and p is the specified predicate symbol, transformational synthesis iter-
ates over a single step, namely the application of a transformation rule to some
expression within the current description, until a program is obtained.
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Transformation rules, or transforms, are often represented as rewrite rules
with pattern variables:

IP ⇒ OP [ if C ]

expressing that under the optional applicability conditionC, an expression match-
ing input pattern IP under some substitution θ may be replaced by the instance
OPθ of the output pattern OP .

Transforms are either refinements, reducing the abstraction level of the cur-
rent description by replacing a specification construct by a program construct,
or optimisations, performing a simplification (reduction in expression size) or a
reduction in runtime or space, both at the same abstraction level. Refinements
can act on statements or datatype definitions, reducing non-determinism.

A sample refinement is the following unconditional transform of a high-level
non-recursive array summation into a recursive expression:

S =
∑u

i=l A[i]
⇒
Σ(A, l, u, S)← l > u, S = 0 % Σ(A, l, u, S) iff S is the sum of A[l]..A[u]
Σ(A, l, u, S)← ¬ l > u,+(l, 1, l′), Σ(A, l′, u, T ),+(A[l], T, S)

Sample optimisations are the following conditional transform for divisions:

x/x⇒ 1 if x �= 0

and the following accumulator introduction, which amounts to replacing recur-
sion in the non-minimal case of a divide (d) and conquer (c) definition of predi-
cate p by tail-recursion — with the minimal (m) case being solved (s) without
recursion — as this can be compiled into more efficient code, like iteration:

p(X,Y )← m(X), s(X,Y )
p(X,Y )← ¬m(X), d(X,H, T ), p(T, V ), c(H,V, Y )

⇒
p(X,Y )← p(X,Y, I)
p(X,Y,A)← m(X), s(X, J), c(A, J, Y )
p(X,Y,A)← ¬m(X), d(X,H, T ), c(A,H,A′), p(T, Y,A′)

if associative(c) ∧ identity(c, left , I)
The latter transform is applicable to the output of the refinement above, because
+/3 is associative and has a left-identity element, namely 0. This illustrates how
transforms can be chained. Of course, the refinement above could immediately
have reflected such a chaining.

Other common transforms are unfolding (replacing a symbol by its defini-
tion), folding (the inverse of unfolding), definition (introduction of a new symbol
via its definition), instantiation (application of a substitution), abstraction (in-
troduction of a where clause, in functional programming), or reflect the laws of
the application domain.

Several control issues arise in the rewrite cycle, because the synthesis search
space is usually intractable due to the sheer number of transforms. First, who
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checks the applicability condition? Usually, this is considered a synthesiser re-
sponsibility, and thus becomes a task for an automatic theorem proving com-
ponent thereof. Second, which transform should be applied next, and to which
expression? Usually, full automation is abandoned in favour of user-guided in-
teractive application of transforms, with the synthesiser automatically ensuring
that applicability conditions are met, as well as correctly applying the chosen
transform to the chosen expression, thus taking over all clerical work. Other ap-
proaches are based on rule ordering, heuristics, agendas, planning, replay, etc.
Third, when to stop transforming? Indeed, many transforms can also be ap-
plied during program transformation (as defined in Section 2.1), hence blurring
the transition and distinction between synthesis and transformation. Usually,
one considers that synthesis per se has finished when the current description
is entirely within the executable part of the wide-spectrum language, so that
synthesis is here defined as the translation from the full wide-spectrum language
into its executable subset.

When transforms are too fine-grained, they lead to very tedious and lengthy
syntheses. The idea is thus to define macroscopic transforms that are higher-
level in the sense that they are closer to actual programming decisions and that
they are compositions of such atomic transforms. Examples are finite differ-
encing (replacing expensive computations in a loop by incremental ones), loop
fusion (merging of nested or sequentially-composed loops into one loop), partial
evaluation (simplifying expressions for fixed arguments), generalisation (solving
a more general, easier problem), dynamic programming, memoing (caching re-
sults of computations to avoid useless recomputations), jittering (preparing the
application of other transforms).

To document a synthesis and ease its understanding, the applied sequence
of transforms is usually recorded, ideally with the rationale of their usage. This
also allows replay, though it remains unclear when this is suitable and when not.

I now discuss an entire product-line of representative transformational syn-
thesisers, chosen because of the objective of scaling the technology to real-life
software development tasks. Indeed, kids and its successors (see Section 3.1)
have been successfully deployed in many real-life applications. In Section 3.2, I
outline the efforts of the other research centres in transformational synthesis.

3.1 SpecWare, DesignWare, and PlanWare

At Kestrel Institute (Palo Alto, California, USA, www.kestrel.edu), Smith and
his team have been designing, for over 15 years now, a series of synthesisers, all
with the same philosophy, which is specific to them (see below). Their Kestrel
Interactive Development System (kids) [81] extends its predecessor cypress [80]
and automatically synthesises correct programs within the wide-spectrum lan-
guage refine, while leaving their transformation to a user-guided rewrite cycle.
I here describe the systems of their product-line — SpecWare (for Specifica-
tion Ware) [86], DesignWare [84], and PlanWare [18] — as well as how they
relate to each other. They amount to more than just recasting, as described in
[83], the synthesis and transformation calculus of kids in category theory.
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The overall Kestrel philosophy is as follows. Consider, for instance, pro-
grams that solve constraint satisfaction problems (CSPs) by exploring the entire
candidate-solution space, though with pruning of useless subspaces. They have a
common structure, called global search, of which the dataflow, control-flow, and
interactions between parts can be formally captured in a program schema. Sim-
ilarly, other program schemas can be designed for capturing the methodologies
leading to local search programs, divide-and-conquer programs, etc. Such pro-
gram schemas can then be used in synthesis to significantly reduce the candidate-
program space. Some proof obligations arise in such schema-guided synthesis, but
they are feasible by state-of-the-art automated theorem provers. The synthesised
programs are not very efficient, though, since they are just problem-specific in-
stances of program schemas that had been designed for entire problem families,
but without being able to take into account the specificities of their individual
problems. The synthesised programs can thus be transformed into equivalent
but more efficient ones by applying high-level transforms, in a user-guided way.
However, this transformation cycle also became the bottleneck of kids, because
the user really has to be an expert in applying these transforms in a suitable
order and to the appropriate sub-expressions. Moreover, the proof obligations
of synthesis are only automatable if the entire application domain knowledge is
formally captured, which is an often daunting task. Smith used kids to rather
quickly refine new, breakthrough algorithms for various CSPs [82].

The inputs to synthesis are a formal axiomatic higher-order algebraic spec-
ification, assumed to be consistent and complete wrt the requirements, and a
domain theory. The synthesis mechanism is purely deductive, interactive or au-
tomatic (depending on the system), non-deterministic, and sound. Algorithm
design, data structure, and application domain knowledge are exploited. The
output is a program in any supported language (e.g., CommonLisp, c++).
The Transformation System. A category-theory approach to transformation
is taken. Viewing specifications as finite presentations of theories, which are the
closures of the specification axioms under the rules of inference, a specification
morphism S → S′ is a provability-preserving signature morphism between spec-
ifications S and S′, that is a map between their sort and operator symbols, such
that axioms translate into theorems.2

For instance, consider the specification of finite containers in Figure 1. It is
parameterised on the sort E of the container elements. Containers are either
empty, or singletons, or constructed by an infix binary join operator.

Also consider the following specification of binary operators:

spec BinOp is
sort T
op bop : T, T −→ T

end
2 For typographic reasons, the ‘→’ symbol is thus overloaded, being used for both
morphisms and logical implication. The distinction should always be clear from
context. Under its morphism meaning, this symbol will be typeset here in other
directions of the wind rose, to facilitate the representation of graphs of morphisms.
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spec Container is
sorts E,Cont
op empty : −→ Cont
op singleton : E −→ Cont
op join : Cont, Cont −→ Cont
. . . other operator declarations . . .
ops {empty, singleton, join} construct Cont
axiom ∀X : Cont . X join empty = X
axiom ∀X : Cont . empty join X = X
. . . axioms for the other operators . . .

end

Fig. 1. A specification of finite containers

spec ProtoSeq is
sorts E, Seq
op empty : −→ Seq
op singleton : E −→ Seq
op join : Seq, Seq −→ Seq
. . . other operator declarations . . .
ops {empty, singleton, join} construct Seq
axiom ∀X : Seq . X join empty = X
axiom ∀X : Seq . empty join X = X
axiom ∀X, Y, Z : T . (X join Y ) join Z = X join (Y join Z)
. . . axioms for the other operators . . .

end

Fig. 2. A specification of finite sequences

The following specification of associative operators reflects the specification mor-
phism BinOp→ Associative, which is {T �→ T, bop �→ bop}:

spec Associative is
import BinOp
axiom ∀X,Y, Z : T . (X bop Y ) bop Z = X bop (Y bop Z)

end

Specifications and specification morphisms form a category, called SPEC , in
which push-outs can be computed. Informally, a diagram is a directed graph
with specifications as vertices and specification morphisms as arcs.

For instance, the push-out of Associative ← BinOp → Container under
morphisms {T �→ T, bop �→ bop} and {T �→ E, bop �→ join} is isomor-
phic to the specification of prototype finite sequences in Figure 2. Indeed, se-
quences are containers whose join operation is associative. By another mor-
phism, sequence-specific operators can be added to ProtoSeq, giving rise to a
specification Sequence of finite sequences. By another push-out Commutative←
BinOp → ProtoSeq, we can get a specification ProtoBag of prototype finite
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BinOp → Container
↓ ↓

Associative → ProtoSeq ← BinOp
↓ ↓

BinOp → ProtoBag ← Commutative
↓ ↓

Idempotent→ ProtoSet

Container
↓

ProtoSeq
↙ ↓

Sequence ProtoBag
↙ ↓

Bag ProtoSet
↙

Set

Fig. 3. A chain of commuting diagrams (left) and a taxonomy of containers
(right)

bags, to which bag-specific operators can be added, giving rise to a specification
Bag of finite bags. Indeed, bags are sequences whose join operation is com-
mutative, because element order is irrelevant. Finally, by yet another push-out
Idempotent← BinOp → ProtoBag, we can obtain a specification ProtoSet of
prototype finite sets, to which set-specific operators can be added, giving rise to
a specification Set of finite sets. Indeed, sets are bags whose join operation is
idempotent, because multiplicity of elements is irrelevant. This process can be
captured in the chain of three commuting diagrams of the left of Figure 3. If
we graphically add the considered additional morphisms to the central vertical
chain, we obtain the taxonomy of containers in the right of Figure 3.

A diagram morphism D ⇒ D′ is a set of specification morphisms between
the specifications of diagrams D and D′ such that certain squares commute.
It serves to preserve and extend the structure of specifications, as opposed to
flattening them out via co-limits. For instance, a not shown diagram morphism
BAG ⇒ BAGasSEQ can be created to capture the refinement of bags into
sequences, where BAG and BAGasSEQ are diagrams involving specifications
Bag and Sequence, respectively. Diagrams and diagram morphisms also form a
category, in which co-limits can be computed, using the co-limits in SPEC . The
word ‘specification’ here denotes either a specification or a specification diagram,
and ‘refinement’ refers to a diagram morphism, unless otherwise noted.

In general now, specifications — as theory representations — can capture do-
main models (e.g., transportation), abstract datatypes (e.g., BAG), software re-
quirements (e.g., crew scheduling), algorithm theories (e.g., divide-and-conquer),
etc. Tool support and a large library of reusable specifications are provided for
structuring and composing new specifications. Also, specification morphisms and
diagram morphisms can capture specification structuring (e.g., via imports),
specification refinement (e.g., scheduling to transportation-scheduling), algo-
rithm design (e.g., global-search to scheduling), datatype refinement (e.g., BAG ⇒
BAGasSEQ), expression optimisation (e.g., finite differencing), etc. Again, tool
support is provided for creating new refinements, and a large library of useful
refinements exists.
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A ⇒ Spec0

⇓ ⇓
B ⇒ Spec1 ⇐ C

⇓ ⇓
E ⇒ Spec2 ⇐ D
⇓ ⇓
. . . . . . . . .

⇓ ⇓
Specn ⇐ Z
↓

Code

Fig. 4. The synthesis process

Finally, inter-logic morphisms are provided for translating from the speci-
fication logic into the logic of a programming language — thereby performing
code generation — or of a theorem-prover or any other supporting tool.

The Synthesis Process. The refinement of a specification Spec0 is an iterative
process of calculating push-outs in commuting squares, yielding new specifica-
tions Speci, until the process is deemed finished and an inter-logic morphism is
used to generate a program Code from the final specification Specn. This pro-
cess is depicted in Figure 4. Here, A ⇒ B, C ⇒ D, etc, are refinements stored
in a library. With push-outs being calculated automatically, the creative steps
are the selection of a refinement and the construction of a classification arrow
[83,84] between the source diagram (A, C, etc) of a library refinement and the
current specification. The leverage can be quite dramatic, with push-outs often
generating many new lines, which might have been quite cumbersome, if not
difficult, to write by hand.

As the size and complexity of specification and refinement libraries increase,
support must be given for this approach to scale up. First, specification libraries
are organised in taxonomies, such as Figure 3 above, so as to allow the in-
cremental construction of classification arrows [84]. For instance, to apply the
BAG ⇒ BAGasSEQ refinement to the current specification S, one can first clas-
sify S as a Container, then as a ProtoSeq, next as a ProtoBag, then as a Bag,
and finally as a BAG , rather than classifying S as a BAG in one go. The deeper
one goes into a taxonomy, the more specification information can be exploited
and the more efficient the resulting code. Second, as patterns of useful classifica-
tion and refinement sequences emerge, parameterised macros, called tactics, can
be defined to provide higher-level, if not more automatic, operations to the user.
For instance, the divide-and-conquer algorithm theory admits two classification
tactics, depending on whether the decomposition or the composition operator is
manually selected from a library, and thus reused, in a classification step, leaving
the other operator to be inferred.

SpecWare [86] is an abstract machine exporting high-level synthesis and
transformation primitives that hide their low-level implementation in terms
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of category theory operations. Using it, one can more quickly write new syn-
thesisers. First, a new version of kids was implemented, called DesignWare
[84], extending SpecWare with domain-independent taxonomies of software de-
sign theories plus support for refining specifications using the latter. Then, on
top of DesignWare, the PlanWare [18] domain-specific synthesiser of high-
performance schedulers was developed. Both its synthesis and transformation
processes are fully automatic, and it even automatically generates the formal
specification and application domain knowledge — which are typically thou-
sands of lines — from the information provided by the specifier, who uses a very
intuitive domain-specific spreadsheet-like interface, without being aware of the
underlying category theory. PlanWare extends DesignWare with libraries of
design theories and refinements about scheduling, together with a specialised tac-
tic for controlling the application of this design knowledge. Other domain-specific
synthesisers are in preparation, and will also be built on top of DesignWare.
A Sample Synthesis. A synthesis of a function sorting that sorts bags into
sequences may start from the following specification:

spec Sorting is
import BagSeqOverLinOrd
op sorted : Bag, Seq −→ Boolean
def sorted(X,Y ) = ord(Y ) ∧ seqToBag(Y ) = X
op sorting : Bag −→ Seq
axiom sorted(X, sorting(X))

end

where sorted is used to express the post-condition on sorting. Universal quan-
tification consistent with the signature declarations is assumed for unquantified
variables. Suppose the specifier wants to apply a divide-and-conquer algorithm
design, as embodied in the refinement DivConq ⇒ DivConqScheme, where the
source specification is in Figure 5. Here, a function F from domain D into range
R is specified, with post-condition O. Three mutually exclusive predicates pi

(for i = 0..2) are defined over D, representing conditions for the existence of
decompositions, computed under post-conditions ODi (for i = 0..2), with OD2

enforcing that its decompositions are smaller than the given term, under well-
founded relation ≺. Soundness axioms require that the decompositions can be
composed, under post-conditions OCi (for i = 0..2), to achieve the overall post-
condition O. The target specification of the refinement is in Figure 6. where
a schematic definition of the specified function F is introduced, together with
composition operators Ci whose post-conditions are OCi.

Now, to apply the DivConq ⇒ DivConqScheme refinement, a classification
arrow Sorting ⇒ DivConq has to be manually constructed, so that the corre-
sponding push-out can be automatically calculated. The first part of the neces-
sary diagram morphism is straightforward, namely {D �→ Bag, R �→ Seq, F �→
sorting, O �→ sorted, ≺ �→ subBag, . . .}. The remaining part gives rise
to dual alternatives, which can be captured in tactics, as discussed above: ei-
ther a set of simple standard decomposition operators is reused from a library



324 Pierre Flener

spec DivConq is
sorts D, R, E, Unit
op F : D −→ R
op O : D, R −→ Boolean
op ≺ : D, D −→ Boolean
axiom wellFounded(≺)
op p0, p1, p2 : D −→ Boolean
op OD0 : D, Unit −→ Boolean
op OD1 : D, E −→ Boolean
op OD2 : D, D, D −→ Boolean
op OC0 : R, Unit −→ Boolean
op OC1 : R, E −→ Boolean
op OC2 : R, R,R −→ Boolean
axiom p0(X)→ OD0(X, 〈〉)
axiom p1(X)→ ∃M : E . OD1(X, M)
axiom p2(X)→ ∃X1, X2 : D . OD2(X, X1, X2) ∧X1 ≺ X ∧X2 ≺ X
axiom OD0(X, 〈〉) ∧ OC0(Y, 〈〉)→ O(X, Y )
axiom OD1(X, M) ∧OC1(Y,M)→ O(X, Y )
axiom OD2(X, X1, X2) ∧O(X1, Y1) ∧O(X2, Y2) ∧OC2(Y, Y1, Y2)→ O(X, Y )
axiom p0(X) xor p1(X) xor p2(X)

end

Fig. 5. Specification of problems that have divide-and-conquer programs

and the corresponding complex composition operators are inferred, or a set of
simple standard composition operators is reused and the corresponding complex
decomposition operators are inferred. Following the first approach, the bag con-
structor set {emptyBag, singletonBag, bagUnion} could be reused as the basis
for decomposition, giving rise to {. . . , p0 �→ emptyBag?, OD0 �→ λX . X =
emptyBag, p1 �→ singletonBag?, OD1 �→ λX,M.X=singletonBag(M), p2 �→
nonSingletonBag?, OD2 �→ λX,X1, X2 . X = bagUnion(X1, X2), . . .}. By de-
ductive inference, the remaining part of the morphism can be obtained, yielding
translations to empty sequence construction, singleton sequence construction,
and sequence merging for OC0, OC1, and OC2, respectively, ultimately leading
thus to a merge-sort algorithm. Under the second approach, the sequence con-
structor set {emptySeq, singletonSeq, seqConcat} could be reused as the basis
for composition, ultimately leading to a quick-sort algorithm.

Either way, after calculating the push-out, synthesis could continue by using
the BAG ⇒ BAGasSEQ datatype refinement, followed by simplification refine-
ments, etc, progressively bringing the specification closer to a programming level,
until a code-generating inter-logic morphism for translating the definition of F
into a functional program can be applied.
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spec DivConqScheme is
import DivConq
op C0 : −→ R
axiom OC0(C0, 〈〉)
op C1 : E −→ R
axiom OC1(C1(M), M)
op C2 : R, R −→ R
axiom OC2(C2(X1, X2), X1, X2)
definition of F is
axiom p0(X)→ OD0(X, 〈〉) ∧ F (X) = C0

axiom p1(X)→ ∃M : E . OD1(X, M) ∧ F (X) = C1(M)
axiom p2(X)→ ∃X1, X2 : D . OD2(X, X1, X2) ∧ F (X) = C2(F (X1), F (X2))

end
theorem O(X, F (X))

end

Fig. 6. Specification of divide-and-conquer programs

3.2 Other Schools

Transformational synthesis is by far the dominant approach to program synthe-
sis, and many dozens of projects have been devoted to it, so I can here only
mention the seminal and dominant ones.

At the University of Edinburgh (UK), Burstall & Darlington [22,25] pro-
posed a small, fixed set of domain-independent, low-granularity, and rather
optimisation-oriented transforms (namely folding, unfolding, definition, instan-
tiation, and abstraction) for the synthesis and transformation of recursion equa-
tions. Laws of the application domain can also be used. They presented a strategy
and a semi-automated system for transforming recursive equations, say into tail-
recursive ones, with the user making the creative decisions. For synthesis, the
objective of applying such transforms often is to construct, through unfolding
and other rewriting, a description where recursion may be introduced through
folding. The atomic transforms are proven to constitute a correct set for explor-
ing the candidate program space.

At Stanford University (California, USA), at the same time, but indepen-
dently, Manna & Waldinger [63] discovered the same atomic rules and automati-
cally synthesised lisp programs with their DEDuctive ALgorithm Ur-Synthesiser
(dedalus). The system has over 100 rules, and also generates correctness and
termination proofs. See Section 4.1 for a detailed discussion of a redesign of
dedalus as a constructive synthesiser.

In the UK, much of the early efforts on the synthesis of logic programs were
conducted, based on the foundational fold/unfold work mentioned above. Under
a first approach, Clark et al. [23] execute the specification with symbolic values
that cover all possible forms of the type of the chosen induction parameter. For
instance, if that parameter is a list, then the empty and non-empty lists are
considered. A similar approach was taken by Hogger [49], though with slight dif-
ferences. Induction on some parameter was only introduced as the need arises. A
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highly structured top-down strategy for applying folding and unfolding, guided
by a recursion schema provided by the specifier, as well as the notion of specifica-
tion framework for synthesis, were proposed by Lau et al. [55,56]. This approach
is amenable to mechanisation. Specification frameworks enabled a first-order
logic reconstruction of kids-like schema-guided synthesis [36,35,38].

Several researchers tried to make synthesis a deterministic process, akin to
compilation. For instance, implication formulas with arbitrary bodies may be
normalised into normal clauses by the Lloyd-Topor translation [59]. However,
this does not always yield useful logic programs, due to the deficiencies of SLDNF
resolution, such as floundering. Also, the obtained programs are sometimes hope-
lessly inefficient. Overcoming these flaws is the objective of program transfor-
mation. Another approach was taken by Sato & Tamaki’s first-order compiler
[77], whose synthesis of partially correct definite programs is fully automatic and
deterministic, but may fail, for lack of logical power.

At TU Munich and TU Darmstadt (Germany), Bibel leads synthesis projects
since 1974. Their lops (LOgical Program Synthesis) system [8,9,10], although
presented as being a constructive synthesiser, was actually transformational.
Synthesis consisted of a four-phased application of heuristics that control spe-
cial transformations. A novel feature is the breaking of inputs into parts so as to
discover in what way they contribute to the construction of the outputs; in this
way, loops can be discovered without the need for recursively-expressed back-
ground axioms, which would be essentially identical to the synthesised programs.
The current maps project [11] takes a multi-level approach to synthesis, and is
essentially a re-implementation of kids within NuPrl, but without optimising
transformations yet.

At Stanford University (California, USA), the psi project led by Green [45]
included the transformational engine pecos [4], which is based on a large, fixed
catalog of domain-specific transforms. Cooperation with an efficiency expert,
called libra [52], ensured efficient synthesis of efficient programs. A successor
system, called chi [46], was partly developed at Kestrel Institute.

At the University of Southern California (USA), the 15-year-project safe/ti
(Specification Acquisition From Experts, and Transformational Implementation)
headed by Balzer [2] provided a fixed catalog of domain-specific transforms for
refining specifications within the wide-spectrum language gist, via a knowledge-
based approach. Automation issues were tackled by the glitter sub-system [31].

At TU Munich (Germany), the long-term cip (Computer-aided Intuition-
guided Programming) project of Bauer and co-workers [6,72] led, since 1975,
to the wide-spectrum algebraic specification language cip-l and the interac-
tive environment cip-s. The main emphasis was on a user-extensible catalog of
transforms, starting from a small set of generative rules.

The Vienna Development Method (vdm) by Bjørner & Jones [17] is an ISO-
standardised comprehensive software development methodology, proceeding by
refinement from formal specifications of abstract datatypes in the meta-iv wide-
spectrum language. Many tools are available, from different sources, but they
are not integrated. See www.csr.ncl.ac.uk/vdm for more details.
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From Oxford University (UK) comes z [85], a very successful and soon-to-be-
ISO-standardised notation for formal specifications, based on set theory. There
is third-party tool support, though not integrated, on top of the hol theorem
prover. Award-winning applications include the IBM CICS project and a specifi-
cation of the IEEE standard for floating-point arithmetic. See www.afm.sbu.ac.
uk/z.

The b formal method was developed by Abrial [1]. A first-order logic spec-
ification language with sets is provided to specify and refine systems that are
modelled as abstract machines. Tool support for refinement and discharging
many of its proof obligations exists. See www.afm.sbu.ac.uk/b.

At the University of California at San Diego (USA), the obj language fam-
ily of Goguen and his team [40] provides wide-spectrum algebraic languages,
based on order-sorted equational logic, possibly enriched with other logics. Tool
support for refinement exists. See www.cs.ucsd.edu/users/goguen/sys/obj.html.

At the Universities of Edinburgh (UK) and Warsaw (Poland), Sannella &
Tarlecki [78] propose ExtendedML as a wide-spectrum language for specifica-
tion and formal development of StandardML programs, through refinement.
See www.dcs.ed.ac.uk/home/dts/eml.

4 Achievements of Constructive Synthesis

Constructive synthesis — also known as proofs-as-programs synthesis, and, a
bit misleadingly, as deductive synthesis — is based on the Curry-Howard iso-
morphism [50], which says that there is a one-to-one relationship between a
constructive proof [7,68] of an existence theorem and a program that computes
witnesses of the existentially quantified variables of the theorem. Indeed, the use
of induction in proofs corresponds to the use of recursive or iterative composition
in programs, while case analysis corresponds to a conditional composition, and
lemma invocation to a procedure call.

Assume given a logic specification of the following form:

∀X . ∃Y . pre(X)→ post(X,Y ) (1)

where pre is the pre-condition (an assertion on the input parametersX , assumed
to hold when execution of the program starts), and post is the post-condition (an
assertion on X and the output parameters Y , to be established after execution of
the program). Note that this specification form naturally leads to the synthesis
of total functions, but not of relations. A solution to this is to view relations as
functions into Booleans [20]. Constructive synthesis proceeds in two steps:

1. Constructively prove the satisfiability of the specification.
2. Obtain the procedure, embodied in the proof, of realising the specification.

For the second step, there are two approaches:

– The interpretative approach directly interprets the proof as a program, by
means of an operational semantics defined on proofs.
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– The extractive approach mechanically extracts — or: compiles — a program,
in a given target language, from the proof.

The two approaches have complementary advantages and drawbacks: interpre-
tation is not as efficient as the execution of a compiled version, but the choice
of a target language might obscure computational properties of proofs.

The idea of exploiting constructive proofs as programs is actually way older
than its naming as the Curry-Howard isomorphism in 1980: the idea is inherent
to intuitionistic logic — see the work of Kleene in the 1940s — and the oldest
synthesisers of this approach are qa3 (Question-Answering system) by Green
[44], and ProW (PROgram Writer) by Waldinger & Lee [90], both from the
late 1960s. The terminology ‘proofs-as-programs’ seems to have been coined by
Constable in the early 1970s, according to [5].

The bottleneck is of course the state-of-the-art in automated theorem prov-
ing (ATP). In essence, the hard problem of synthesis has been translated into
the other hard — if not harder! — problem of ATP. The proof space for most
conjectures is indeed intractable, and formal specifications tend to be quite com-
plex conjectures. Solutions are thus being worked out to control the navigation
through this search space, namely synthesisers with reuse, interactive provers,
tactical provers, etc.

I here discuss two representative constructive synthesisers, chosen due to
their interesting relationship to each other. Indeed, amphion (see Section 4.2)
can be seen as an outgrowth of dedalus (see Section 4.1), with the objective
of scaling the technology to real-life software development tasks, and this was
the decisive criterion in my selection. In Section 4.3, I outline the efforts of the
other main research centres in constructive synthesis.

4.1 dedalus

The DEDuctive ALgorithm Ur-Synthesiser (dedalus) system of Manna &
Waldinger (at Stanford and SRI, California, USA) was originally developed as a
transformational synthesiser [63] (see Section 3.2), and then re-designed within
the proofs-as-programs paradigm, in a considerably more elegant manner [64,67].

The inputs to synthesis are a formal axiomatic first-order logic specification,
assumed to be consistent and complete wrt the requirements, as well as a domain
theory. The synthesis mechanism is purely deductive and fully automatable,
but an interactive interface with user guidance exists. Only application domain
knowledge is exploited. Synthesis is non-deterministic and sound. The outputs of
synthesis are a side-effect-free applicative program, as well as implicitly a proof
of its correctness and termination.
The Proof System. Constructive logics are not necessarily required for all of a
constructive synthesis. Indeed, many derivation steps during synthesis actually
are only verification steps, and need thus not be constructive at all. Classical
logic is thus sufficient, provided it is sufficiently constructive when needed.

Their deductive tableau proof system was developed especially for proofs-
as-program synthesis. A deductive tableau is a two-dimensional structure, where
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each row is a sentence of the form 〈a,−, o〉 or 〈−, g, o〉, where a is an assertion
and g a goal, both in classical first-order logic, while o is an optional output
term in lisp. The symbol ‘−’ denotes the absence of an entry in that column,
and is equivalent to true for assertions, false for goals, and any new variable
for output terms. For simplicity, I assume there is only one output parameter in
specifications. For instance,

〈−,M ∈ S ∧ (∀X . X ∈ S →M ≤ X),M〉
is a sentence capturing a pre-condition-free specification of the minimum(S)
function, which returns the minimum element M of integer-set S.

The semantics of a sentence 〈a, g, o〉, in an interpretation I, is the set of
closed terms t that, for some substitution θ, are equal to instance oθ of the
output term, if any, and either the instance aθ of the assertion, if any, is closed
and false or the instance gθ of the goal, if any, is closed and true, in I.

The semantics of a tableau is the union of the semantics of its sentences.
There is thus an implicit conjunction between the assertions of a tableau, and
an implicit disjunction between its goals. Note the dual role of assertions and
goals: a formula can be transferred between the assertions and goals columns by
negating it. Nevertheless, the distinction between assertions and goals provides
intuitive and strategic power, and is thus kept.

A set of deduction rules is provided to add new sentences to a tableau, not
necessarily in an equivalent way, but at least preserving the set of computable
expressions (which are quantifier-free expressions in terms of the basic functions
of the theory, plus the functions for which programs have already been synthe-
sised, including the function for which a program is currently being synthesised,
as this enables recursion formation). Hence the program denoted by a tableau
remains unchanged through application of these rules. Each user-provided new
rule needs to be first proven sound according to this precept.

A deduction rule has a set of required sentences in the old tableau, represent-
ing the applicability condition of the rule, and a set of generated sentences in
the new tableau, representing the difference between the old and new tableaus.

For instance, the if-split rule breaks required sentence 〈−, if a then g, t〉 into
the generated sentences 〈a,−, t〉 and 〈−, g, t〉. There are dual splitting rules.

Conditional output terms are normally introduced by four non-clausal reso-
lution rules, reflecting case analysis in informal proofs. For instance, the goal-goal
resolution rule is as follows:

〈−, g1[p], s〉 〈−, g2[q], t〉
〈−, g1θ[false] ∧ g2θ[true], if pθ then tθ else sθ〉 (GG)

where, assuming the required sentences are standardised apart, θ is the most-
general unifier for formulas p and q. See below for an example. Similarly, there
are the dual assertion-assertion (AA), goal-assertion (GA), and assertion-goal
(AG) resolution rules.

There are also rules for equivalence (replacing a formula by an equivalent
one), theory-independent equality (replacing a term by an equal one, using a
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non-clausal version of paramodulation), skolemisation (eliminating existential
quantifiers), and well-founded induction (allowing formation of terminating re-
cursion in the output term, when the induction hypothesis is actually used).

The Synthesis Process. Synthesis goes as follows, starting from a specification
of the form (1), for a function f , in a theory T :

1. Form the initial tableau, with the sentence 〈−, pre(X) → post(X,Y ), Y 〉
built from the specification, and assertion-only sentences for the axioms of
T . Add f to the set of functions of T and those already synthesised in T .

2. Apply deduction rules to add new sentences to the tableau.
3. Stop with the final tableau when a sentence of the form 〈false,−, t〉 or
〈−, true, t〉 appears, where t is a computable expression.

The extracted program then is the function definition f(X) = t[X ]. It is correct
wrt specification (1) in the sense that the formula ∀X . pre(X)→ post(X, f(X))
is valid in theory T augmented with the axiom ∀X . f(X) = t[X ]. The program
is also guaranteed to terminate.

Equivalence-preserving simplification of sentences is automatically performed,
as a terminating rewrite process, before synthesis starts and after application of
any deduction rule. There are theory-independent logical simplifications, such as
replacing formula a∧a by a, and theory-specific simplifications, such as replacing
integer expression n+ 0 by n.

The resolution rules have a symmetric nature. For instance, applying the AG
rule to an assertion a and a goal g could be replaced by applying the GA rule
to g and a. However, typically, one of the two symmetric applications will not
advance the proof. The polarity search control strategy (not explained here) tries
to prevent such unsuitable applications of the resolution rules, and always does
so without lengthening the proof nor compromising the completion of the proof.

Two issues around recursion formation deserve discussion. First, there are
mechanisms for constructing new well-founded relations (wfr) from old ones,
for use in application of the induction rule. However, this makes the wfr search
space rather large, and, worse, it is usually difficult to choose in advance the most
suitable wfr, which only becomes apparent several steps later. To overcome this,
middle-out reasoning (originally explored in [48,54]) is performed, here replacing
the required wfr by a variable, so as to wait until its desired properties become
apparent. Second, there is a recurrence search control strategy that tries to match
goals and sub-goals so as to form recursion.

Specification-based reuse of existing programs within a theory T — such as,
but not exclusively, already synthesised programs — becomes possible through
the addition of formulas of the form ∀X . pre(X)→ post(X, f(X)) to the axioms
of T , when starting a new synthesis.

Finally, it is worth stating that the deduction rules are powerful enough to
also perform program transformation.

A Sample Synthesis. Rather than showing a full synthesis for a toy function,
where the final program is virtually identical to the specification or to some of
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the necessary axioms in the theory, I decided to exhibit an interesting passage
from a more difficult synthesis [66], highlighting the power of the resolution rules.

Consider the specification of a function returning the square-root R of a
non-negative rational number N , within a positive rational tolerance ε:

ε > 0→ R2 ≤ N ∧N < (R + ε)2

within a theory R for non-negative rationals, including addition (+), squaring
(x2), inequalities (<, >, ≤, ≥), etc.

Suppose synthesis leads to a tableau with the following sentence, after an
if-split in the initial sentence built from the specification, and after application
of the equivalence rule a < b↔ ¬(b ≤ a):

〈−, R2 ≤ N ∧ ¬ (R+ ε)2 ≤ N ,R 〉 (2)

Let us apply resolution rule (GG) to this sentence and the following standardised-
apart copy of itself:

〈−, S2 ≤ N ∧ ¬[(S + ε)2 ≤ N ], S 〉

The boxed sub-goals unify under most-general substitution {S/R + ε}, so the
generated sentence is:

〈−,
R2 ≤ N ∧ ¬false ∧ true ∧ ¬[((R + ε) + ε)2 ≤ N ],
if (R + ε)2 ≤ N then R+ ε else R 〉

which is automatically simplified into:

〈−, R2 ≤ N ∧ ¬[(R + 2ε)2 ≤ N ], if (R+ ε)2 ≤ N then R+ ε else R 〉 (3)

Whereas (2) expresses that the square-root of N is in the half-open interval
[R..R + ε[, in which case R is a suitable output, sentence (3) expresses that
the square-root of N is in the wider half-open interval [R..R + 2ε[, in which
case conditional term ‘if (R + ε)2 ≤ N then R + ε else R’ is a suitable output.
Noting that R + ε is the midpoint of that wider interval, sentence (3) simply
says that if a square-root is known to be in wide interval [R..R + 2ε[, then it is
the first element of either its right half or its left half. In other words, sentence
(3) provides an idea for a binary search program, whereas sentence (2) does not.
This is very interesting, as this discovery can thus be made mechanically, by a
simple application of a resolution rule.

Using dedalus, rather intricate programs were synthesised, such as unifica-
tion [65], as well as interesting new ones [66].

4.2 amphion

amphion [88] (ase.arc.nasa.gov/docs/amphion.html) was developed by Lowry
and his team at NASA Ames and SRI (California, USA). It is of particular
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interest due to its attention to real-life software engineering considerations, and
because it is actually deployed at NASA JPL.

The inputs to synthesis are a formal axiomatic first-order logic specifica-
tion, assumed to be consistent and complete wrt the requirements, as well as
a domain theory. The novelty is that specifications can be conveyed through a
menu-driven, domain-independent graphical user-interface. The synthesis mech-
anism is purely deductive, fully automatic, non-deterministic (though there is
no practical difference between alternate programs), and sound. Only applica-
tion domain knowledge is exploited. The output of synthesis is a side-effect-free
applicative program, which can be automatically translated into any other cur-
rently supported language (e.g., fortran-77).

The Proof System. The proof system of amphion is essentially the deductive
tableau system of dedalus (see Section 4.1). The automated theorem prover
snark (SRI’s New Automated Reasoning Kit) of Stickel and his colleagues was
chosen to carry out the proofs. Its initial lack of an induction rule was unprob-
lematic, as discussed below.

The Synthesis Process. amphion is domain-independent, but was first de-
ployed in the domain of interplanetary mission planning and data analysis. An
axiomatic theory, called naif, was formalised for this domain, comprising ba-
sic properties of solar-system astronomy as well as formal specifications of the
reusable routines of a solar-system kinematics library, developed in fortran-77
at NASA JPL. Synthesised programs in the resulting amphion/naif are there-
fore compiled into fortran-77. The options in the graphical user-interface for
capturing specifications also depend on the provided domain theory.

Library routines are often difficult to reuse, because of the time needed to
master their sheer number, if not because of inadequate specifications, and be-
cause competent library consultants may be in short supply. Reluctant or careless
programmers may thus well duplicate functionality in the library, thereby losing
time and being at the risk of errors. Automated support for correct reuse and
composition of library routines would thus come in very handy. But this is pre-
cisely what a dedalus-like system such as amphion can achieve, because reuse
is supported, as we have seen in the previous section. Synthesis need thus not
bottom out in the primitives of the target language.

Another practical insight concerns the choice of the composition mechanisms
— such as conditions and recursion — used during synthesis. Although construc-
tive synthesis can generate them all, recursion formation is by far the most diffi-
cult composition. If sufficiently many library routines performing sophisticated
calculations are provided, then synthesis need not really “lift” recursion from
them but may rather amount to generating an adequate straight-line program
— with just sequential and conditional composition — from the specification.
amphion was designed to synthesise only straight-line code, on the assumption
that not too sophisticated proofs would be performed in theories with a large
number of axioms. Synthesis is then not bottlenecked by recursion formation.

The synthesised programs can be optimised using the transforms of kids (see
Section 3.1). Heuristic considerations need to be dealt with when finetuning the
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domain theory. For instance, a suitable recursive-path ordering and a suitable
agenda-ordering function have to be supplied. Also, heuristics, such as the set-
of-support strategy, may turn out very beneficial to the prover.

MetaAmphion [62] is a synthesiser synthesiser (sic) assisting domain ex-
perts in the creation and maintenance of a new instance of amphion, starting
from a domain theory, and this without requiring any substantial training in
deductive inference. This is done by applying amphion at the meta-level.

A Sample Synthesis. Considering the scale of synthesis tasks that can be han-
dled by amphion, I can here only point to the two on-line sample syntheses at
ase.arc.nasa.gov/docs/amphion-naif.html. One of them computes the solar inci-
dence angle at the point on Jupiter pointed to by a camera on the Galileo sonde.
A naif expert could construct such a program within half an hour, but may
not be available to do so. However, after a one-hour tutorial, non-programmer
planetary scientists can specify such problems within a few minutes, and synthe-
sis of a correct program usually takes less than three minutes. The synthesised
programs are indeed mostly straight-line code, which would however have been
quite hard to program for non naif-experts.

Other results are the Saturn viewer, developed for use during the time Sat-
urn’s ring plane crossed the Earth, or an animation visualising Saturn and its
moon Titan as seen from the Cassini sonde on its fly-by, with stars in the back-
ground. The latter helped planetary scientists evaluate whether proposed tours
of Cassini could satisfy their observational requirements.

4.3 Other Schools

A large number of additional constructive synthesis projects exist, so I can here
only skim over the most seminal and important ones.

At Cornell University (New York, USA), Constable and his group designed
the prl [5] and NuPrl [24] interactive proof and functional program devel-
opment systems, the latter being based on the intuitionistic second-order type
theory of Martin-Löf [68].

At the University of Edinburgh (UK), NuPrl was used for the synthesis
of deterministic logic programs by Bundy and his team [19]. A first-order sub-
set of the oyster proof development system, which is a re-implementation of
NuPrl in prolog, was also used for logic program synthesis, with special focus
on the synthesis of programs that compute relations, and not just total func-
tions. A proof-planner called clam was adjoined to oyster [21], making it a
tactical prover, using Edinburgh lcf [42], which is based on Scott’s Logic for
Computable Functions. The overall effort also resulted in the whelk proof de-
velopment system [91], which performs proofs in the Gentzen sequent calculus
and extracts logic programs, the periwinkle synthesiser [54], which systema-
tises the use of middle-out reasoning in logic program synthesis, and many other
systems, as the group spawns around the world.

At Uppsala University (Sweden), the logic programming calculus of Tärnlund
[89], based on Prawitz’ natural deduction system for intuitionistic logic, provided
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an elegant unified framework for logic program synthesis, verification, transfor-
mation, and execution. His team showed how to extract logic programs from
constructive proofs performed within this calculus [47], and synthesised a unifi-
cation algorithm [29], among others.

The INRIA (France) group uses Coquand & Huet’s calculus of inductive
constructions (coq), and the Chalmers (Sweden) group exploits Martin-Löf’s
type theory, both towards the synthesis of functional programs. Their results
are compiled in [71,51], for instance.

5 Achievements of Mixed-Inference Synthesis

Considering that human programmers rarely resort to only safe reasoning —
such as deductive inference — it would be unwise to focus all synthesis research
on only deduction-based mechanisms. Indeed, a growing importance needs to be
given to so-called unsafe reasoning — such as inductive, abductive, or analogical
inference — if we want synthesis to cope with the full range of human software
development activities.

I here discuss one representative mixed-inference synthesiser, namely Multi-
tac (see Section 5.1), which performs both deductive and inductive inference.
In Section 5.2, I outline the efforts of the other main research centres in mixed-
inference synthesis.

5.1 Multi-tac

Multi-tac, the Multi-Tactic Analytic Compiler [69] of Minton, who was then
at NASA Ames (California, USA), automatically synthesises efficient problem-
specific solvers for constraint satisfaction problems (CSPs), such that they per-
form on par with solvers hand-written by competent programmers. While the
ability of human experts remains elusive, the results are very encouraging, and
popular general-purpose solvers are almost systematically outperformed.

This is so because there is no universally best solver for all CSPs, and, worse,
that there is not even a best solver for all instances of a given CSP. Today, the
programming of an efficient solver for any instance of some CSP is still consid-
ered a black art. Indeed, a CSP solver essentially consists of three components,
namely a search algorithm (such as backtracking search, with or without for-
ward checking), constraint propagation and pruning rules (based on consistency
techniques, such as node and arc consistency), as well as variable and value or-
dering heuristics (such as most-constrained-variable-first or least-constraining-
value-first), with each of these components having a lot of recognised problem-
independent incarnations, each of which usually has many problem-specific in-
stantiations. The right combination of components for a given instance of a
CSP lies thus in a huge solver space, often at an unintuitive place, and human
programmers rarely have the inclination or patience to experiment with many
alternatives. On the premise that synthesis time does not matter, say because the
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procedure solve(FreeV ars) :
begin
if FreeV ars = ∅ then return the solution;
V ar ← bestV ar(FreeV ars,VarOrdRules);
FreeV ars← FreeV ars− {V ar};
PossV als← possV als(V ar,PruneRules);
while PossV als �= ∅ do begin
V al← bestV al(V ar, PossV als,ValOrdRules);
PossV als← PossV als− {V al};
if fwdChecking = true or Constraints on V ar are satisfied by V al
then begin
assign(V ar, V al);
if fwdChecking = true then updatePossV als(FreeV ars,Constraints);
if solve(FreeV ars) then return the solution;
if fwdChecking = true then restorePossV als(FreeV ars);
prune(V ar, PossV als,PruneRules)

end;
end;
unassign(V ar, V al);
fail

end

Fig. 7. Schema for backtracking search

synthesised program will be run many times for different instances, Multi-tac
undertakes a more systematic exploration of this solver space.

The inputs to synthesis are a formal first-order sorted logic specification of a
CSP, assumed to be consistent and complete wrt the requirements, as well as a
set of training instances (or an instance generator) reflecting the distribution —
in terms of the number of domain variables and the number of constraints be-
tween them — of instances on which the resulting solver will normally be run. In
the following, I only mention training instances, abstracting thus whether they
are given by the user or generated by the given instance generator. The synthesis
mechanism is mixed-inference, performing both inductive and deductive infer-
ence, and is fully automatic. Algorithm design and data structure knowledge are
exploited. Synthesis is non-deterministic and sound. The output of synthesis is
a solver in lisp that is finetuned not only for the problem at hand, but also for
the given instance distribution.

The Operationalisation System.Multi-tac is a schema-guided synthesiser,
with a schema being a syntactic program template showing how some search al-
gorithm can be parameterised by the other components of a CSP solver. For
instance, the backtracking schema for backtracking search is approximately as
in Figure 7, with the place-holders typeset in boldface. A full discussion of this
schema is beyond the scope of this paper, the important issues being as fol-
lows. At each iteration, a chosen “best” value is assigned to a chosen “best”
variable, with backtracking occurring when this is impossible without violating
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some constraint. Also, the template is generic in the constraints, the variable and
value ordering rules, the pruning rules, and a flag controlling the use of forward
checking. Many well-known variations of backtracking search fit this schema.
Branch-and-bound and iterative-repair schemas are also available.

The cornerstone of synthesis is the problem-specific instantiation of the rules
of the chosen schema. This is done by operationalisation of generic heuristics into
rules, as described next. For instance, in problems where a subset of the edges
of a given graph is sought, the most-constrained-variable-first variable-ordering
heuristic — stating that the variable with the fewest possible values left should
be chosen next — could be operationalised into at least the following rules:

– Choose the edge with the most adjacent edges.
– Choose the edge with the most adjacent edges whose presence in or absence

from the sought subset has already been decided.
– Choose the edge with the most adjacent edges whose absence from the sought

subset has already been decided.

Operationalisation is thus non-deterministic. The obtained candidate rules have
different application costs in terms of evaluation time and different effectiveness
in terms of how much the search is reduced, so a trade-off analysis is needed (see
configuration search below).

Multi-tac features two methods for operationalisation of generic heuristics,
as described next.

Analytic operationalisation is based only on the problem constraints and
ignores the training instances. Each heuristic is described by a meta-level the-
ory that enables the system to reason about the problem constraints. For in-
stance, the meta-theory of the most-constrained-variable-first heuristic describes
circumstances where some variable is likely to be more constrained than an-
other one. A good example thereof is that the tightness of the generic con-
straint ∀X : S . P (X) → Q(X) is directly related to the cardinality of the set
{X : S | P (X)}. From such algorithm design knowledge, candidate search control
rules can be inferred.

Inductive operationalisation is based mainly on the training instances, though
also uses the problem constraints. Brute-force simplest-first inductive inference
is achieved through a generate-and-test algorithm. First, all rules expressible
within a given grammar — based on the vocabulary of the problem constraints
— are generated, starting with the shortest, that is simplest, rules, until a pre-
determined upper bound on the number of atoms in the rule is reached, or until
a predetermined time bound is reached. The number of rules generated grows
exponentially with the size bound, but fortunately the most useful rules tend to
be relatively short. The testing step weeds out all the generated rules that do
not well approximate the desired effects of the generic heuristics. Towards this,
positive and negative examples are inferred from the training instances, and all
rules that are more often correct than incorrect on these examples are retained.
This is a surprisingly effective criterion.

The analytic method may fail to generate useful short rules, but can infer
longer rules. The inductive method often finds excellent short rules, but cannot
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infer longer rules or may accidentally eliminate a good rule due to the statistical
nature of its testing process. The two methods are thus complementary and
should be used together to increase the robustness of the system.
The Synthesis Process. Once the generic heuristics have been somehow oper-
ationalised into candidate rules, a process called configuration search looks for a
suitable selection of these rules and for suitable flag values, such that, if plugged
into the schema with the problem-specific constraints, they interact nearly op-
timally in solving instances of the given CSP that fit the given distribution.

Since the space of such possible configurations of rules and flags is exponential
in the number of rules and flags, a beam search (a form of parallel hill-climbing)
is performed over only a small portion of that space. Given a beam width b, a
time bound t, and the training instances, one starts from the single parent con-
figuration that has no rules and where all flags are turned off. At each iteration,
child configurations are generated from all parent configurations, by adding one
rule from the candidate rules or by activating one flag. Several candidate rules
may be retained for a given place-holder in the schema, if this is found to be
advantageous; they are then sequenced, so that each rule acts as a tie-breaker
for its predecessors. The b configurations that solve the most instances within t
seconds enter the next iteration as parent configurations, provided they solve a
superset of their own parents’ instances. This process continues until no parent
configuration can be improved or until the user interrupts it.

Operationalisation and configuration search are able to discover rules for
many well-known heuristics from the literature, for each search algorithm.

Once the rules and flags of the chosen schema are instantiated — in a
problem-specific and instance-distribution-specific way thus — through oper-
ationalisation and configuration search, synthesis proceeds by automatically op-
timising the winning configuration through refinements (including the choice of
adequate data structures), formula simplifications, partial evaluation, and code
simplifications (including finite differencing).
A Sample Synthesis. Consider the Minimum-Maximum-Matching (MMM)
problem: given an integer K and a graph with vertex set V and edge set E,
determine whether there is a subset E′ ⊆ E with |E′| ≤ K such that no two
edges in E′ share a vertex and every edge in E − E′ shares a vertex with some
edge in E′. This is an NP-complete problem and can be modelled for Multi-tac
as follows, representing E′ as a set of m(I,B) atoms, where Boolean B is t when
edge I of E is in E′, and f otherwise:

∀V,E : set(term) . ∀K : int . mmm(〈V,E〉,K)↔
∀I : E . m(I, t)→ (∀W : V . ∀J : E . I �= J ∧ e(I,W ) ∧ e(J,W )→ m(J, f))
∧ ∀I : E . m(I, f)→ (∃W : V . ∃J : E . I �= J ∧ e(I,W ) ∧ e(J,W ) ∧m(J, t))
∧ cardinality({I : E | m(I, t)}) ≤ K

where problem instances are assumed given through a set of e(I,W ) atoms,
stating that edge I has vertex W as one of its two endpoints.

In the first constraint, there are two sub-expressions matching the generic
expression ∀X : S . P (X) → Q(X) mentioned for analytic operationalisation,
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namely the two formulas starting with the universal quantifications onW and J ,
respectively. From the former, the variable-ordering rule ‘Choose the edge with
the most endpoints’ is inferred, though it is useless, as every edge has exactly
two endpoints; from the latter, the already mentioned rule ‘Choose the edge with
the most adjacent edges’ is inferred. All variable-ordering rules mentioned above
can also be generated by inductive operationalisation.

In three well-documented experiments [69] with different instance distribu-
tions for the MMM problem, the solvers synthesised by Multi-tac outperformed
at least one of two written by competent human programmers, while totally
outclassing general-purpose Boolean satisfiability algorithms and CSP solvers,
under their default heuristics. Interesting rules were discovered, and Multi-tac
won by the largest margin on the toughest instance distribution, confirming that
massive automated search does often better than human intuition.

5.2 Other Schools

The exclusive use of inductive and abductive inference in program synthesis, from
incomplete specifications, has been studied under two angles, for three decades.

First, in programming-by-example (PBE), also and more adequately known as
programming-by-demonstration (PBD), the specifier provides sample execution
traces of the task to be programmed, and the synthesiser generalises them into a
program that can re-enact at least these traces. The user thus has to know how
to perform the specified task, but there are interesting applications for this, such
as the synthesis of macro operations for word processors or operating systems.
See [58] for a collection of state-of-the-art papers, especially geared at enabling
children and other novices to program. Consult Biermann’s surveys [12,13] and
edited collections [14,15] for details on underlying mechanisms.

Second, in what should be known as PBE, the specifier provides positive
and possibly negative input/output examples of the desired program, and the
synthesiser generalises them into a program that covers at least these positive
examples, but none of the negative examples. The user need thus not know how
to perform the specified task, nor even how to completely specify it, and there are
useful applications for this, say for novice programmers. The Machine Learning
community is looking extensively into such synthesis, especially its Inductive
Logic Programming (ILP) branch. Some surveys and edited collections include
[14,15,12,13,27,34] or are dedicated to [79,37] the underlying mechanisms.

Considering the difficulty of correctly extrapolating the desired behaviour
from such declared-to-be-incomplete specifications, it is not surprising that purely
inductive and abductive synthesis has not been shown yet to scale beyond toy
problems. The ensuing uncertainty for the specifier cannot be held against in-
ductive and abductive synthesis, because there also is uncertainty in deductive
synthesis, due to the difficulty of formalisation of assumed-to-be-complete spec-
ifications. Appropriate combinations of inductive, abductive, and deductive in-
ference do however give leverage in synthesis from incomplete specifications [34].

Even when starting from complete specifications, the use of examples and
a combination of deductive and inductive inference can still be interesting, if
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not necessary, as shown for Multi-tac (see Section 5.1). Other successful such
combinations are reported by Ellman et al. [28], with applications to jet engine
nozzle and racing yacht design, as well as by Gratch & Chien [43], towards
scheduling ground-based radio antennas for maintaining communication with
research satellites and deep space probes.

Program synthesis by analogical inference was tackled by Dershowitz [26].

6 Prospects of Synthesis

Program synthesis research is as old as the first computer, and a lot of theoret-
ical research and practical development have gone into its various incarnations.
Today, we stand at the dawn of a new era in programming, with languages
moving away from the von Neumann model, with powerful tools generating sig-
nificant amounts of tedious low-level code from higher-level descriptions, and
with end-users becoming enabled to program by themselves. It is clear that
program synthesis, in its traditional Artificial Intelligence understanding, can
provide great leaps forward in this arena, in addition to the simpler advances
offered by conventional code generation, such as through visual programming,
spreadsheets, etc. The challenge is thus to scale up from techniques demonstrated
in research labs on toy problems to the development of real-life software and to
enable a technology transfer to commercial software development. I here propose
challenges and directions for future research, as far as the inputs (Section 6.1),
mechanisms (Section 6.2), and outputs (Section 6.3) of synthesis are concerned.

6.1 Synthesis Inputs

Formalisation Assistance. The acceptance bottleneck for synthesisers will al-
ways be the input language, in which the specification and domain theory have
to be formalised. Most professional programmers and IT students who became
somehow used to low-level languages are clearly reluctant to be re-trained in
the more advanced mathematics and logic necessary to interact with synthesis-
ers, despite the appeals of working at a higher level. They may well eventually
be bypassed and made obsolete by a synthesis-induced revolution in commer-
cial software development under web-speed market pressures, but that is yet an
uncertain outcome. At the same time, end-users — from engineers in other dis-
ciplines to computer novices — hope to be enabled to program by themselves,
and they will also resist the learning curve. Hence a significant challenge is to
assist users in the formalisation of the specification and domain theory.

PlanWare and amphion can acquire and formalise them automatically
from information provided by the specifiers, due to adequate human-computer-
interface engineering. The current trend is thus towards domain-specific lan-
guages that are intuitive to qualified users, if not identical to the notations they
already use anyway, thus masking the underlying mathematics and logic. Turing
completeness often needs to be sacrificed, so that highly — if not fully — au-
tomated synthesisers can be developed. Research in domain analysis is needed,
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because the acquisition of a suitable domain theory will always be a bottleneck
for synthesisers. Domains have to be identified where the payoff threshold is
suitable, in terms of the size and importance of the covered problem class, the
existence of a language and interface in which it is easy to describe these prob-
lems, and the difficulty of manually writing correct and efficient programs for
these problems. This does not mean that the previous trends on general-purpose
specification languages and semi-automatic synthesisers must decline.

6.2 Synthesis Mechanisms

Reuse. Most synthesisers are demonstrated on toy problems with little bearing
to real-world problems. A main cause is that the granularity of their building
blocks is too small. The challenge is to make synthesis bottom out in reusable,
assumed-correct components rather than in the primitives of the target language.

We have seen that some existing synthesis mechanisms were designed so that
libraries of formally-specified reusable components can be used during synthesis.

In kids/DesignWare, reuse is attempted before synthesis for each speci-
fication, whether it is the initial one or one constructed during synthesis. The
number of reuse queries can be significantly reduced by applying heuristics de-
tecting that an ad hoc component can be trivially built from the specification.
This has the further advantage of keeping the index of the component-base
lean and thus accelerating reuse queries. It should be noted that the definition
schemas used in algorithm design refinements also represent reused code.

In dedalus, reuse is possible, but not especially catered for through heuris-
tics. Fischer & Whittle [33] propose a better integration of reuse into dedalus-
like constructive synthesisers.

In amphion, reuse is the leading principle: as there is no induction rule,
the mechanism is forced to reuse components that embody iterative or recursive
calculations, in its synthesis of straight-line code.

Other than for amphion-like approaches, the payoff of reuse versus brute-
force synthesis is however still unclear. Much research needs thus to be done to-
wards full-scale synthesis in the style of component-based software development,
i.e., bottom-up incremental programming. The synthesis of software architec-
tures, for instance, is still a rather unexplored topic.
Schemas. I believe that an important challenge is to make formalised algorithm
design schemas [36,80,81], design patterns [39], plans [31], or clichés [76] con-
tinue to play a major role in scaling synthesis up. Indeed, they allow the reuse
of recognised successful product or process skeletons, which have been somehow,
and not necessarily formally, proved off-line, once and for all.

Furthermore, they provide a nice division of concerns by focusing, at any
given moment, the user’s attention and the available options to just one well-
delimited part of the current description, as opposed to, say, having to decide
which transform to apply to which expression of the entire current description.
This also enables users to understand intermediate descriptions and the synthesis
process at a suitable level of abstraction.
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Inference. As Multi-tac shows, inductive inference is sometimes necessary to
achieve synthesis of efficient programs, but virtually all research — except PBE
and PBD — so far has been on purely-deductive synthesis. Just like human
programmers perform all kinds of inference, the challenge is to further explore
mixed-inference synthesis, in order to exploit complementary forms of reasoning.

Similarly, even within deductive inference, there is no single mechanism that
can handle all the proof obligations occurring during synthesis, hence another
challenge is to investigate suitable combinations of deductive proof mechanisms,
thereby achieving multi-level synthesis [11].

Finally, it seems that transformational and constructive synthesis are just
two facets of a same deductive approach,3 so that their reconciliation should be
worth investigating.

6.3 Synthesis Outputs

Target Language. In order to facilitate the integration of synthesised programs
with otherwise developed code modules, it is important that target languages
other than the clean-semantics logic languages, that is the functional and re-
lational ones, are supported. This is not a major research challenge, except if
efficiency of the code is an issue, but rather a development issue, but it is often
neglected in favour of the more attractive research challenges, thereby missing
technology transfer and feedback opportunities.

Efficiency. For some problem classes, such as constraint satisfaction problems
(CSPs), the efficiency of programs is crucial, such as those solving NP-complete
CSPs with high constrainedness. The challenge is that effective code optimisation
must be somehow integrated with a program synthesiser towards its application
in real-world circumstances.

For instance, in constraint programming, a lot of research has been made
about how to craft new variable-and-value-ordering heuristics. However, little
is said about the application domain of these heuristics, so programmers find
it hard to decide when to apply a particular heuristic, especially that there
is no universally best heuristic for all CSPs, and not even for all instances of a
given CSP (as we saw in Section 5.1). Adequate heuristics are thus problem-and-
instance-specific, and must therefore be dynamically chosen at run-time rather
than at programming time. It has also been noted that suitable implied con-
straints and symmetry-breaking constraints may considerably reduce the search
space, but few results are available on how to systematise their inference. Over-
all, effective constraint programming remains a black art thus. When targeting
constraint programming languages, the challenge is to infer implied constraints
and symmetry-breaking constraints and to synthesise problem-specific heuristics,
if not solvers, that perform well on all problem instances.

3 At least the developers of dedalus, lops, and periwinkle reported difficulties in
classifying their systems.
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7 Conclusion

After introducing the topic and proposing a classification scheme for program
synthesis, I have overviewed past and current achievements in synthesis, across
three main research directions, with special focus on some of the most promising
systems. I have also laid out a set of directions for future research, believing that
they will make the technology go beyond the already-reached break-even point,
compared to conventional programming and maintenance.

Program synthesis thus promises to revolutionise accepted practice in soft-
ware development. Ultimately, acceptance problems due to the necessity for rig-
orous formalisation are bound to disappear, because programming itself is ob-
viously a formalisation process and synthesis just provides other programming
languages or different ways of programming. Similarly, the steps of any followed
software lifecycle will not really change, because validation and verification will
not disappear, but rather become higher-level activities, at the level of what we
today call formal specifications.
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Prologue

The title of this paper is styled on that of Kowalski’s seminal book Logic for
Problem Solving [32]. This is because in this paper we want to discuss how logic
can play a crucial part in next-generation component-based software develop-
ment, just as Kowalski showed in [32] that logic can be used for programming.

Our starting point is the following quote from the Preface of [32]:

“In contrast with conventional computing methodology, which employs
different formalisms for expressing programs, specifications, databases,
queries and integrity constraints, logic provides a single uniform language
for all these tasks.”

with which we whole-heartedly agree. Unfortunately, despite this potential ad-
vantage, it would be fair to say that hitherto Logic Programming has not made
any impact on Software Engineering. In fact, it has missed the boat, as far as
the latter is concerned.

We believe that for Software Engineering, logical systems stronger and more
expressive than Logic Programming are needed. In this paper we want to show
that full first-order logic can be used as a basis for developing a declarative
(model-theoretic) approach to Software Engineering, in particular component-
based software development [56].

Currently Software Engineering is moving from object-oriented to component-
based development (CBD), but it will not succeed, in our view, unless compo-
nents have suitable declarative semantics. We believe that the declarative nature
of logic specifications and programs will give Logic Programming the chance of
a second bite at the cherry, to become a force in CBD, which has been hailed as
“the Industrial Revolution for IT”!

1 Logic for Programming

Kowalski proposed using predicate logic as a programming language in [57,32],
and the rest — as they say — is history. The success of Logic Programming

A.C. Kakas, F. Sadri (Eds.): Computat. Logic (Kowalski Festschrift), LNAI 2407, pp. 347–373, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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languages, principally Prolog, is undoubtedly due to their declarative nature, as
observed in another quote from the Preface of [32]:

“The meaning of programs expressed in conventional languages is defined
in terms of the behaviour they invoke within the computer. The meaning
of programs expressed in logic, on the other hand, can be defined in
machine-independent, human-oriented terms. As a consequence, logic
programs are easier to construct, easier to understand, easier to improve,
and easier to adapt to other purposes.”

In our view, however, the success of Logic Programming languages has been
confined to programming-in-the-small. We shall not dwell on this, since our main
concern here is software development, i.e. programming-in-the-large.

2 Logic for Specification

In [32] Kowalski also pointed out the suitability of logic as a specification lan-
guage. We quote from Chapter 10 (p. 193):

“The specification of programs, in particular, is an area in which the
standard form of logic (or some appropriate extension of Horn clause
form) is more suitable than simple clausal form.”

Here Kowalski is comparing full first-order logic with clausal form from the point
of view of program specification. We agree fully that the former is more suitable
than the latter. Indeed, we believe that first-order logic is good for these purposes
anyway.

However, somewhat ironically, the use of logic for specification is much more
widespread in Formal Methods like Z [55] and B [1] than in Logic Programming
itself. In fact within Logic Programming the prevalent view is that logic programs
are executable specifications and therefore do not need specifying themselves. For
example, here’s a quote from the Conclusion of [33]:

“Logic sufficiently blurs the distinction between program and specifica-
tion that many logic programs can just as well be regarded as executable
specifications.”

This implicitly says that “logic programs are obviously correct since they are
logical assertions”. This is not satisfactory, in our view, since we believe that the
meaning of correctness must be defined in terms of something other than logic
programs themselves (we are not alone in this, see e.g. [23, p. 410]).

We believe that it is unfortunate that specifications have not received due at-
tention in Logic Programming, and that logic programs have been equated with
specifications. Indeed, we take the view that specifications should be strictly dis-
tinguished from programs, especially for the purposes of software development.

We have shown in [37,38] that in Logic Programming, not only can we main-
tain this distinction, but we can also define various kinds of specifications for
different purposes.

Our approach is based on a three-tier formalism with model-theoretic seman-
tics illustrated in Figure 1.
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. . .

. . .

Framework:- F

Specification:- S1 Specification:- S2

Program:- P1 Program:- P2

Specification 1 Specification 2

Program 1 Program 2

Fig. 1. Three-tier formalism.

– At the top level, we formalise a problem domain as a full first-order logical
theory, which we call a framework F . F has an intended model IF ,1 i.e. it
has model-theoretic and hence declarative semantics.
For the purpose of this paper the kind of intended model semantics is not
relevant. (In our approach, the intended model IF of a framework F is an
isoinitial model [40].)
In general, a framework F may be open, i.e., it may have no fixed intended
models, but a class of possible ones instead. Open frameworks will be consid-
ered in Section 3. Here we consider only closed frameworks, i.e. frameworks
with fixed intended models.

– In the middle, inside a framework F , we define specifications as certain forms
of first-order formulas in F . A specification Sr of a new relation symbol r in
a framework F is a set of axioms that defines the new symbol r in terms of
the symbols of the framework.
The symbols introduced by specifications will be called specified symbols, to
distinguish them from the framework signature ΣF .
In a closed framework with intended model IF , the model-theoretic meaning
of a specification Sr of a symbol r is the set of (ΣF + r)-expansions2 of IF
that satisfy Sr. For conciseness, the interpretations of r in such expansions
will be called the interpretations admitted by Sr in IF .
In an open framework F , Sr associates every intended model I of F with
the set of (ΣF + r)-expansions of I that satisfy Sr.

– At the bottom level, inside a framework F , we have the programs, either
standard or constraint logic programs for computing (specified) relations.
Pr denotes a program that computes the specified relation r. (We could
equally well use imperative or functional programs here, as long as they
are correct or steadfast (see Section 3). However, using (constraint) logic
programs here has the advantage of a homogeneous formalism as mentioned
in the Prologue, which in turn simplifies the treatment of steadfastness (see
Section 3).)

1 A canonical representative of an isomorphism class.
2 (ΣF +r) extends ΣF by r, and a (ΣF+r)-expansion of IF is a (ΣF +r)-interpretation

that coincides with IF for the symbols in ΣF .
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The framework F provides an unambiguous semantic underpinning for specifica-
tions and programs, and their strict distinction, via the correctness relationship
between them.

For example, if a specified symbol r has only one interpretation admitted
by its specification Sr, then the correctness of a program Pr for computing r
is illustrated in Figure 2. Pr is correct wrt Sr iff the interpretation of r in the

Pr

Framework F

minimum Herbrand model H of Pr

Sr

interpretation of r in

in intended model IF of F
interpretation of r admitted by Sr

Fig. 2. Strict specifications.

minimum Herbrand model of Pr coincides with the (only) interpretation of r
admitted by Sr (in IF ).

An example of such a specification is an if-and-only-if specification Sr of a
new relation r in a framework F :

∀x . r(x) ↔ R(x)

where R(x) is any ΣF -formula.
On the other hand, Sr may be loose, i.e., it may admit many interpretations

for r. For loose specifications, we have the situation in Figure 3. Pr is correct wrt

...

Pr

Sr

interpretation of r in

Framework F
interpretations of r admitted by Sr

minimum Herbrand model H of Pr

in intended model IF of F

Fig. 3. Loose specifications.

Sr iff the interpretation of r in the minimum Herbrand model of Pr coincides
with one of the interpretations of r admitted by Sr (in IF ).

An example of such a specification is a conditional specification of a new
relation r in a framework F :

∀x, y . IC(x) → (r(x, y) ↔ R(x, y))

where the input condition IC(x) and the input-output relation R(x, y) are ΣF -
formulas.

A conditional specification is like a pre-post-condition style of specification
as in Z [55] and B [1].
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In a framework, all program predicates have specifications. The knowledge of
the problem domain, codified by the framework axioms and theorems, together
with the specifications, are the basis for developing formal correctness proofs
[41].

Moreover, they allow us to enhance program reuse through specification re-
duction: a specification Sr reduces to a specification S′

r if every program P
that is correct with respect to Sr is also correct with respect to S′

r. Thus, a
non-strict specification Sr reduces to a non-strict specification S′

r if the interpre-
tations of r that are admitted by Sr are admitted also by S′

r (strict specifications
work as a limiting case). Specification reduction can be treated at the frame-
work level. For example, in a closed framework F , a conditional specification
I(x) → (r(x, y) ↔ R(x, y)) reduces to I ′(x) → (r(x, y) ↔ R′(x, y)) if and only
if the formula

(I ′(x) ∧R′(x, y) → I(x) ∧R(x, y)) ∧ (¬I(x) ∨R(x, y) → ¬I ′(x) ∨R′(x, y)) (1)

is true in the intended model IF of F .
To treat specification reduction in the context of F , the formulas involved,

like (1), must not contain program predicates, since the latter do not belong to
the framework signature ΣF . This excludes, for example, recursive if-and-only-
if specifications. We require that our specifications are completely declarative in
the context of the framework F , that is, reasoning about them can be done in F ,
independently of the programs. In this way, we can disregard the implementation
details. As a concomitant, frameworks should be strong theories, i.e., they should
satisfy the following richness requirements :

– The framework language should be expressive enough to specify programs
naturally in a non-recursive, declarative way. To this end, we use full first-
order logic, and we consider frameworks F with a rich signature ΣF .

– To reason about program correctness and specification reduction, the frame-
work axioms should give a powerful deductive system. Moreover, a repository
of useful theorems would facilitate theorem proving.

Thus, in order to meet these richness requirements, our frameworks are full
first-order theories with powerful axioms, like induction schemas or descending
chain principles.

Richness requirements and the emphasis on correctness and declarative spec-
ifications are the main features distinguishing our approach from algebraic spec-
ifications [58,4]. A less relevant difference3 lies in the kind of intended models we
choose. We use isoinitial models [40], instead of initial ones. This is in line with
the richness requirements: for a closed framework, we require at least reachabil-
ity (a model is reachable if every element of its domain can be represented by
a ground term) and atomic completeness (F is atomically complete if F � A
or F � ¬A, for every ground atomic formula A). For reachable models atomic
completeness is a necessary and sufficient isoinitiality condition [40].
3 As we have said, for the purpose of this paper, what kind of intended model we

choose is not a relevant issue.
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For the rest, the algebraic approach is close to ours, especially at the frame-
work level. We have in common a model-theoretic semantics, and modularity at
the framework level, briefly discussed in the next section, is modelled by theory
morphisms, a way to put theories together [10,27] that has been largely studied
in the algebraic specification community.

Concerning the expressiveness of specifications, it is worthwhile to briefly
comment on logics different from first-order classical logic. For example, tem-
poral logic can be used to model time and change in specifications. Temporal
logic has been proposed, e.g., in [19], to model concurrent object systems in an
algebraic setting. Aspects like concurrency and resources can be implicitly mod-
elled in non-classical logics, where logical connectives may have a non-classical
operational interpretation. A notable example is linear logic, that has been used
to specify and model concurrent systems [3,31,46]. Finally, compared to first-
order logic, higher-order logic has a greater expressive power. It is the basis of
various extensions of logic programming, e.g. λProlog [47], and of some logical
frameworks, e.g., Isabelle [48], ELF [52], that could be used as a general meta-
logic to manage different object logics and theories, as opposed to the categorical
approach developed in algebraic specifications.

We do not exclude the use of more expressive logics, in particular temporal
logic, in specifications, as long as we can maintain a model-theoretic semantics
for frameworks, specifications and program correctness. A model-theoretic se-
mantics is, in our opinion, more declarative than other kinds of semantics, like
type-theoretic or proof-theoretic semantics. Moreover, it allows us to introduce
steadfastness, a model-theoretic notion of a priori correctness. Steadfastness and
its relevance for correct reusability will be discussed in the next section. So far,
we have studied it in the model-theoretic setting of classical logic; the possibility
of introducing time and change will be briefly discussed in Section 4.2.

As we will show later, the above features, together with the model-theoretic
semantics of frameworks, specifications and programs provide a suitable basis
for component-based software development.

3 Logic for Software Engineering

When it comes to Software Engineering, Logic Programming has missed the boat
big time. This is primarily due to the view that logic programs are specifications.
The quote from the Conclusion of [33] goes on like this:

“Logic sufficiently blurs the distinction between program and specifica-
tion that many logic programs can just as well be regarded as executable
specifications. On the one hand, this can give the impression that logic
programming lacks a programming methodology; on the other, it may
imply that many of the software engineering techniques that have been
developed for conventional programming languages are inapplicable and
unnecessary for logic programs.”

Our view is that Logic Programming indeed lacks a programming method-
ology, notwithstanding [15]. It may well be that many Software Engineering
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techniques for conventional programming languages are inapplicable to logic
programs, but certainly they are not unnecessary.

The lack of emphasis by Logic Programming on Software Engineering is
manifested by Logic Programming’s bias in the last 20 or so years towards spe-
cialised AI and database issues such as non-monotonic logic, which are very dis-
tant from Software Engineering problems indeed. This prevented programming
language researchers and designers outside Logic Programming from having a
stronger positive influence on Logic Programming than they could have done
otherwise. Consequently, notions such as modules, parameterisation, polymor-
phic data types and objects entered Logic Programming relatively recently.

Now we discuss how we might remedy the situation, and make Logic Pro-
gramming address the issues of Software Engineering.

As we showed in the previous section, we distinguish strictly between spec-
ifications and programs within frameworks. This is important for Software En-
gineering, since it allows us to define modules and their correctness.

To formalise highly reusable modules, open frameworks are indispensable.
Indeed, reusability in a wide context entails that the intended model cannot be
fixed in advance, but instead we have to consider a class of possible models.

Intuitively, an open framework contains an as yet incomplete axiomatisation,
which can be completed in many ways, by means of different suitable comple-
tion procedures. An example of a completion procedure is parameter passing in
parametric frameworks, but we can have other kinds of completion procedures
as well, like internalisation defined in [39,34].

The symbols of an open framework F to be closed by the completion pro-
cedures are called open symbols. We will denote an open framework with open
symbols Π by F(Π). A completion operation gives rise to a more specific frame-
work F ′, and can be formalised as a suitable theory morphism m : F → F ′.
The (m-reducts of the) intended models of F ′ are a subset of those of F . We may
have total completions, giving rise to closed frameworks, that we call instances
of F(Π), as well as partial completions, yielding open specialisations of F(Π).
For open frameworks, our three-tier formalism is illustrated in Figure 4.

. . .

. . .

Specification:- S1 Specification:- S2

Program:- P2 : δ2 ⇐ π2Program:- P1 : δ1 ⇐ π1

Specification 1 Specification 2

Program 1 Program 2

Framework:- F(Π)

Fig. 4. Three-tier formalism for open frameworks.
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Specifications S1, S2, . . . , define program relations as in closed frameworks
(closed frameworks are limiting cases of open frameworks) and may contain
parameters from Π .

In each program Pi, δi are the defined predicates of Pi (they occur in the
head of at least one clause), while πi are the open ones (they occur only in the
body of clauses). That is, Pi may be an open program. Its specification in F(Π)
is a pair (Sδi , Sπi), where Sδi are specifications of Pi’s defined predicates, and
Sπi are specifications of its open predicates.

Correctness can be defined in a model-theoretic way, as in the previous sec-
tion, but we cannot compare minimum Herbrand models and interpretations
admitted by specifications in the intended model, for two reasons: (a) minimum
Herbrand models interpret the open predicates as empty relations, whereas the
latter are supposed to represent generic, though not yet fixed predicates; and
(b) an open framework has no fixed intended models, but instead we have to
consider a class of possible models. To define correctness of an open program
P : δ ⇐ π in a class I of models, we consider its minimum j-models where j
is a pre-interpretation,4 i.e. an interpretation of the symbols of P that are dis-
tinct from δ, namely its sorts, constants, functions and open predicates. Using
minimum j-models, we base correctness on steadfastness.

Steadfastness embodies at once modularity, reusability, and correctness. A
steadfast program is one that is correct (wrt to its specification) in each intended
model of F . Since the (reducts of the) intended models of its specialisations and
instances are intended models of F , a steadfast program is a correctly reusable
unit in all specialisations and instances of F . It can thus be used to model correct
schemas (see [22]).

A formalisation of steadfastness is given in [41] for definite programs, with
both a model-theoretic, hence declarative, characterisation and a proof-theoretic
treatment of steadfastness. Our treatment readily extends to constraint logic
programs. However, the extension to normal programs is not automatic, be-
cause the existence of the minimum j-model is no longer guaranteed. As far as
semantics is concerned, a possible solution could be the introduction of a notion
similar to stable models [26], but this would require a different proof theory for
steadfastness. The extension of steadfastness to normal programs is an inter-
esting problem, but we do not deal with it here, since our main interest is in
specifications (where negation is treated as in full first-order logic) and correct-
ness.

Here we give a simple example (taken from [41]) to illustrate the intuition
behind steadfastness.

Example 1. Suppose we want to iterate n times a binary operation ◦ on some
domain D. The framework, ITER(D, ◦, e), would contain (at least) the following:

(i) a (generic) domain D, with a binary operation ◦ and a distinguished element
e;

(ii) the usual structure of natural numbers, to express the number n;

4 Our notion of pre-interpretation generalises that in [42].



Logic for Component-Based Software Development 355

(iii) the iteration operation ×(a, n) = e ◦ a ◦ · · · ◦︸ ︷︷ ︸
(n times)

a.

The specification of the relation iterate is:

Siterate : iterate(x, n, z) ↔ z = ×(a, n) (2)

Consider the following program Piterate:

iterate(a, 0, v) ← unit(v)
iterate(a, s(n), v) ← iterate(a, n, w), op(w, a, v)

where s is the successor function for natural numbers, and the predicates unit
and op are specified in ITER by the specifications:

Sunit : unit(u) ↔ u = e
Sop : op(x, y, z) ↔ z = x ◦ y

(3)

Piterate is correct with respect to the specifications (2) and (3) because it
always computes iterate correctly in terms of correct computations of unit and
op in any interpretation of ITER.

For example, if D is the set of natural numbers, ◦ is +, e is 0, then ×(a, n) =
0+a+· · ·+a = na, i.e., Siterate specialises to iterate(x, n, z) ↔ z = na. Similarly,
Sunit specialises to unit(u) ↔ u = 0, and Sop to op(x, y, z) ↔ z = x + y.

Now, if P+
unit computes u = 0 and P+

op computes z = x + y (i.e., they are
correct with respect to their specialised specifications), then Piterate∪P+

unit∪P+
op

will compute na, i.e., Piterate is correct (wih respect to its specialised specifica-
tion) in this first interpretation.

As another example, if D is the set of integers, ◦ is −, e is 0, then ×(a, n) =
0− a− · · · − a = −na.

If P−
unit computes u = 0 and P−

op computes z = x−y, then Piterate∪P−
unit∪P−

op

will compute −na for an integer a, i.e., Piterate is also correct in this second
interpretation.

We say Piterate is steadfast in ITER.
As an example of a non-steadfast program in ITER, consider the following

program P ∗
iterate:

iterate(a, 0, v) ← unit(v)
iterate(a, n, v) ← m + m = n, iterate(a, m, w), op(w, w, v)
iterate(a, n, v) ← m + s(m) = n, iterate(a, m, w),

op(w, w, z), op(z, a, v)

P ∗
iterate is more efficient than Piterate: the number of recursive calls is linear in

Piterate, whereas it is logarithmic in P ∗
iterate.

P ∗
iterate is correct with respect to (2) and (3) if D is the set of natural numbers

with + as ◦ and 0 as e. However, it is incorrect if D is the set of integers with −
as ◦ and 0 as e. For instance, for iterate(a, s(s(s(s(0)))), v), P ∗

iterate computes 0
instead of the correct answer −4a. Thus P ∗

iterate is not steadfast in ITER.
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However, if we require that e and ◦ satisfy the additional (unit and associa-
tivity) axioms:

∀x . e ◦ x = x
∀x, y, z . x ◦ (y ◦ z) = (x ◦ y) ◦ z

then we can prove that the following properties hold:{×(a, n) = ×(a, n÷ 2) ◦ ×(a, n÷ 2) ◦ a if n is odd
×(a, n) = ×(a, n÷ 2) ◦ ×(a, n÷ 2) if n is even

and in the subclass ITER∗ of interpretations of ITER that satisfy the additional
axioms, P ∗

iterate computes correctly, and thus it is steadfast in ITER∗.
For instance, if D is the set of m-dimensional square matrices, with the

m-dimensional identity matrix as e, then since matrix multiplication × is asso-
ciative, P ∗

iterate is correct, where op computes matrix products.

To show how frameworks containing steadfast programs allow correct reuse, we
continue from this example.

Example 2. The open framework ITER(D, ◦, e) can be formalised as follows.

Framework ITER(D, ◦, e);
import: NAT ;
sorts: D;
funs: e : [ ] → D;

◦ : [D, D] → D;
× : [D, Nat] → D;

rels:
c-axs:
d-axs: ∀x : D . × (x, 0) = e;

∀x : D ∀n : Nat . × (x, s(n)) = ×(x, n) ◦ x;
specs: Siterate : iterate(x, n, z) ↔ z = ×(x, n);

Sunit : unit(u) ↔ u = e;
Sop : op(x, y, z) ↔ z = x ◦ y;

progs: Piterate : iterate(a, 0, v) ← unit(v)
iterate(a, s(n), v) ← iterate(a, n, w), op(w, a, v)

where NAT is the closed framework containing first-order Peano Arithmetic.
We distinguish two kinds of axiom: constraints (c-axs) and definitions (d-

axs). Constraints are properties to be satisfied by the completion procedures,
when the open symbols are closed. Definitions guarantee that, once all the open
symbols have been closed, the closed ones (× in the example) are completely
defined, i.e. total completions give rise to closed (consistent) frameworks.

In our example, we do not have constraints, i.e. any completion for D, ◦
and e will work. This can be proved by considering the following facts: (a) a
total completion introduces new Σ-axioms Ax with a reachable isoinitial model
I, where Σ contains D, ◦, e, and possibly other symbols, but not the defined
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symbol ×; (b) I can be expanded into the reachable (Σ + ×)-model I ′ of d-
axs, which interprets × as the function evaluated according to the recursive
equations d-axs; (c) the atomic completeness of Ax is preserved by d-axs (due
to the evaluability of ×).

The intended models5 of the specialisations and instances of a framework
F are models of F . By the properties of steadfastness, this guarantees that
steadfast programs developed in F are correctly inherited.

For example, we can close the open symbols of ITER(D, ◦, e) by the following
completion by internalisation:

completion NEG of ITER(Int :: INT , ◦, e):
close ◦ by x ◦ y = x− y
close e by e = 0

In this completion we have used a parameter passing and two internalisations
by explicit definitions. The parameter passing implicitly includes the prede-
fined framework INT for integers, which expands the already imported NAT .
Axioms, specifications and programs are inherited. We can prove the formula
×(x, n) = −nx, so we can conclude that Siterate specialises to iterate(x, n, z) ↔
z = −nx, that is, our program correctly computes −nx. In general, specialisa-
tion is equivalence in the more specific context of a completion, but it may also
involve specification reduction. Specialisation by reduction improves reusability
and correct overriding, as we will discuss later. Since Piterate is open, we have
to provide steadfast (i.e. correct)6 programs for op and unit. The latter is triv-
ial, while the former is likely already present in INT . Such programs correctly
compose with Piterate, by the properties of steadfastness.

We can also consider:

completion EXP of ITER(Nat, ◦, e):
close ◦ by x ◦ y = x · y
close e by e = 1

to get a program for computing the exponential function.
We can specialise ITER to ITER∗ as follows:

Framework ITER∗(D, ◦, e);
extends: ITER;
c-axs: ∀x : D . e ◦ x = x;

∀x, y, z : D . (x ◦ y) ◦ z = x ◦ (y ◦ z);
specs: Shalf : half(x, y) ↔ x = y + y;
progs: Piterate : iterate(a, 0, v) ← unit(v)

iterate(a, n, v) ← half(n, m), iterate(a, m, w), op(w, w, v)
iterate(a, n, v) ← half(s(n), s(m)), iterate(a, m, w),

op(w, w, u), op(u, a, v)

5 More precisely, their reducts.
6 In a closed framework, steadfastness and correctness coincide for closed programs.



358 Kung-Kiu Lau and Mario Ornaghi

We have inherited all the axioms and specifications, while overriding Piterate.
The new Piterate is more efficient, but it can be used only if its constraints can be
proved after the completion operations. Thus, we can replace ITER by ITER∗

in the closure EXP, but not in NEG.

Open frameworks and steadfastness conjugate reuse and correctness, and yield
3 levels of correct reusability:

– Top level.
Open frameworks are reusable through completion operations, which allow
us to implement framework composition, specialisation and instantiation.
Axioms and theorems are inherited, because completion operations are the-
ory morphisms.
We require that open frameworks are correctly constrained, i.e. its constraints
guarantee that consistency is preserved by completion operations (which
must satisfy the constraints), and totally defined, namely every total com-
pletion yields a closed instance.
At this level, correctness corresponds to constraint satisfaction. Constraints
are therefore the first level of guidance for correctly reusing frameworks.

– Specification level.
Specifications are inherited. Their meaning can be specialised according to
the completion operation, by means of specification reduction (introduced in
Section 2 for closed frameworks; in an open framework F(Π), Sr reduces to
S′
r if, for every intended model I of F(Π), every interpretation of r admitted

by Sr in I is also admitted by S′
r in I). For example, in the closure NEG,

the specialised Siterate shows that iterate computes −n ·x. Specifications are
the second level of guidance for correctly reusing frameworks, because their
specialisation describes in a compact and declarative way how the behaviour
of steadfast program specialises.

– Bottom level.
Steadfast programs are inherited, together with their specifications. If P :
δ ⇐ π with specification (Sδ, Sπ) is steadfast in an open framework F(Π),
then it is steadfast in all the specialisations and instances of F by completion
operations, that is, it is correctly inherited with respect to the specifications
(Sδ, Sπ).
Moreover, its specifications are a guidance for correctly composing P : δ ⇐ π
with other programs Qi for its open predicates. To guarantee the correctness
of the composite program, it suffices to prove that Qi’s are correct with
respect to the specifications Sπ.

At the top level, there are no substantial differences with respect to algebraic
specifications. However, reusability at the specification and bottom (program)
level is peculiar to our approach. Specification reduction plays an important
role both at the specification level, for specialising specifications while partially
or totally completing frameworks, and at the bottom level, to enhance correct
program composition.

In the next section, we will discuss how these features of frameworks can help
to provide a basis for building reusable components with a declarative semantics.
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4 Logic for Component-Based Software Development

CBD [56] has been hailed as the “Industrial Revolution for IT”, aimed at deliv-
ering Software Engineering from a cottage industry into a “mechanised” manu-
facturing industry. The goal of CBD is thus to provide the engineering science
and tools for constructing software products by plugging components together,
like building hardware from kits of component parts. Therefore, the ultimate test
for CBD is whether it can allow arbitrary combination, or third-party assembly,
of software components.

At present the key pre-requisites for CBD to succeed have not been met (see
e.g. [9]). The first is a formal semantics for components and component reuse.
Without formal semantics, it is not possible to achieve a standard, universally
understood and accepted definition, which in turn is essential for achieving the
ultimate goal of third-party assembly of components.

The second pre-requisite is good component interfaces. The interface of a
component should be all we know about the component. It should therefore pro-
vide all the information on what the component does, i.e. its operations, (though
not how it does it) and how we can use the component, i.e. its context depen-
dencies. Otherwise, third-party assembly would not be possible. Therefore, an
interface should include not just a list of operations, but also context dependen-
cies. This implies that we need, as a minimum, polymorphism, theory morphism
and composition, etc. to describe the semantics of interfaces. Therefore, pre- and
post-conditions are not enough for specifying interfaces.

Thirdly, we need a good assembly guide for selecting the right components.
The interface of a reusable component contains a collection of operations. In
order to have a good assembly guide, the following pre-requisites should be
satisfied:

– We need to know what each component does (correctly). Thus component
operations should have declarative specifications (we have to know what they
do, not how) and composition of components should yield the specification
of the operations of the composite.

– We need to know what the reuse of a component within another one (af-
ter composition) will yield. This implies that the specifications of compo-
nent operations should be compositional, namely that the specifications of
a composite should indicate when and how we can correctly compose the
operations inherited from its components.

This is only possible if we have a notion of correctness of component op-
erations wrt their specifications and require that correctness is preserved by
composition (wrt the specification of the composite derived from the specifi-
cations of the constituents). This implies that the semantics for components
and their interfaces should incorporate a notion of a priori correctness, i.e. pre-
proved correctness of any given component operation wrt its own specification, as
well as pre-stated conditions that will guarantee that component and operation
compositions will preserve correctness. This kind of correctness means correct
reusability because it preserves inheritance and compositionality, i.e., programs
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can be inherited and specifications can be automatically derived from compo-
nents (in composition) and super-components (when a general super-component
is specialised) without destroying correctness.

Thus a priori correctness is the key to providing a good assembly guide. It
stands in contrast to a posteriori correctness. The latter is the usual kind of
correctness for verification-based program construction, where correctness of a
composite can only be proved after the composition has taken place. It therefore
cannot provide an assembly guide.

Although there are many strands of existing work in Formal Methods that
address correctness, including a priori correctness, and composition of modules,
collectively they do not meet the above requirements for CBD mainly because
their modules are not components in the sense of CBD, such as frameworks [18]
or patterns [24] for instance.

4.1 Limitations of Current Software Development Approaches

Now we consider the most relevant approaches to software development, and
briefly analyse their potential for CBD, with respect to the prerequisites dis-
cussed above.

Object Technology. At present, CBD exists in the form of OO software de-
velopment, employing current object technology, i.e. tools based on UML [53],
together with middleware such as CORBA [28,6], COM [8] and Enterprise Java
Beans (EJB) [44].

It lacks formal (declarative) semantics for objects, components, patterns,
frameworks, interfaces, component assembly and reuse, component correctness
and component assembly correctness. So it cannot provide good interface speci-
fications or a good assembly guide.

Much of current CBD work also suffers from being low-level, consisting in
component-oriented programming (i.e. a low-level approach akin to programming-
in-the-small) because it uses languages like Component Pascal that merely some-
how ‘upgrade’ plain OO programming languages into ‘component programming’
ones.

Work using CORBA, COM and EJB is rather low-level too, employing as it
does what could be called IDL programming, i.e. OO programming in C++ or
Java, with object integration provided by CORBA/COM/EJB via their respec-
tive interface definition languages (IDLs).

For CBD to achieve its goal, this low-level, bottom-up approach needs to
evolve into a high-level, top-down one, with emphasis on component assembly,
e.g. architecture description languages [54] and/or ‘component assembly’ lan-
guages.

Another weakness of current CBD is that it relies too much on existing OO
(analysis and) design (OOD) methods. These methods use objects (or classes)
as the basic unit of design and reuse. However, it is increasingly recognised that
classes are not the best focus for design (see e.g. [29,45,18]). Typical design
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artefacts are rarely just about one object, but about groups of objects and the
way they interact.

Frameworks, also known as OOD frameworks, are such groups of interacting
objects. For example, in Catalysis [18], a driver may be represented (in UML)
as the framework shown in Figure 5. A driver is a person who drives a car, or in

Car Person

Driver
drives

Fig. 5. The Driver framework.

framework terminology, a driver is a framework composed of a car object and a
person object, linked by a ‘drives’ association (or attribute).

Frameworks are increasingly recognised as better units of reuse in software
development than objects (see e.g. [29,45]). The reason for this is that in practical
systems, objects tend to have more than one role in more than one context, and
frameworks can capture this, whereas existing OOD methods (e.g. Fusion [11]
and Syntropy [12]) cannot. The latter use classes or objects as the basic unit of
design or reuse, and are based on the traditional view of an object, as shown
in Figure 6, which regards an object as a closed entity with one fixed role.
Such objects are very hard to reuse in practice. On the other hand, frameworks

visible
functions

structure
internal
encapsulated

Fig. 6. Objects with one fixed role.

allow objects that play different roles in different frameworks to be composed by
composing frameworks. In Catalysis, for instance, this is depicted in Figure 7.7

Framework 1 + 2

role A role B

role A

Framework 1 Framework 2

role B

Fig. 7. Objects with multiple roles in different frameworks.

For example, a person can play the roles of a driver and of a guest at a motel
simultaneously. These roles are shown separately in the PersonAsDriver and
PersonAsGuest frameworks in Figure 8. If we compose these two frameworks,
7 Double arrows denote interactions between (partial) objects.
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PersonAsDriver PersonAsGuest

MotelCar Person Person
drives stays

Fig. 8. PersonAsDriver and PersonAsGuest frameworks.

then we get the PersonAsDriverGuest framework as shown in Figure 9. In this

PersonAsDriverGuest

MotelCar Person
drives stays

Fig. 9. PersonAsDriverGuest framework.

framework, a person object plays two roles, and is a composite object of the kind
depicted in Figure 7. Frameworks are more reusable in practice than objects with
fixed roles.

It should be noted that most of the so-called patterns, as defined in [24], are
frameworks. Also, in UML, it is supposed to be possible to model frameworks
and patterns (see e.g. [35]), even though in UML it is not clear how frameworks
and patterns (or components) are defined.

Software Architecture. Software Architecture [5] is a relatively new, and
as yet immature discipline (see [54]). Although there are architecture descrip-
tion languages, e.g. Wright [2], and architectural design tools, e.g. Rapide [43],
research in software architecture has largely been overtaken by the universal
adoption of UML (and the Unified Methodology) by software designers.

One difficulty of combining software architecture and current CBD is that
whereas the former is top-down, the latter is essentially bottom-up (see e.g. [7]).
There is also a conflict between software architecture and current CBD over
component reuse. The former prefers components to fit in with the architec-
ture, whereas the latter prefers pre-defined pre-implemented components (see
e.g. [50]). Another problem with software architecture is the so-called Architec-
tural Mismatch problem [25] underlying the composition of existing components,
viz. that it is in general very hard to build systems out of existing parts if these
parts have architectures that do not match. In [25] the authors describe their ex-
perience of spending five years on a case study where they failed to put three ex-
isting subsystems together and eventually decided to re-design and re-implement
these subsystems in order to achieve their composition.

Formal Methods. General-purpose formal methods such as Z [55], VDM [30]
and B [1] lack suitable semantics for components, even though they may have
been ‘upgraded’ into versions with objects (e.g. Object Z). They lack semantic
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characterisations of specifications, objects, components, patterns, frameworks,
etc. So they cannot provide good (component) interface specifications.

These methods also do not have meaningful notions of correctness for objects,
components, patterns, frameworks, etc, or their composition and reuse. So they
cannot provide a good assembly guide.

Existing (semi-)formal OOD methods such as Fusion [11,17] and Syntropy
[12] suffer from the same problems with semantics as the above general-purpose
formal methods. Besides, they also use classes or objects as the basic unit of
design, and as we saw in the previous section, this is not the best approach for
next-generation CBD.

4.2 What Can Logic Programming Contribute?

Correct reusability of steadfast programs means a priori correctness of their
composition. This is a very important feature of steadfastness, and contrasts
favourably, for the purposes of CBD, with a posteriori correctness normally
employed in verification-based approaches to program construction.

Open frameworks containing steadfast programs are suitable as software com-
ponents in CBD, and we will call them steadfast components, since they meet
the prerequisites for CBD: declarative formal semantics, interfaces and assembly
guide for reuse and composition.

A framework has a model-theoretic, hence declarative, semantics for all its
constituents. The constituents of an open framework F(Π) can be identified as
the following (see Example 2):

– the problem signature Σ, made up of sort symbols sorts, function symbols
funs and relation symbols rels;

– the problem axioms axs (consisting of constraints c-axs and definitions
d-axs);

– a set specs of specifications;
– a set progs of programs.

To reflect this, we shall write F(Π) = 〈Σ, axs, specs, progs〉. The meaning
of the problem signature Σ is given by the problem axioms axs, according to
an intended model semantics. Specifications specs define program predicates in
terms of Σ. An open program P : δ ⇐ π (belonging to progs) with specification
(Sδ, Sπ) is interpreted by its j-models, where j ranges over the intended models
of F(Π), expanded by the specifications Sπ.

An open framework F(Π) = 〈Σ, axs, specs, progs〉 has a two-level inter-
face with formal semantics:

– The framework interface is the problem signature Σ, together with the ax-
ioms axs. It provides a set of known properties that define the meaning of
the signature and provide a way of reasoning about the problem domain. The
semantics of the framework interface is given by the completion operations
and the semantics of the corresponding theory morphisms.
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– The method interface is the set {(Sδi , Sπi)} of specifications of the programs
(methods) in progs. They state precisely what methods do, in a concise
and declarative way. The semantics is based on steadfastness, i.e. correctness
within a framework, and specification reduction.

In addition, the interface of a framework F(Π) = 〈Σ, axs, specs, progs〉
also contains the following context dependencies, that constitute an assembly
guide for framework and method reuse and composition:

– At the framework level, context dependencies are given by the open sym-
bols Π and their constraints c-axs ⊆ axs; only the open symbols can be
closed, according to suitable completion operations, that must satisfy the
constraints.

– At the method level, the specifications Sδ of the defined predicates of a
program P : δ ⇐ π are a guide for program reuse: P can be correctly
reused for a specification Sr of a relation r if δ contains a predicate d with
specification Sd such that Sd[d/r] reduces to Sr, where [d/r] indicates the
renaming of d by r.
Similarly, the specifications Sπ of the open predicates are a guide for pro-
gram composition: a program Q : γ ⇐ . . . correctly composes with P if Q
can be correctly reused for the specification Sp of some p ∈ π. For the sake
of program composition, we can also contextualise specification reduction to
the call positions of the open predicates in the clauses of programs, as, for
example, in [21]. Contextual reduction is powerful, but it is no longer im-
plementation independent: it can be used to compose two specific programs,
while non-contextual reduction applies to any pairs of programs implement-
ing the same specifications.
Of course, reuse and composition may involve suitable renamings of program
predicates.

Thus, context dependencies are a guide for correct reuse. An interesting fea-
ture is that specification reduction allows us to control inheritance polymor-
phism, as follows. A framework G extends a framework F if it adds new signa-
ture, axioms, specifications and methods (i.e., steadfast programs). Framework
extension works as a subclassing mechanism, and allows program overriding. In
the general case, PG correctly overrides PF if SGδ

reduce to SFδ
(i.e., PG is also

correct wrt SFδ
) and SFπ reduce to SGπ (i.e., programs that correctly compose

with PF also correctly compose with PG). We can also have more flexible over-
riding mechanisms. For example, it may happen that PG works more efficiently,
but requires open operations that are not needed by PF , or have specifications
different from those of PF . In this case, it is reasonable to replace PF by PG ,
and provide the new required operations. That is, the use of specifications in the
context of the problem domain allows us to treat inheritance in a rather flexible
way, while maintaining correctness.

Open frameworks have another important property, viz. they can be used
to represent classes, where attributes are the open symbols, methods are the
steadfast programs, and class invariants are the constraint axioms. A framework
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F(Π) representing a class will be called a class framework. To build objects of
a class framework F(Π), we close its open symbols Π . We may have multiple
closures, i.e. many objects of the same class can coexist. Class frameworks have
rich features. Attributes may be sorts, functions or relations; for example, re-
lations as attributes can be used to model OO data bases. Framework axioms
allow us to specify the abstract data types needed to close the attributes, and
to model our general knowledge of the problem domain. Specifications give a
formal declarative semantics of method-interface.

This is illustrated below:8

+
framework

Correct Steadfast
programs

ADT

class
invariants

+ (composite)
Correct

class
= =

Methods

specs
⊕ ⊕

A framework F(Π) can also be used to define a class diagram with possible
constraints (as defined, e.g., in UML), and its instances can be seen as the
object diagrams instantiating the class diagram. Constraints are satisfied by all
the instances, by the way the open symbols are closed. Steadfast programs are
like methods that satisfy their specifications in all the instances because of the
a priori nature of correctness that steadfastness embodies.

In our explanation, we have implicitly assumed that frameworks representing
classes and class diagrams have open symbols that can be closed by internalisa-
tion, without introducing new signature or axioms. But we can also assume the
existence of only partially specified external entities, like data types, frameworks
or objects. This is needed to model OOD frameworks [39] as components, to be
closed by reusing them in different contexts, which have to provide the required
external entities.

To illustrate the reuse of frameworks with steadfast methods as steadfast
components, and the role of such frameworks as OOD frameworks, we show a
simple example.

Example 3. Consider the following open framework WLIST (X, wt) for com-
puting sums of weights in weighted lists, i.e. lists with weights associated with
their elements. We assume that common ADT’s, like reals, parametric lists, etc.
have been pre-defined (by frameworks). List(X) is the sort of lists with elements
of sort X , and a non-empty list l has elements at positions 0 to len(l)− 1 (the
empty list [ ] has no positions).9

8 In the diagram, a⊕ b signifies ‘a always satisfies the accompanying specifications b’.
9 For an axiomatisation, see [39].
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Framework WLIST (X, wt);
funs: wt : [List(X), N at] → Real;

sum : [List(X), N at] → Real;
c-axs: ∀i : N at ∀l : List(X) . i ≥ len(l) → wt(l, i) = 0;
d-axs: ∀l : List(X) . sum(l, 0) = 0;

∀k : N at ∀l : List(X) . sum(l, k + 1) = sum(l, k) + wt(l, k);
specs: lsum(l, w) ↔ w = sum(l, len(l));

lwt([x|a], b, w) ↔ w = wt(rev(b)|[x|a], len(b));
progs: Plsum : lsum(l, w) ← sumrev(l, [ ], w)

sumrev([ ], b, 0) ←
sumrev([x|a], b, w) ← sumrev(a, [x|b], u),

lwt([x|a], b, v), w is u + v

The framework WLIST (X, wt) is designed to be reusable with different
weighting mechanisms for lists, so we do not fix the weighting mechanism. In-
stead, we just assume that every position i in a list l has a weight wt(l, i), where
wt(l, i) is an open function, to be instantiated by different weighting mechanisms,
in different contexts.

Besides wt(l, i), the framework-level interface of WLIST contains the open
sort symbol X of list elements and the defined function sum(l, i)).

Relevant properties of sum(l, i), e.g.

sum(l, 2) = wt(l, 0) + wt(l, 1) ; . . .

can be proved as theorems. Theorems are an important component in a frame-
work, as they can help both to explain the meaning of the defined symbols
and to reason about specifications and programs. We could also informally but
rigorously state explanatory meta-theorems like

sum(l, k) = Σk−1
i=0 wg(l, i)

where the (meta) operator Σ is (meta) defined as usual.
The specification-level interface of WLIST specifies a (defined) program

predicate lsum(l, w), which means w = sum(l, len(l)), i.e., by the previous meta-
theorem, w = Σ

len(l)−1
i=0 wt(l, i). The corresponding program Plsum is designed for

situations where wt(l, i) may depend on the positions close to i. Thus it uses the
open predicate lwt, specified using the weight wt(rev(b)|[x|a], len(b)),10 where
l = rev(b)|[x|a] is the list whose weights are to be summed, i = len(b) is the
current position in a computation, x is the element at position i in l, and the
elements at positions i+1, i+2, . . . are in a, while those at positions i−1, i−2, . . .
are in b.

The specifications in the interface are the basis for correct reuse through
specification reduction.

Here we show a reuse of WLIST (X, wt) (and WGRAPH(X, arc), which is
a similar framework in which a list represents nodes of a graph and the weights
10 rev(x) means the reverse of x.
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represent arcs between adjacent nodes). Since we can have multiple (partial or
total) framework completions, we will rename framework symbols and use the
usual dot notation, to avoid confusion.

Consider the following completions:

completion TOWNS of WGRAPH(X, arc):
close X by {LON, MAN, MI, . . .}
completion FLTS of TOWNS:
close arc by arc(x, y, dis) ↔ (x = MAN ∧ y = MI ∧ dis = 2000)

∨ . . .

completion KMS of WLIST (TOWNS.X, wt):
close wt by wt(l, i) = w ↔ FLTS.arcwt(l, i, i + 1, w)∨

(w = 0 ∧ ¬∃z . FLTS.arcwt(l, i, i + 1, z))

TOWNS has been partially completed to set X to a list of towns. FLTS uses
arc to link pairs (x, y) of towns that are connected by a flight, and sets the
weight of the link (arc) to be the distance between x and y. It also defines useful
specification symbols, like arcwt(l, i, j, w), which indicates that positions i and
j in a list l are connected by an arc of weight w.

KMS is used to compute the cumulative distances of connecting flight paths,
and to build it we choose WLIST (TOWNS.X, wt) because, looking at its in-
terface specification, we see that sum(l, len(l)) is the cumulative distance, if we
choose wt as indicated in the closure above, i.e., wt(l, i) is the distance from the
town at position i to the town at position i + 1 if they are connected by a flight,
and is 0 otherwise.

We can reduce the specification of lwt to

lwt([x], b, 0),
lwt([x, y|a], b, w) ↔ FLTS.arc(x, y, w)∨

(w = 0 ∧ ¬∃z . FLTS.arc(x, y, z))

and derive a correct program for it. Steadfastness will guarantee that it correctly
composes with Plsum.

We can see the similarity between the closures TOWNS, FLTS and KMS
in the example and objects in OO programming. This similarity allows us to
consider an open framework as a way to dynamically build specialisations and
instances, to be used as objects. A first study of this approach has been given in
[34], where we introduce temporal operators. In this way we can specify static
methods (they do not change the current instance) and dynamic methods (they
may change the current instance). For example, we can model a window, with
attributes describing its current dimensions and content. We can specify rows,
rectangles, and so on, by first-order formulas, and give static methods to compute
such figures. We can also use temporal formulas to concisely specify methods
that change the current state, e.g. the window dimensions or the figures currently
contained (and drawn) in the window. Our notion of steadfastness (a priori cor-
rectness) applies to static methods, but we do not have yet a satisfactory notion
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of a priori correctness for dynamic methods. Since a priori correctness plays an
important role in correct reusability, we are currently investigating the possi-
bility of axiomatising explicitly timed objects and programs at a (first-order or
higher-order non-temporal) metalogical level where we can define steadfastness,
and to use meta-level steadfastness to model steadfastness at the object level of
temporal logic.

In summary, steadfastness is defined in terms of interfaces and context de-
pendencies only. It means correct reusability because it is preserved through
inheritance and compositionality. Steadfast components would therefore provide
a good assembly guide.

Moreover, because steadfastness is preserved through inheritance and compo-
sitionality, steadfast components can be used for both bottom-up and top-down
composition. Therefore steadfast components would allow third-party assembly
and, we believe, can provide the semantics of components and component com-
position and reuse, missing from existing object technology, making the latter
more declarative and top-down, and thus enhance OOD with suitable semantics
for component interfaces.

Epilogue

So where do we go from here? We conclude this paper by outlining our perspec-
tive on the role of our approach in next-generation CBD.

Frameworks containing steadfast methods can be used as the basis for the
construction of correctly reusable components. We can define various reuse op-
erations, where constraints and specifications are used to ensure correct reuse of
the inherited methods.

The development process of a reusable component for a general problem
domain is illustrated in Figure 10.

Correct framework

Steadfast LP and CLP components

Library of efficient, steadfast components

synthesis

analysis & transformation

Efficient components

Fig. 10. Developing steadfast components.

In a first phase, we construct an open framework for the chosen problem do-
main, where we can specify a collection of reusable component operations, and
then develop steadfast pure standard logic programs (LPs) and constraint logic
programs (CLPs), from their specifications, using logic program synthesis tech-
niques (see [16,36]). In this phase, we can reuse existing developed frameworks.
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In the second phase, we apply, iteratively, logic program analysis (e.g. [13])
and transformation techniques (see [51]) to ensure termination and to improve
the efficiency of these programs. To be consistent with CBD, we need open
termination (informally, an open program P : δ ⇐ π with specification (Sδ, Sπ)
has to terminate in all the pre-interpretations that satisfy Sπ in the framework)
and transformations that preserve steadfastness. In contexts different from ours,
modular termination analysis, e.g., in [14,49], and modular transformations, e.g.,
in [20], have been studied.

Although the steadfast component operations are implemented by (standard
and constraint) logic programs, we can extend the notion of steadfast programs
to other programming paradigms, and translate in phase 2 the synthesised logic
programs into other (imperative) languages.

Different combinations of these programs then together with the framework
form different steadfast components. These components will provide the basic
library units for constructing libraries of bigger components, be they patterns
or frameworks.

In the wider context of CBD, we see our methodology fitting in with the
software development cycle in the manner depicted in Figure 11. The role of

Library of steadfast components

Requirements spec

Correct software analysis &
transformation

Architectural spec

synthesis

Library of steadfast components

synthesis

Correct software ?Spec
yes

no

design

Bottom−up

Top−down

Fig. 11. CBD using libraries of steadfast components.

our methodology will be to provide a library of steadfast components in some
chosen programming language, following the process described above. The key
contribution of such a library to CBD is that it allows both top-down and bottom-
up styles of development, and indeed a combination of both.

Top-down development will follow the so-called waterfall model : given the
requirements specification, a design will be made, and software will be synthe-
sised accordingly from the library components in order to meet the requirements.
Alternatively we may follow the software architecture approach and start with
an architectural specification, and synthesise software from the library compo-
nents. The resulting software is guaranteed to be correct, but it may need to be
analysed and transformed to improve efficiency.
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Bottom-up development would start from the library of components, and
some specification of either the requirements or the architecture. There is no
design as such, but instead the development is iterative, in ‘pick and mix’ style,
until the software constructed is seen, or can be verified, to meet the speci-
fication. Again, this style is possible because of steadfastness. Composition of
steadfast components can show the specification of the composite, and therefore
the specification of any software constructed can be compared with the initial
specification for the whole system. Guidance as to which components to ‘pick
and mix’ can also be provided by specifications and constraints, as we have
discussed before.

If the specifications and the software system under construction have to
evolve, then the spiral model of software development would be more appro-
priate. We can achieve this by combining the top-down and the bottom-up
development styles described above. In each cycle of the spiral, top-down de-
velopment can be used to develop software for specifications that have been
finalised, whereas bottom-up development can show the gap between interim
specifications and the current software system, thus enabling the developer to
evolve the specifications or the system appropriately.

The general picture we have painted here represents just a perspective, and
not yet a realised solution. In this context, we believe that frameworks and stead-
fast programs are good foundations for a formalisation and realisation of reusable
components, and we are working towards turning CBD into reality in the LP
community. Our next effort in this direction will be to extend the specification
language (in particular, by introducing the possibility of expressing change) and
the programming language (by considering extensions of standard and constraint
logic programs), while preserving a suitable notion of steadfastness. We do not
pretend to have the solution in our hands, but we are convinced that LP can
play an important role and we hope that our ideas will stimulate interest in
frameworks together with a pertinent theory of specifications, correctness and
modularity.

In summary, we believe that despite missing the Software Engineering boat
first time round, Logic Programming is in a good position to play an integral
part in the Industrial Revolution for IT! Let’s not pass this second chance by.
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Abstract. An approach to Prolog programming based on patterns is
presented. Two classes of patterns are identified. Skeletons are programs
constituting a specific control flow and act as reusable starting com-
ponents for program development in Prolog. Techniques are standard
operations that can be performed on a wide range of skeletons. The
result of applying a technique to a skeleton is a new program which per-
forms additional Prolog computations while following the control flow of
the skeleton. Both classes of patterns are straightforward to understand
and reuse due to the high level of abstraction of logic programming lan-
guages. Taking a pattern-directed view makes Prolog programs easier to
build, for which some anecdotal evidence is given. In honour of Professor
Bob Kowalski, the patterns are traced back where possible to Kowalski’s
original monograph on logic programming.

1 Program Patterns

Patterns have been widely acknowledged as being important in crafting com-
plex systems in areas such as architecture and machine design. During the last
decade, design patterns have emerged for software engineering, particularly as-
sociated with the widespread espousal of object-oriented programming. To some
extent, patterns have been a theme throughout the evolution of programming
languages. Subroutines and macros can certainly be viewed as patterns, and were
introduced to allow reusability within a single piece of software. Modules and
library functions have been developed to allow reuse between software systems.

The history of computer science has shown that progress in software de-
velopment has come through better abstractions. Logic programming [9] is an
abstraction introduced in the 1970s. The key abstraction introduced in logic pro-
gramming is the logical variable and the use of unification as a uniform means
of computation. Unification abstracts away many data manipulation details,
making programs more concise, and easier to read and write. The high level of
abstraction can make it easy to see connections between programs, and problems
can be decomposed and mapped to code in ways not apparent with conventional
programming languages.

This paper describes patterns that have emerged within Prolog programming.
The patterns constitute reusable components. We discuss how the components

A.C. Kakas, F. Sadri (Eds.): Computat. Logic (Kowalski Festschrift), LNAI 2407, pp. 374–401, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



Patterns for Prolog Programming 375

can facilitate program development and maintainability. Because logic program-
ming languages are more abstract, some patterns have been easier to see. Many
of the patterns have their origin in Kowalski’s pioneering monograph on logic
programming [9].

The structure of the paper is as follows. We loosely identify two classes of
programming patterns for Prolog programming. Skeletons are discussed in Sec-
tion 2, while techniques are discussed in Sections 3 and 4. The difference between
the techniques discussed in Sections 3 and 4 lies in the type of change made to
a program by applying a technique.

Thinking of a logic program in terms of skeletons and techniques arose from
research into developing a standard methodology for Prolog programming called
stepwise enhancement. Stepwise enhancement can be incorporated into a design
method for Prolog, a topic by and large neglected within logic programming.
Stepwise enhancement is presented in Section 5, including an example of program
design. Finally, related work and conclusions are discussed.

2 Skeletons

A significant feature of logic programming is the coincidence of the declarative
and procedural semantics. The first class of patterns we identify are reusable
programs, which we have called skeletons. Skeletons constitute the essential con-
trol flow of a program, and need to be understood procedurally. Good Prolog
programming requires you to write code that is declarative, i.e. easy to read,
and which executes efficiently under Prolog’s execution. They capture efficient
execution ‘idioms’. Choosing a skeleton is a design decision.

Four useful categories of skeletons are

– data structure traversers
– algorithmic motifs
– grammars
– interpreters.

Skeletons are reused by adding arguments to perform additional computa-
tion while the program is being executed. Examples are extending a language
interpreter to count operations being performed, or keeping track of intermediate
results to avoid infinite loops.

In this section, each category of skeleton is described in turn, giving specific
examples, and relating them back to Logic for Problem Solving [9] where appro-
priate. We will use the notation LPS <pp> to refer to specific page numbers
<pp> from Logic for Problem Solving.

2.1 Data Structure Traversers

The most common data structure for logic programs is the list. Many Prolog
programs are based on skeletons for traversing lists. Skeletons for list processing
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have been described elsewhere, notably in [23] and [25] and indeed LPS 109-112.
We give two running examples of other data structures - binary trees and graphs.

is_tree(leaf(X))1. has_leaf(leaf(X)).
is_tree(tree(L,R)) :- has_leaf(tree(L,R)) :- has_leaf(L).

is_tree(L), has_leaf(tree(L,R)) :- has_leaf(R).
is_tree(R).

Programs 1 and 2 Skeletons for traversing a tree

Programs 1 and 2 are skeleton programs for traversing binary trees with
values only at leaf nodes. Program 1, the left-hand program, does a complete
traversal of the tree. Note that Program 1, viewed declaratively, is a type defini-
tion for binary trees. Program 1 is implicit in the predicate Tips from LPS 108.
Program 2, the right-hand program, traverses a single branch of a binary tree.
Its declarative reading is that a binary tree has a leaf.

Program 3 is a skeleton for traversing graphs. The relation connected(X,Y)
is true if node X is connected to node Y in the graph defined by edge/2 facts. The
two clauses can be read declaratively. The first clause states that two nodes are
connected if there is an edge between them. The second (recursive) clause says
that X is connected to Y if there is an edge from X to Z and Z is connected to Y.
Program 3 is the transitive closure of the edge relation. Considered as a Prolog
program, the program checks whether two nodes are connected via depth-first
search inherited from Prolog’s computation model.

connected(X,Y) :- edge(X,Y).
connected(X,Y) :- edge(X,Z), connected(Z,Y).

Program 3 A skeleton for traversing a graph

Program 3 is not exactly found in Logic for Problem Solving. That is con-
sistent with Bob Kowalski’s emphasis on the expressibility of logic for problem
solving rather than expression of algorithmic motifs. For comparison, a doubly
recursive predicate for graph traversal, a different less efficient skeleton, is given
in LPS, pages 102-103. A collection of facts of the form Go*(A,B)<- Go*(D,X)<-
are given, along with the axiom Go*(x,y) <- Go*(x,z), Go*(z,y).

1 The notation in Logic for Problem Solving is opposite to the standard Prolog notation
used in this paper. In LPS, variables were denoted by lower case letters and predicate
symbols, including constants, denoted by words starting with upper case letters.
Kowalski used the functor cons to represent binary trees as lists, which he regarded
as a special case of binary tree. I prefer the symbols given here.
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2.2 Algorithmic Motifs

The essence of an execution idiom is an algorithm. Many algorithms make good
skeletons. The prototypical example of an algorithmic motif is the well known
Euclidean algorithm for computing the greatest common divisor, d, of two inte-
gers, m and n. Knuth gives a good description of the Euclidean algorithm in [8].
Later in the same chapter of his book, Knuth develops the extended Euclidean
algorithm, which as well as computing d, is extended to compute two integer
multipliers, a and b, such that a ∗m+ b ∗ n = d.

Seeing the pattern between the Euclidean algorithm and the extended Eu-
clidean algorithm is precisely the intuition we are trying to capture. Program 4
gives Prolog code for the Euclidean algorithm. In Section 3.4, we will compare
it to the extended Euclidean algorithm. The treatment is taken from the Ph.D.
dissertation of Arun Lakhotia [10]. More discussion of the program will be given
in Section 3.4.

gcd(M,N,GCD) :-
Rem is M mod N,
gcd(Rem,M,N,GCD).

gcd(0,M,N,N).
gcd(Rem,M,N,GCD) :- Rem > 0, gcd(N,Rem,GCD).

Program 4 The Euclidean algorithm

2.3 Grammars

The roots of logic programming lie in grammars for parsing natural language.
Grammars are excellent examples of skeletons. The most common grammars
within logic programming are definite clause grammars (DCGs). DCGs are in
fact syntactic sugar for Prolog, and most Prolog systems translate DCGs directly
into Prolog.

Program 5 contains a fragment of a definite clause grammar (DCG) for pars-
ing a Pascal-like programming language. The fragment contains three rules. The
first rule says that a (legal) statement is an identifier, followed by :=, followed
by an expression. The second and third rules handle if-then-else statements and
while statements respectively.

statement −→ identifier, [:=], expression.
statement −→ [if], test, [then], statement, [else], statement.
statement −→ [while], test, [do], statement.

Program 5 Fragment of a grammar
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The parsing problem is prominent in Logic for Problem Solving, for example
on LPS pages 49-53. The text [17] develops parsers around skeleton grammars.

2.4 Interpreters

Programs and data are syntactically identical in logic programming. This sim-
ilarity makes it easy to write interpreters in Prolog. Many applications, such
as expert system shells, have exploited this feature of Prolog. Interpreters are
natural skeletons.

solve(true).
solve((A,B)) :- solve(A), solve(B).
solve(A) :- system(A), A.
solve(A) :- clause(A,B), solve(B).

Program 6 The vanilla meta-interpreter

The vanilla2 meta-interpreter (interpreter for Prolog in Prolog) is given in
Program 6. The relation solve(Goal) is true if Goal is true in the program
defined by clause/2 facts. This interpreter makes explicit the choice of clause,
but abstracts away other details using Prolog’s backtracking and unification.
The meta-interpreter in Program 6 has been re-used for many applications -
including Prolog tracers, partial evaluators, and rule-based systems.

A meta-interpreter is discussed at length in Chapter 12 of LPS in the context
of correct representation of a provability relation. This work was taken further
by Bowen and Kowalski in their influential paper on meta-programming [1].

3 Techniques for Extensions

Techniques3 are the second class of patterns. They capture basic Prolog program-
ming practices, such as building a data structure or performing calculations in
recursive code. Unlike skeletons, techniques are not programs but can be con-
ceived as a family of operations that can be applied to a program to produce a
program.

Informally, a programming technique interleaves some additional computa-
tion around the control flow of a skeleton program. The additional computation
might calculate a value or produce a side effect such as screen output. Syntacti-
cally, techniques may rename predicates, add arguments to predicates, add goals
to clauses, and/or add clauses to programs.

2 This term caught on from the flavors system of Lisp.
3 An anonymous reviewer criticised the term techniques as too unspecific. The crit-

icism is reasonable, but I have been unable to come up with a better alternative
term.
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By and large, techniques are not referred to explicitly in Logic for Problem
Solving. There are several instances of programs that can be interpreted as hav-
ing been created by applying techniques to skeletons, for example the sorting
program on LPS115. However, we won’t focus on the comparisons here.

This paper views techniques as operating on programs directly. Lee Naish [14]
has taken an alternate view, and describes techniques as instances of higher order
predicates. The approaches are compared and contrasted in [15].

In this section we consider a restricted enhancement called an extension,
which preserves the computational behavior of the skeleton. Several kinds of
extension are mentioned in the following subsections.

3.1 Calculate Technique and Build Technique

The calculate and build techniques both compute while following the control
flow of the skeleton. The calculate technique calculates a value and the build
technique constructs a data structure. An extra argument is added to the ‘defin-
ing’ predicate in the skeleton, and an extra goal is added to the body of each
recursive clause. In the case of the calculate technique, the added goal is an
arithmetic calculation; in the case of the build technique, the goal builds a data
structure, usually by unification. In both cases, the added goal relates the extra
argument in the head of the clause to the related extra argument(s) in the body
of the clause.

prod_leaves(leaf(X),X). sum_leaves(leaf(X),X).
prod_leaves(tree(L,R),Prod) :- sum_leaves(tree(L,R),Sum) :-

prod_leaves(L,LProd), sum_leaves(L,LSum),
prod_leaves(R,RProd), sum_leaves(R,RSum),
Prod is LProd*RProd. Sum is LSum+RSum.

Programs 7 and 8 Extensions of Program 1 using calculate

Two typical examples of the application of the calculate technique are given
as Programs 7 and 8. Both are extensions of Program 1 which traverses a binary
tree with values at its leaves. The left-hand program (7) computes the product
of the value of the leaves of the trees. The extra argument in the base case is
the value of the leaf node. In the recursive case, the extra goal says that the
product of a tree is the product of its left subtree and its right subtree. The
predicate is tree has been renamed to prod leaves. The right-hand program
(8), which computes the sum of the leaves, is very similar. The only differences
are the choice of predicate and variable names and the calculation in the extra
is/2 goal.

The calculate technique applies equally well to Program 6, the meta-inter-
preter. Program 9 calculates the number of reductions made in solving a goal.
solve/1 has been renamed to num reductions, base values filled in, and ex-
tra goals added to recursive clauses. A straightforward exercise is to apply the
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calculate technique to Program 3 to produce a program num which counts the
number of nodes in the path that connects two nodes in a graph.

num_reductions(true,0).
num_reductions((A,B),N) :-

num_reductions(A,NA), num_reductions(B,NB), N is NA+NB.
num_reductions(A,1) :-

system(A), A.
num_reductions(A,N) :-

clause(A,B), num_reductions(B,NB), N is NB+1.

Program 9 Extension of Program 6 using calculate

Typical examples of the build technique are given in the two programs below.
Program 10 builds a path in a tree and is an extension of Program 2. Another
straightforward exercise is to apply the build technique to Program 3 to produce
a program path, which constructs the path that connects two nodes in a graph.

path_tree(leaf(X),[]).
path_tree(tree(L,R),P1) :- path_tree(L,P), P1 = [1|P].
path_tree(tree(L,R),P1) :- path_tree(R,P), P1 = [2|P].

Program 10 Extension of Program 2 using build

Program 11 extends Program 6 to construct a proof tree. Proof trees are
applied in the case study in Section 5.3. Another example of the build technique
would be building a parse tree extending the grammar of Program 5, as was
used in the testing application reported in [22].

solve(true,true).
solve((A,B),Proof) :-

solve(A,ProofA), solve(B,ProofB), Proof = (ProofA,ProofB).
solve(A,system_goal(A)) :-

system(A), A.
solve(A,Proof) :-

clause(A,B), solve(B,ProofB), Proof = A if ProofB.

Program 114 Extension of Program 6 using build

4 This program assumes that if/2 has been declared as an infix operator.
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3.2 Accumulators

The accumulator technique adds two arguments to the defining predicate in the
skeleton to allow for state variables in a program. The first argument is used to
record the current value of the variable in question and the second contains the
final result of the computation.

The base case relates the input and output arguments, often via unification.
One difference between calculate and accumulate-calculate is in the need to add
an auxiliary predicate. In this call to the auxiliary predicate, the accumulator is
initialised, in a manner reminiscent of initial values in object-oriented methods.

Program 12 shows the result of applying the accumulate-calculate technique
to the tree traversal program, Program 1. It computes the sum of the leaves of a
binary tree and is comparable to Program 8. In general, programs written with
accumulator techniques will run more efficiently than the equivalent program
written with calculate and build techniques, due to the way tail recursion is
implemented in Prolog.

sum_leaves(Tree,Sum) :- accum_sum_leaves(Tree,0,Sum).

accum_sum_leaves(leaf(X),Accum,Sum) :- Sum is Accum + X.
accum_sum_leaves(tree(L,R),Accum,Sum) :-

accum_sum_leaves(L,Accum,Accum1),
accum_sum_leaves(R,Accum1,Sum).

Program 12 Extension of Program 1 using accumulate-calculate

Program 13 is an example of the application of the accumulate-build tech-
nique, also applied to Program 1. The predicate traversal builds a traversal
of the leaves of the tree. There is no explicit arithmetic calculation, rather lists
built by unification in the base clause. There is one trick here. Accumulators
build structures in reverse order and hence the right subtree is traversed before
the left subtree in order to have the final list in the correct order.

traversal(Tree,Xs) :- accum_leaves(Tree,[],Sum).

accum_leaves(leaf(X),Accum,[X|Accum]).
accum_leaves(tree(L,R),Accum,Xs) :-

accum_leaves(R,Accum,Accum1),
accum_leaves(L,Accum1,Sum),

Program 13 Extension of Program 1 using accumulate-build

The well known structure of difference-lists can be explained as an example
of a programming techniques in a manner similar to accumulators. An account
can be found in The Art of Prolog [25].
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3.3 Context Parameters

Since logic programming languages do not have global variables, a useful tech-
nique is to add an extra argument for the propagation of information. It is
assumed that the context variable is grounded before execution begins. For ex-
ample, Program 14 adds a depth context to the meta-interpreter of Program
6.

depth(true,Depth).
depth((A,B),Depth) :- depth(A,Depth), depth(B,Depth).
depth(A,Depth) :- system(A), A.
depth(A,Depth) :-

clause(A,B), Depth1 is Depth+1, depth(B,Depth1).

Program 14 Including depth in a meta-interpreter

Techniques applied to the extension created from the context technique typ-
ically use the information in the context variable. For example, a tracer could
indent by the depth value to convey depth information on screen. An expert
system shell can carry rules that have been used to provide an interactive ex-
planation, as described in Section 5.3.

3.4 Composition

Two extensions of the same skeleton share computational behavior. They can be
combined into a single program which combines the functionality of each sep-
arate extension. Techniques can be developed independently and subsequently
combined automatically. The (syntactic) operation for combining extensions is
called composition. This is similar in intent to function composition where sep-
arate functionalities are combined into a single function.

Program 15 shows the result of composition of Programs 7 and 8, prod
leaves and sum leaves. Note that the operation of composition is syntactic.
The extra arguments in prod sum leaves are copied verbatim from their re-
spective programs, as are the extra goals in the recursive clause. An algorithm
for composition is described in Chapter 18 of The Art of Prolog and Prolog code
is given there for performing composition.

prod_sum_leaves(leaf(X),X,X).
prod_sum_leaves(tree(L,R),Prod,Sum) :-

prod_sum_leaves(L,LProd,LSum),
prod_sum_leaves(R,RProd,RSum),
Prod is LProd*RProd,
Sum is LSum+RSum.

Program 15 Composition of Programs 7 and 8
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A more elaborate example is the extended Euclidean algorithm given as Pro-
gram 16.The relationship gcd(M,N,GCD,A,B) computes integers A and B
such that A∗M +B ∗N = GCD. It extends Program 4 for computing the great-
est common divisor by adding two accumulators, one for computing A and one
for computing B, and three context parameters, one for determining a quotient
which is used to save repeated expressions, and one each for computing A and
B, to save a result from the previous iteration.

gcd(M,N,GCD,A,B) :- gcd_ex(M,N,GCD,0,1,A,1,0,B).

gcd_ex(M,N,GCD,A,AP,FinalA,B,BP,FinalB) :-
Rem is M mod N,
Quot is M//N,
gcd_ex(Rem,Quot,M,N,GCD,A,AP,FinalA,B,BP,FinalB).

gcd_ex(0,Quot,M,N,N,A,AP,A,B,BP,B).
gcd_ex(Rem,Quot,M,N,GCD,A,AP,FinalA,B,BP,FinalB) :-

Rem > 0,
NewA is AP Quot*A,
NewB is BP Quot*B,
gcd_ex(N,Rem,GCD,NewA,A,FinalA,NewB,B,FinalB).

Program 16 The extended Euclidean algorithm

At first glance, the code for Program 16 in general and predicate gcd ex
in particular looks complicated. There are eleven parameters in the predicate.
However, realising that the most of the arguments occur in pairs, and that they
are standard programming patterns, leads to a straightforward understanding
of the code.

4 Techniques for Enhancements

A more general modification of a skeleton yields an enhancement. Examples of
enhancements are using a depth bound to cut off a computation, and avoid
looping in a search application by checking an accumulator keeping track of
previously visited nodes.

To appreciate how adding goals can change program behavior, consider Pro-
gram 17 which recognizes ‘positive trees’, that is trees all of whose leaf nodes
contain positive values. It is an enhancement of Program 1 for traversing binary
trees. The predicate is tree has been renamed to positive tree, and the goal
X > 0 has been added to the base case. Program 17 is clearly related to Program
1 but behaves differently. If a leaf in the tree has a negative value, the program
will fail, and so it has a different meaning from Program 1.
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positive_tree(leaf(X)) :- X > 0.
positive_tree(tree(L,R)) :-

positive_tree(L),
positive_tree(R).

Program 17 Enhancement of Program 1

The next three examples give some techniques which make useful, common
changes to programs. The first example is imposing a depth bound cut-off. This
can be useful for avoiding having a program go into an infinite loop. Program 18
imposes a depth bound cut-off on the meta-interpreter of Program 6. The same
technique could be used to place a bound on a tree to only consider branches of
a certain depth. That is left as an exercise to the reader.

depth(true,Depth).
depth((A,B),Depth) :-

Depth > 0, depth(A,Depth), depth(B,Depth).
depth(A,Depth) :-

Depth > 0, system(A), A.
depth(A,Depth) :-

Depth > 0, clause(A,B),
Depth1 is Depth-1, depth(B,Depth1).

Program 18 Depth cut-off

connected(X,Y) :- connected_enh(X,Y,[X]).

connected_enh(X,Y,Visited) :- edge(X,Y).
connected_enh(X,Y,Visited) :-

edge(X,Z), not member(Z,Visited),
connected(Z,Y,[Z|Visited]).

Program 19 An enhancement keeping track of nodes visited previously

A useful technique is keeping track of the nodes visited. The technique allows
the programmer to avoid an infinite loop while traversing a graph with a cycle.
The visited nodes, built as an accumulator as in Program 19 on the previous
page, can be viewed as a context parameter. The test for membership changes
the behavior of the program.

Another useful idea is a result variable, for reporting failure in a meta-
interpreter. Program 20 presents the predicate result(Goal,Result) which is
true if Result is the result of solving Goal. A value of yes denotes success, while
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no denotes failure. The cuts are necessary here to avoid wrong answers on back-
tracking. Explaining why is beyond the scope of the paper. The and predicate
is an example of adding clauses to a program. An adaptation of this program
serves as a skeleton for the example to be described in Section 5.3.

result(true,yes) :- !.
result((A,B),Result) :- !,

result(A,ResultA),
result(B,ResultB),
and(ResultA,ResultB,Result).

result(A,Result) :-
system(A), !, (A -> Result yes ; Result = no).=

result(A,Result) :-
clause(A,B), result(B,Result).

result(A,no) :-
not clause(A,B).

and(yes,yes,yes). and(no,yes,no).
and(yes,no,no). and(no,no,no).

Program 20 Adding a result variable

5 Program Design Using Patterns

5.1 Systematic Program Construction

Despite attractive features, Prolog has not been widely adopted within software
engineering. Standard development practices have not been adapted to Prolog.
A major area of weakness is design. Prolog programs have often been viewed as
executable specifications. Because specification and implementation are so close,
the design phase of software engineering has been often neglected for projects
being developed in Prolog. Nothing analogous to design techniques, such as
structured analysis for procedural languages or object-oriented design for object-
oriented languages, as taught in standard software engineering texts such as [19]
and [18], have been developed for logic languages.

The most rigorous presentation of a systematic development of Prolog pro-
grams was given by Deville in his excellent monograph [2]. Deville advocates
three stages in a methodology, construction of a specification followed by con-
struction of a logic description, which is then transformed to a logic procedure.
The approach has been tested only so far for programming-in-the-small. The
middle stage, logic descriptions, are arguably at the design level, but remain
to be widely tested for their practicality. Deville’s approach advocates reaching
some of the extensions presented in the previous sections in a different way, but
the final programs are the same.



386 Leon Sterling

Flach, in Chapter 5 of his book Simply Logical [3] has a short section on
program development with skeletons which is complementary to the approach
presented in this paper.

5.2 Stepwise Enhancement

The method of stepwise enhancement, an adaptation of stepwise refinement,
was developed to facilitate program development in Prolog. It was originally
conceived in the context of Prolog meta-interpreters for building expert sys-
tems [21]. The construction of meta-interpreters was extended to more general
logic programs as part of the Ph.D. research of Arun Lakhotia [10].

Stepwise enhancement permits a systematic construction of Prolog programs,
while exploiting Prolog’s high-level features. Stepwise enhancement is an activity
for the design phase of a software project. It consists of three steps:

1. Identify a skeleton program to constitute the control flow of the program.
2. Create enhancements to the skeleton using standard programming tech-
niques.

3. Compose the separate enhancements to give the final program.

Developing a program is typically straightforward once the skeleton is de-
cided. Knowing what skeleton to use is less straightforward and must be learned
by experience, which is true for any design task. By splitting up the program
development into three steps, the design process is simplified and given structure.

A tutorial example of using stepwise enhancement to develop a simple pro-
gram is given in Chapter 13 of [25]. This paper outlines the development of
a program, which computes in a single traversal of a list, the intersection and
union of the elements of the list considered as sets. Program 15, presented in this
paper, is a similar example. A program computing the sum and product of the
leaves of a binary tree in a single traversal of the tree was effectively constructed
by stepwise enhancement.

Program 15 is too small an example to be convincing. A more realistic exam-
ple is given in the following sub-section. Other anecdotal evidence is as follows.
A detailed example of code developed using stepwise enhancement is a Prolog
debugger, reported in [11]. The approach arose out of the failure of the first
author to add features to an existing Prolog debugger from Texas Instruments.
Focusing on the patterns needed for each feature simplified the code greatly and
allowed code to be shared easily between features.

Stepwise enhancement has also been useful for developing programs for soft-
ware testing. A skeleton parser for Pascal (of which Program 3 is a part) was
instrumented to give def-use chains and block numbering. The experience is re-
ported in [22]. A novice Prolog programmer adapted the program for instrument-
ing data coverage testing to work on C code rather than Pascal. The programmer
was successful due to the structuring of the problem and by being able to adapt
patterns.
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Stepwise enhancement has been adapted for other logic languages. Michaylov
in [12] has developed the idea of stepwise enhancement for CLP(R) and has
developed an interesting case study with Ordóñez [13].

5.3 Case Study: An Expert System Shell

An extended example of using stepwise enhancement to build an expert system
shell with the ability to interactively explain successes and failures is given in
Chapter 17 of [25]. That example is reconstructed here as a case study of using
patterns. The shell arose from a sustained effort to use Prolog for expert systems,
including [21] and [26]. The trickiest part of the shell is incorporating reasoning
about failures. There is no doubt my understanding was greatly enhanced by
focusing initially on an appropriate skeleton. Communicating the coding insights
was facilitated by the pattern approach.

The current presentation extends some of the concepts from stepwise en-
hancement. We describe the shell using four types of descriptions:

– specifications,

– design descriptions,

– technique applications,

– code components.

Using a mixture of these four ‘software engineering entities’ effectively creates
a design level for Prolog programs. Design for logic languages is a topic that has
been largely neglected. A detailed discussion of the features of the design are
beyond the present scope. However, I claim it is straightforward to go from the
design to the final code, namely Program 17.23 in The Art of Prolog. The top-
level of that program is reproduced5 here to make the case study self-contained.

Our notion of a specification of a Prolog program is heavily influenced by
Deville [2], and was adapted in [25].

A Prolog program specification consists of:

– a program name,

– a list of arguments,

– a list of types corresponding to each of the arguments,

– a (declarative) relation scheme given in precise natural language,

– an elaboration of modes of use,

– an elaboration of multiplicities of solution.

5 An omission from Program 17.23 has been corrected.
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Specification monitor(Goal,Proof)

Types: Goal: literal
Proof: proof-tree

Relation Scheme: monitor/2 succeeds:

• if a result of yes is returned from solving Goal using a solve level
meta-interpreter, in which case Proof is a proof tree representing
the successful computation, or

• when the end of the computation is reached, in which case Proof
is a list of failure branches since the last success.

Modes of use: Goal is an input while Proof is an output.

Multiplicities: Succeeds one more time than the number of so-
lutions to Goal.

The top-level specification for our case study on the previous page is for a
binary predicate monitor which, given a goal and an (implicit) rule base, gives a
proof tree demonstrating that that the goal is implied by the rules, or a failure
tree demonstrating that the goal does not follow from the rules. A program that
interactively presents the proof or failure tree can be easily written. Note that
the presentation of the case study is top-down. The formats of data structures
are presented as needed.

A design description builds on a specification by adding predicates that the
predicate calls, information about the patterns to be used to construct it, and
omitting modes of use and multiplicities. Specifically a design description for a
program p contains:

– a program name,
– a list of arguments,
– a list of types corresponding to each of the arguments,
– a (declarative) relation scheme given in precise natural language,
– a list of predicates and their arities called by p,
– an enumeration of the clauses in p with a precise description of the ‘cases’
each clause handles,

– a skeleton s that p is built around,
– a list of techniques that are applied to s to build p.
– the origin for each argument and clause, from either the skeleton or a tech-
nique application.
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For our running example,

Design Description monitor(Goal,Proof)

Types: Goal: literal
Proof: proof tree

Relation Scheme: monitor/2 succeeds:

• if a result of yes is returned from solving Goal using a solve level
meta-interpreter, in which case Proof is a proof tree representing
the successful computation, or

• when the end of the computation is reached, in which case Proof
is a list of failure branches since the last success.

Predicates called: set_search_tree/0, filter/2
solve/4, collect_proof/1

Clauses: Clause 1: Initialises proof collection with
set search tree/0, then generates solutions
to Goal using solve/4 and filters them using
filter/2
Clause 2: Collects the remaining failure branches
using collect proof/1

Skeleton used: monitor(Goal) covering Clause 1 and Clause 2

Techniques used: Build technique to construct Proof

The predicates referred to in the design description must be described in
turn, sometimes recursively, by specifications, design descriptions, or code com-
ponents. A design description is degenerate when its skeleton is itself and there
are no technique applications. Code components differ from design descriptions
by giving explicit code rather than a list of skeletons and techniques. Descrip-
tions of the clauses are listed as necessary. Code components can contain several
predicates, which is desirable for mutually recursive code.

Specifically, a code component contains:

– a program name,
– a list of arguments,
– a list of types corresponding to each of the arguments,
– a (declarative) relation scheme given in precise natural language,
– a list of predicates (and their arities) called,
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– a list of clauses, and a declarative description of what they do,
– a set of clauses.

Proceeding with the case study, here are code components for monitor/1
and filter/1 (which is called by monitor/1).

Code component monitor(Goal)

Types: Goal: literal
Relation Scheme: monitor/1 succeeds:

• if yes is returned from solving Goal using a ‘result’ meta-
interpreter, or
• when the end of the computation is reached.

Predicates called: solve/2, filter/1

Clauses: Clause 1: Generates solutions to Goal using
solve/2 and filters them using filter/1
Clause 2: Succeeds

Code: monitor(Goal) :-
solve(Goal,Result),
filter(Result).

monitor(Goal).

Code component filter(Result)

Types: Result: the atom yes or no

Relation Scheme: filter/1 succeeds if Result is yes and fails if
Result is no.

Predicates called:

Clauses: Clause 1: Succeeds for yes
Clause 2: Fails for no

Code: filter(yes).
filter(no) :- fail.
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Finally we consider technique applications which are needed to describe the
changes to the skeleton code. The level of detail in a technique application de-
scription varies, according to where we are in the design phase. Recall, as shown
in Sections 3 and 4, that a technique can add extra clauses or extra arguments
or both.

A technique application description contains:

– a program name,

– a list of any new arguments and their types,

– the program (skeleton) to which the technique is applied,

– the technique type,

– initialisation clauses for each new argument,

– new predicates called,

– changes needed to each clause.

Before giving examples of technique applications, we turn to the central con-
stituent of the case study. The design description for the extended result meta-
interpreter solve/4 is the most complicated in the case study. It best illustrates
how patterns can be used effectively to build up a more complicated program.
The rule language, as discussed in The Art of Prolog is artificial, and has been
chosen for pedagogical reasons. Operator declarations for & and is true are as-
sumed to be :- op(40,xfy,&). and :- op(30,xf,is true). An example of a
rule which states that a dish should be placed at the top of an oven if it is a
pastry and small, is as follows.

rule(place_oven(Dish,top),
pastry(Dish) is_true & size(Dish,small) is_true,p1).

The design description on the next page says that solve/4 is the composition
of three applications of techniques to a rule interpreter solve/2 which returns
results. It behaves similarly to Program 20. The design is best explained starting
with the skeleton, given as a code component.
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Design Description solve(Goal,Result,Rules,Proof)

Types: Goal: literal
Result: the atom yes or no
Rules: list of rules
Proof: proof tree

Relation Scheme: solve/4 succeeds:

• if a result of yes is returned from solving Goal using a solve level
meta-interpreter, in which case Proof is a proof tree representing
the successful computation, or
• when the end of the computation is reached, in which case Proof
is a list of failure branches since the last success.

Predicates called: rule/3, fact/1
solve_body/4, askable/1
solve_askable/4

Clauses: Clause 1: Returns a Result of yes when Goal is
a fact.
Clause 2: Calls solve body when Goal matches
a rule in the program.
Clause 3: Calls solve askable to handle an ask-
able Goal.
Clause 4: Returns a Result of no when Goal
doesn’t match a rule or fact.

Skeleton used: solve(Goal,Result) (Clauses 1, 2, and 4)

Techniques used: Context technique to handle Rules
Build technique to construct Proof
Enhancement technique to handle Clause 3
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Code component solve(Goal,Result)

Types: Goal: literal
Result: the atom yes or no

Relation Scheme: Given a set of rules of the form rule(A,B,Name),
Goal has Result yes if it follows from the rules
and no if it does not.

Predicates called: fact/1, solve/2
rule/3, filter/1
solve_and/3

Clauses: Clause 1: Handles facts with solve/2
Clause 2: Handles rules with solve/2
Clause 3: solve/2 returns with Result no

Clause 4: Handles conjunctions with
solve body/2
Clause 5: Handles individual goals with
solve body/2

Clause 6: solve and/3 does not proceed if
Result is no
Clause 7: solve and/3 proceeds recursively if
Result is yes

Code: solve(Goal,yes) :- fact(Goal).
solve(Goal,yes) :-

rule(Goal,Body,Name),
solve_body(Body,Result).

solve(Goal,no).

solve_body(A\&B,Result) :-
solve(A,ResultA),
solve_and(ResultA,B,Result).

solve_body(Goal is\_true,Result) :-
solve(Goal,Result).

solve_and(no,Goal,no).
solve_and(yes,Goal,Result) :-

solve(Goal,Result).
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We now give the first technique application, adding rules to the result inter-
preter.

Technique application solve(Goal,Result,Rules)

New arguments: Rules: list of rules

Skeleton: solve(Goal,Result)

Technique type: Context

Initialization: Rules = [ ]

Clauses: Clause 1: Rules unchanged
Clause 2: Name added to rule list in body
Clauses 3-7: Rules unchanged

The next technique application adds a proof tree to the result interpreter.

Technique application solve(Goal,Result,Proof)

New arguments: Proof: proof tree

Skeleton: solve(Goal,Result)

Technique type: Build

Initialization: Proof = Proof

Clauses: Clause 1: Proof = fact(Goal)
Clause 2: Proof recursively built
Clause 3: Proof = no match(Goal)
Clause 4: Proof recursively built
Clause 5: Proof unchanged
Clause 6: Proof = unsearched
Clause 7: Proof unchanged

The final technique application adds a ‘query the user’ capability [20] to the
result interpreter. A specification/design description/code component is needed
for solve askable/2. We leave that detail to [25].
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Technique application solve(Goal,Result)

Skeleton: solve(Goal,Result)

Technique type: Clause enhancement

Initialization:

New predicates: askable/1, solve askable/2

Clauses: New clause added between clauses 2 and 3:

solve(A,Result) :- askable(A),
solve_askable(A,Result).

We can now complete the top-level of the design with technique applications
for our top-level predicates monitor and filter. To create monitor/2 from
monitor/1 using the build technique, we need to say how the proof tree is
constructed. This is best handled by leaving a hook, or setting up a design
description for any additional predicates.

Technique application monitor(Goal,Proof)

New arguments: Proof: proof tree

Skeleton: monitor(Goal)

Technique type: Build

Initialization: init proof(Proof)

New predicates: set search tree/0,
collect proof/1

Clauses: Clause 1: add goals initialising the search tree
and initialising extra arguments
Clause 2: add goal collecting a proof
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The effect of the technique application is to replace the two clauses for
monitor/1 by the following two clauses. We have included an initial goal init
rules because context parameters must be set in their calling predicates.

monitor(Goal,Proof) :-
set_search_tree, init_rules(Rules), init_proof(Proof),
solve(Goal,Result,Rules,Proof),
filter(Result,Proof).

monitor(Goal,Proof) :-
collect_proof(Proof).

The definition of init rules/1 is init rules([ ]).
A specification for one of the new predicates is given as an example. Its detail

can be filled in later. The situation is similar for collect proof/1.

Specification set search tree

Types:

Relation Scheme: set search tree initialises via side-effects the
collection of the branches of the search tree.

Modes of use:

Multiplicities: Succeeds exactly once

A similar technique application is required for filter/1, and results in the
two clauses for filter being replaced by

filter(yes,Proof) :- reset_search_tree.
filter(no,Proof) :- store_proof(Proof), fail.

That completes a sketch of the design for the case study. The resulting pro-
gram, at least its top level, is given as Program 21 below. A more detailed
version is present in The Art of Prolog. Leaving decisions more abstract keeps
issues more at the design. In Program 21, a decision has been made about the
format of the proof tree that was kept out of the technique application. Argu-
ments can be made as to the best way to proceed. Comments are missing from
Program 21, but could be extracted from the design descriptions and program
specifications.
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Operator declarations:

:- op(40,xfy,because).
:- op(30,xfy,with).
:- op(40,xfy,&).
:- op(30,xf,is_true).

monitor(Goal,Proof) :-
set_search_tree,
init_rules(Rules), init_proof(Proof),
solve(Goal,Result,Rules,Proof),
filter(Result,Proof).

monitor(Goal,Proof) :-
collect_proof(Proof).

filter(yes,Proof) :- reset_search_tree.
filter(no,Proof) :- store_proof(Proof), fail.

solve(Goal,yes,Rules,fact(Goal)) :- fact(Goal).
solve(Goal,Result,Rules,Goal because Body with Proof) :-

rule(Goal,Body,Name),
solve_body(Body,Result,[Name|Rules],Proof).

solve(Goal,Result,Rules,user(Goal)) :-
askable(Goal), solve_askable(Goal,Result,Rules).

solve(Goal,no,Rules,no_match(Goal)) :-
not fact(Goal), not rule(Goal,B,Name).

solve_body(A&B,Result,Rules,ProofA&ProofB) :-
solve(A,ResultA,Rules,ProofA),
solve_and(ResultA,B,Result,Rules,ProofB).

solve_body(Goal is_true,Result) :- solve(Goal,Result).

solve_and(no,Goal,no,Rules,unsearched).
solve_and(yes,Goal,Result,Rules,Tree) :-

solve(Goal,Result,Rules,Tree).

solve_askable(A,Result) :-
not known(A), ask(A,Response), respond(Response,A,
Result).

Program 21 Top-level of an expert system shell

5.4 Software Support

A design method is enhanced by a suitable program development environment.
The only investigation of software tools to facilitate stepwise enhancement has
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been the PT6 environment which supports logic program development via step-
wise enhancement. A prototype implementation of PT in C++ is described
in [24]. PT’s environment can be tailored to either Prolog or CLP(R). Via a
mouse-driven interface, a user can create extensions by applying techniques to
skeletons. The user is prompted to fill in values for arguments and supply extra
goals with the interface stepping through the code to the appropriate places.

The prototype facilitated construction of programs concerned with recursive
data structure traversal. The environment allowed the application of four tech-
niques to skeletons: calculate, build, accumulate-calculate and accumulate-build.
Seven skeletons were pre-defined with the environment, with the expectation
that the user can add others.

Composition of extensions created in the environment was supported, and
limited error checking incorporated. Implicit in PT’s interface was a representa-
tion of techniques. Each technique was parameterized for each skeleton to know
where to add values. For example, the build technique adds an extra argument
to each essential predicate in the skeleton. A new goal is given for each rule
where the extra argument in the head is determined by the arguments in the
body. The prototype was rebuilt in LPA Prolog as part of a student project at
Case Western Reserve University, but was not fully completed.

6 Related Work

6.1 Skeletons and Techniques for Declarative Languages

The skeletons and techniques presented in this paper are all taken from Prolog.
This pattern-based approach to teaching programming is equally applicable to
other logic programming languages, as discussed in Kirschenbaum, Michaylov
and Sterling [23]. Our claim is that programming patterns should be identified
when a language is first used, in order to encourage systematic, effective program
development. This learning approach should be stressed during teaching.

We showed that the skeletons and techniques for Prolog can be extended to
a range of styles of logic programming languages. Constraint logic programming
languages are exemplified by CLP(R), concurrent logic programming languages
by Flat Concurrent Prolog and Strand, and higher order logic program languages
by λ-Prolog. Applying the notion of skeletons and techniques to functional pro-
gramming languages has also been studied.

Gegg-Harrison [6] and [14] has presented skeletons and techniques in terms
of higher order predicates. His approach has some elegant predictive power, but
is probably only accessible to more advanced students. Naish and Sterling [15]
compare and contrast presenting skeletons and techniques as operations on pro-
grams or as applications of higher order programming.

6 An unimaginative acronym for Prolog Tool
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6.2 Schemas for Logic Programming

There have been several attempts to characterize logic programming patterns
using schemas. This paper shares intent with Gegg-Harrison [5], who is inter-
ested in schemas to help teach students Prolog programming. The approach to
programming via skeletons and techniques is, in my opinion, both simpler and
easier to generalize. The skeletons are simpler than schemata because they are
not overly general. Students (and programmers) think in terms of specific exam-
ples not schemas. We emphasize the specificity by dealing with real but skeletal
programs, rather than second-order predicates. Techniques are easily adapted to
other skeletons, which is not immediately possible with Gegg-Harrison’s schemas.

O’Keefe’s text [16] also discusses Prolog programming patterns in terms of
schemas. O’Keefe’s schemas are different than those proposed Gegg-Harrison,
and are geared to expert rather than novice programmers. The schemas use
abstract notation, and my preference for teaching7, is for concrete programs.

6.3 Object-Oriented Patterns

The connection between these logic language patterns and the design patterns
espoused in the book by [4] has not been fully examined. Superficially, the OO
design patterns are closer to skeletons than techniques, especially in their higher
order characterization. Techniques are somewhat akin to methods.

My sense is that the logic programming perspective does not match exactly
with classes and instances, but is similar in spirit, especially if a higher order
view is taken. Composition is different from functional composition but does
combine the effect of two standard programming techniques.

7 Conclusions

Taking a pattern view of programming in general, and programming in logic lan-
guages in particular, is helpful. There is no doubt that skeletons and techniques
have helped in my teaching of logic program languages. Within the classroom,
emphasizing patterns has been valuable for teaching effective Prolog program-
ming. Students are able to follow more complicated Prolog programs and the
quality of code in student projects has increased. Graduate students find this ap-
proach useful for explaining code to others, and in the cases of meta-interpreters
cited earlier, complicated programs were more easily developed.

Design descriptions can help with verification. Some anecdotal experience
has been gained how to guide a proof of correctness for programs developed
via stepwise enhancement. The proof suggests leveraging the structure of the
program development to help the final program. A more detailed exposition of
guided verification is future work.
7 Admittedly whether students prefer seeing patterns presented in higher-order no-

tation anecdotally depends on the students. Some prefer abstract notation, while
others prefer concrete programs and lots of instances.
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Abstract. Abduction in Logic Programming started in the late 80s,
early 90s, in an attempt to extend logic programming into a framework
suitable for a variety of problems in Artificial Intelligence and other areas
of Computer Science. This paper aims to chart out the main develop-
ments of the field over the last ten years and to take a critical view of
these developments from several perspectives: logical, epistemological,
computational and suitability to application. The paper attempts to ex-
pose some of the challenges and prospects for the further development
of the field.

1 Introduction

Over the last two decades, abduction has been embraced in AI as a non-monotonic
reasoning paradigm to address some of the limitations of deductive reasoning in
classical logic. The role of abduction has been demonstrated in a variety of appli-
cations. It has been proposed as a reasoning paradigm in AI for diagnosis [8,90],
natural language understanding [8,39,4,93], default reasoning [81,29,25,50], plan-
ning [28,110,71,59], knowledge assimilation and belief revision [54,76], multi-
agent systems [7,64,102] and other problems.

In the context of logic programming, the study of abductive inference started
at the end of the eighties as an outcome of different attempts to use logic pro-
gramming for solving AI-problems. Facing the limitations of standard logic pro-
gramming for solving these problems, different researchers proposed to extend
logic programming with abduction. Eshghi [28] introduced abduction in logic
programming in order to solve planning problems in the Event Calculus [65]. In
this approach, abduction solves a planning goal by explaining it by an ordered
sets of events -a plan- that entails the planning goal. This approach was further
explored by Shanahan [110], Missiaen et al. [72,71], Denecker [21], Jung [48] and
recently in [59,60]. Kakas and Mancarella showed the application of abduction in
logic programming for deductive database updating and knowledge assimilation
[53,55]. The application of abduction to diagnosis has been studied in [10,11]

A.C. Kakas, F. Sadri (Eds.): Computat. Logic (Kowalski Festschrift), LNAI 2407, pp. 402–436, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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within an abductive logic programming framework whose semantics was defined
by a suitable extension of the completion semantics of LP.

In parallel to these studies of abduction as an inferential method, Eshghi and
Kowalski [29] and later Kakas and Mancarella in [52,54] and Dung in [25], used
abduction as a semantical device to describe the non-monotonic semantics of
Logic Programming (in a way analogous to Poole in [81]). In [18,14], abductive
logic programming was investigated from a knowledge representation point of
view and its suitability for representing and reasoning on incomplete information
and definitional and assertional knowledge was shown.

For these reasons, Abductive Logic Programming1 (ALP) [50,51] was recog-
nized as a promising computational paradigm that could resolve many limita-
tions of logic programming with respect to higher level knowledge representation
and reasoning tasks. ALP has manifested itself as a framework for declarative
problem solving suitable for a broad collection of problems.

Consequently, at the start of the 90s, a number of abductive systems were
developed. In [54], the abductive procedure of [29] for computing negation as fail-
ure through abduction was extended to the case of general abductive predicates.
Another early abductive procedure was developed in [10] using the completion.
[17] proposed SLDNFA, an extension of SLDNF with abduction allowing non-
ground abductive hypotheses. [21] proposed an extension of SLDNFA with a
constraint solver for linear order and demonstrated that this system could be
applied correctly for partial order planning in the context of event calculus.
Later, the idea of integrating abduction and constraint solving was developed
more generally in the ACLP framework [56,61,60]; this procedure is the result
of incorporating CLP constraint solving in the abductive procedure of [54]. In
[37] an abductive procedure that can be regarded as a hybrid of SLDNFA and
the procedure of Console et al has been defined based on explicit rewrite rules
with the completion and equality. This has later [66] incorporated constraint
solving in a similar way to the ACLP procedure. A bottom up procedure, later
combined with some top down refinement, was given in [106] and [42]; the latter
system was an implementation using the Model Generator MGTP developed
on the multiprocessor machine developed at ICOT. Another recent abductive
procedure in LP is that of AbDual [1] which exploits tabling techniques from
XSB.

Despite these efforts and the many potential applications for abduction, it has
taken considerable time and effort to develop computationally effective systems
based on abduction for practical problems. The field has faced (and to some
extend continues to do so) a number of challenges at the logical, methodological
and implementational level. In the recent past, important progress has been
made on all these levels. The aim of this chapter is to give a comprehensive

1 The July/August 2000 volume (Vol. 44) of the journal of Logic Programming is a
special issue on Abductive Logic Programming. This contains several papers that
open new perspectives on the relationship between abduction and other computa-
tional paradigms.
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overview of the state of the art of Abductive Logic Programming, to point to
problems and challenges and to sketch recent progress.

Bob Kowalski has been one of the founders of Abductive Logic Program-
ming. Recently, he has, together with others, proposed [64] that ALP can be
used as a framework in which we can integrate an agent’s knowledge on how to
reduce its goal to subgoals and thus plan how to achieve this goal, described in
the program part of an abductive theory, together with the agent’s obligations,
prohibitions and other elements that determine its reactive behaviour, described
in the integrity constraints part of its abductive theory. In this suggestion ALP
plays a central role in capturing the behaviour of an autonomous agent that
feeds from and reacts to its environment.

This together with his view of its role in the way that Logic Programming
should evolve more generally as a programming language of the future is de-
scribed elegantly in his short position statement on the future of Logic Pro-
gramming in this volume.

The rest of the paper is organized as follows. Section 2 briefly reviews the
study of abduction in AI and philosophy and situates Abductive Logic Pro-
gramming within this broad context. Section 3 gives the formal definition of
abduction, and reviews the different formal semantics that have been proposed
in the literature. Section 4 reviews the different ALP frameworks that have been
developed so far analyzing their potential scope to applications and their links
to other extensions of LP. The paper ends with a discussion of future challenges
and prospects of development for the field of ALP.

2 What Is Abduction?

2.1 What Is an Explanation?

The term abduction was introduced by the logician and philosopher C.S. Pierce
(1839-1914) who defined it as the inference process of forming a hypothesis
that explains given observed phenomena [77]. Often abduction has been defined
broadly as any form of “inference to the best explanation” [47] where best refers
to the fact that the generated hypothesis is subjected to some optimality cri-
terion. This very broad definition covers a wide range of different phenomena
involving some form of hypothetical reasoning. Studies of “abduction” range
from philosophical treatments of human scientific discovery down to formal and
computational approaches in different formal logics.

In the context of formal logic, abduction is often defined as follows. Given a
logical theory T representing the expert knowledge and a formula Q represent-
ing an observation on the problem domain, abductive inference searches for an
explanation formula E such that:

– E is satisfiable2 w.r.t. T and
– it holds that3 T |= E → Q

2 If E contains free variables, ∃(E) should be satisfiable w.r.t. T .
3 Or, more general, if Q and E contain free variables: T |= ∀(E → Q).
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In general, E will be subjected to further restrictions such as the aforementioned
minimality criteria and criteria restricting the form of the explanation formula
(e.g. by restricting the predicates that may appear in it). This view defines an
abductive explanation of an observation as a formula which logically entails the
observation. However, some have argued, sometimes with good reasons, that it
is more natural to view an explanation as a cause for the observation [47]. A
well-known example is as follows [92]: the disease paresis is caused by a latent
untreated form of syphilis. The probability that latent untreated syphilis leads
to paresis is only 25%. Note that in this context, the direction of entailment and
causality are opposite: syphilis is the cause of paresis but does not entail it, while
paresis entails syphilis but does not cause it. Yet a doctor can explain paresis
by the hypothesis of syphilis while paresis cannot account for an explanation for
syphilis.

In practice, examples where causation and entailment do not correspond are
rare4. It turns out that in many applications of abduction in AI, the theory T
describes explicit causality information. This is notably the case in model-based
diagnosis and in temporal reasoning, where theories describe effects of actions.
By restricting the explanation formulas to the predicates describing primitive
causes in the domain, an explanation formula which entails an observation gives
a cause for the observation. Hence, for this class of theories, the logical entailment
view implements the causality view on abductive inference.

2.2 Relationship to Other Reasoning Paradigms

As mentioned in the previous section, the definition of abduction is very broad
and covers a wide range of hypothetical reasoning inference that could otherwise
be formally distinguished. Not surprisingly, there are many different views on
what is abduction and how to implement it. Many philosophers and logicians
have argued that abduction is a generalization of induction [34]. Induction can be
defined as inference of general rules that explain certain data. A simple example
illustrating inductive inference is the following derivation:

human(socrates)
mortal(socrates)
∀x.human(x)→ mortal(x)

Hence, induction can also be seen as a form of inference to the best explanation.
The term abduction as used in this paper, refers to a form of reasoning that

can be clearly distinguished from inductive inference. In most current applica-
tions of abduction the goal is to infer extentional knowledge, knowledge that is
specific to the particular state or scenario of the world. In applications of induc-
tion, the goal is to infer intentional knowledge, knowledge that universally holds

4 See [91] where the relation between causal and evidential modeling and reasoning is
studied and linked to abduction.
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in many different states of affairs and not only in the current state of the world.
For example, an abductive solution for the problem that a certain car does not
start this morning is the explanation that its battery is empty. This explanation
is extentional. On the other hand, an inductive inference is to derive from a set
of examples the rule that if the battery is empty then the car will not start. This
is intentional knowledge. As a consequence of this distinction, abductive answers
and inductive answers have a very different format. In particular, inductive an-
swers are mostly general rules that do not refer to a particular scenario while
abductive answers are usually simpler formulas, often sets of ground atoms, that
describe the causes of the observation in the current scenario according to a given
general theory describing the problem domain. This distinction in the form of the
answer induces in turn strong differences in the underlying inference procedures.

Abduction as a form of inference of extentional hypotheses explaining ob-
served phenomena, is a versatile and informative way of reasoning on incomplete
or uncertain knowledge. Incomplete knowledge does not entirely fix the state of
affairs of the domain of discourse while uncertain knowledge is defeasible in the
sense that its truth in the domain of discourse is not entirely certain. In the pres-
ence of uncertain knowledge, [81] demonstrated how abductive inference can be
used for default reasoning. In the presence of incomplete knowledge, abduction
returns an explanation formula corresponding to a (non-empty) collection of pos-
sible states of affairs in which the observation would be true or would be caused;
on the other hand deduction is the reasoning paradigm to determine whether a
statement is true in all possible states of affairs. As such, abduction is strongly
related to model generation and satisfiability checking and can be seen as a re-
finement of these forms of reasoning. By definition, the existence of an abductive
answer proves the satisfiability of the observation. But abduction returns more
informative answers; answers which describe the properties of a class of possible
states of affairs in which the observation is valid.

2.3 Abduction and Declarative Knowledge Representation

An important role of logic in AI is that of providing a framework for declarative
problem solving. In this, a human expert specifies his knowledge of the problem
domain by a descriptive logic theory and uses logical inference systems to solve
computational tasks arising in this domain. Although in the early days of logic-
based AI, deduction was considered as the unique fundamental problem solving
paradigm of declarative logic [70] in the current state of the art deduction has
lost this unique place as the central inferential paradigm of logic in AI. Indeed,
we argue that a declarative problem solving methodology will often lead to
abductive problems. Let us illustrate this with an example problem domain,
that of university time tabling.

The process of declarative problem solving starts with the ontology design
phase: during this step, an alphabet of symbols denoting the relevant objects,
concepts and relationships in the problem domain must be designed. This al-
phabet defines the ontology of the problem domain. It precedes the knowledge
description phase during which the expert expresses his knowledge using the



Abduction in Logic Programming 407

symbols of the alphabet. In the example domain of university timetables we have
three important types of objects: lectures, time slots and class rooms. We could
represent them using the predicates lecture/1, time slot/1 and room/1. Impor-
tant relevant relationships between them refer to when and where lectures take
place; these relationships could be represented by predicates time of lecture/2
and room of lecture/2.

A key observation is that even though at this stage the knowledge spec-
ification has not even started, the choice of the alphabet already determines
that certain tasks will be abductive. In particular, the task of computing a
correct time table will consist of computing tables for time of lecture/2 and
room of lecture/2 that satisfy certain logical constraints imposed on correct
schedules. This task is not a deductive task: the “correct” tables will not be
deducible from the theory. Rather it is an abductive problem — or a model gen-
eration problem5 — a problem of completing the problem description so that
the goal (or ”observation”) that all lectures are scheduled, holds.

The ontology design phase has a strong impact on the specification phase.
If the alphabet is complex and does not have a simple correspondence to the
objects, concepts, relations and functions of the domain of discourse, this will
complicate the knowledge description phase and lead to a more complex, more
verbose, less comprehensive and less modular specification. For example, one
simple constraint is that each lecture must be scheduled at some time slot and
room:

∀l : lecture(l)→ ∃t, r : time slot(t) ∧ time of lecture(t, l)∧
room(r) ∧ room of lecture(r, l)

Another constraint is that two lectures cannot take place in the same room at
the same time:

∀t, r, l1, l2. room of lecture(r, l1) ∧ room of lecture(r, l2)∧
time of lecture(t, l1) ∧ time of lecture(t, l2)
→ l1 = l2

If we had represented the assignments of rooms and time slots to lectures by
balanced binary tree structures, this would have complicated significantly the
expression of these requirements which are now expressed directly. Thus, an
important aspect of the declarative problem solving methodology, is that the
ontology and alphabet is designed in a task independent way such that it nat-
urally matches with the types of objects and relationships that occur in the
problem domain.

The above example illustrates that the choice of the alphabet may enforce the
use of a specific type of inference to solve a specific computational task, and that,
when we follow a declarative approach this will often lead to the problem tasks
to be abductive in nature. Vice versa, the a-priori choice of a specific inferential

5 Recall the close relationship between abduction (as viewed in this paper) and model
generation, as explained in the previous section.
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system such as Prolog or a CLP system to solve a specific computational problem
has a strong impact on the choice of the alphabet for that problem domain.
In the university time tabling problem, a Prolog or CLP solution will not be
based on the use of predicates time of lecture/2 and room of lecture/2 but on
another, in this case more complex alphabet, typically one in which predicates
range over lists or trees of assignments of lectures, time slots and rooms. This
alphabet is more complex and is choosen in a task-dependent way, which results
in reduced readability and modularity of the problem specification and in a
reduced reusability of the specification to solve other types of tasks. The fact that
the alphabet in Prolog (and CLP) programming must be chosen in relation to
the provided inference system rather than by its match with the human experts
conception of the problem domain is one of the fundamental reasons why even
pure Prolog programs are rarely perceived as truly declarative.

There is clearly a trade-off here. On the one hand, the choice of an alphabet in
correspondence with the concepts and relations in the mind of the human expert
is a prerequisite to obtain a compact, elegant and readable specification. As a
result of this often the computational task of problem solving links tightly to ab-
duction. Putting this more directly we would argue that Declarative Knowledge
Representation comes hand in hand with abduction. Abduction then emerges as
an important computational paradigm that would be needed for certain problem
solving tasks within a declarative representation of the problem domain.

On the other hand, in practice the choice of a representation is not governed
merely by issues relating to a natural representation but also and sometimes
even more by issues of computational effectiveness. Although the use of a more
complex ontology may seriously reduce the elegance of the representation, it may
be necessary to be able to use a specific system for solving a problem; in some
cases this would mean that the pure declarative problem representation needs
to be augmented with procedural, heuristic and strategic information on how to
solve effectively the computational problem.

Current research on abduction studies how more intelligent search and infer-
ence methods in abductive systems can push this trade-off as far as possible in
the direction of more declarative representations.

3 Abductive Logic Programming

This section presents briefly how abduction has been defined in the context of
logic programming.

An Abductive Logic Programming theory is defined as a triple (P,A, IC)
consisting of a logic program, P , a set of ground abducible atoms A6 and a set
of classical logic formulas IC, called the integrity constraints, such that no atom
p ∈ A occurs in the head of a rule of P .

In the field of Abductive Logic Programming, the definition of abduction is
usually specialized in the following way:

6 In practice, the abducibles are specified by their predicate names.
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Definition 1. Given an abductive logic theory (P,A, IC), an abductive expla-
nation for a query Q is a set ∆ ⊆ A of ground abducible atoms such that:

– P ∪∆ |= Q
– P ∪∆ |= IC
– P ∪∆ is consistent.

Some remarks are in order. First, this definition is generic both in terms of
syntax and semantics. Often, the syntax is that of normal logic programs with
negation as failure but some have investigated the use of abduction in the context
of extended logic programming [43] or constraint logic programming [56,60,66].
At the level of semantics, the above definition defines the notion of an abductive
solution in terms of any given semantics of standard logic programming. Each
particular choice of semantics defines its own entailment relation |=, its own no-
tion of consistent logic programs and hence its own notion of what an abductive
solution is. In practice, the three main semantics of logic programming — com-
pletion, stable and well-founded semantics — have been used to define different
abductive logic frameworks.

A second remark is that an abductive explanation ∆ aims to represent a
nonempty collection of states of affairs in which the explanandum Q would hold.
This explains the third condition that P ∪∆ should be consistent.

Third, when integrity constraints IC are introduced in the formalism, one
must define how they constrain the abductive solutions. There are different views
on this. Early work on abduction in Theorist in the context of classical logic [81],
was based on the consistency view on constraints. In this view, any extension
of the given theory T with an abductive solution ∆ is required to be consistent
with the integrity constraints IC: T ∪ IC ∪ ∆ is consistent. The above defini-
tion implements the entailment view: the abductive solution ∆ together with P
should entail the constraints. This view is the one taken in most versions of ALP
and is stronger than the consistency view in the sense that a solution according
to the entailment view is a solution according to the consistency view but not
vice versa.

The difference between both views can be subtle but in practice the different
options usually coincide. E.g. it frequently happens that P ∪ ∆ has a unique
model, in which case both views are equivalent. In practice, many ALP systems
[20,61] use the entailment view as this can be easily implemented without the
need for any extra specialized procedures for the satisfaction of the integrity
constraints since this semantics treats the constraints in the same way as the
query.

The above definition aims to define the concept of an abductive solution for a
query but does not define abductive logic programming as a logic in its own right
as a pair of syntax and semantics. However, a notion of generalized model can
be defined, originally proposed in [52], which suggests the following definition.

Definition 2. M is a model of an abductive logic framework (P,A, IC) iff there
exists a set ∆ ⊆ A such that M is a model of P ∪ ∆ (according to some LP-
semantics) and M is a classical model of IC, i.e. M |= IC.
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The entailment relation between abductive logic frameworks and classical logic
formulas is then defined in the standard way as follows:

(P,A, IC) |= F iff for each model M of (P,A, IC), M |= F .

Note that this definition is also generic in the choice of the semantics of
logic programming. This way, abductive extensions of stable semantics [52], of
well-founded semantics [79] and the partial stable model semantics [111] have
been defined. Also the completion semantics has been extended [10] to the case
of abductive logic programs. The completion semantics of an abductive logic
framework (P,A, IC) is defined by the mapping it to its completion. This is the
first order logic theory consisting of :

– UN , the set of unique names axioms, or Clark’s equality theory.
– IC
– comp(P,A), the set of completed definitions for all non-abducible predicates.

A recent study [16] that attempts to clarify further the representational and
epistemological aspects of ALP, has proposed ID-logic as an appropriate logic
for ALP. ID-logic is defined as an extension of classical logic with inductive def-
initions. Each inductive definition consists of a set of rules defining a specific
subset of predicates under the well-founded semantics. This logic gives an epis-
temological view on ALP in which an abductive logic program is a definition of
the set of the non-abducible predicates and abducible predicates are open predi-
cates, i.e. not defined. The integrity constraints in an abductive logic framework
are simply classical logic assertions. Thus the program P represents the human
expert’s strong definitional knowledge and the theory IC represents the human
expert’s weaker assertional knowledge. Therefore in ID-logic, ALP can be seen
as a sort of description logic in which the program is a TBOX consisting of
one simultaneous definition of the non-abducible predicates, and the assertions
correspond to the ABOX [115].

4 Abductive Logic Programming Frameworks

The framework defined in the previous section is generic in syntax and seman-
tics. In the past ten years, the framework has been instantiated (and sometimes
has been extended) in different ways. In order to show the wider variety of mo-
tivations and approaches that are found in Abductive Logic Programming, this
section aims to present briefly a number of these alternative frameworks, imple-
mented systems and applications. These different instantiations differ from each
other by using different formal syntax or semantics, or sometimes simply because
they use a different inference method and hence induce a different procedural
semantics.
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4.1 Approaches under the Completion Semantics for LP

Abduction through Deduction. One of the first ALP frameworks is that of
[10]. The syntax in this framework is that of hierarchical logic programs7 with
a predefined set of abducible predicates. The formal syntax is an extension of
Clark’s completion semantics [9] in which only the non-abducible predicates
are completed. The main aim of this work was to study the relationship
between abduction and deduction in the setting of non-monotonic reasoning.
In particular, many characterizations of non-monotonic reasoning such as
circumscription, predicate completion, explanatory closure implement a sort
of closure principle allowing to extract implicit negative information out
of explicit positive information. What is shown in this work is that for a
restricted class of programs, the abductive explanations to a query with
respect to a set of (non-recursive) rules can be characterized in a deductive
way if we apply the completion semantics as a closure principle.
Formally, given a (hierarchical) abductive logic program P with abducibles
A, its completion PC consists of iff-definitions for the non-abducible predi-
cates. These equivalences allow to rewrite any observation O to an equivalent
formula F in the language of abducible predicates such that PC |= O ↔ F
where |= is classical logic entailment. The formula F , called the explana-
tion formula, can be seen as a disjunctive characterization of all abductive
solutions of O given P . The restriction to hierarchical programs ensures ter-
mination of a procedure to compute the explanation formula. The framework
has been extended to handle (a restricted form of)integrity constraints.
The above abductive framework has been used to formalize diagnostic prob-
lem solving and classification in nonmonotonic inheritance hierarchies [10,24],
and has been extended to characterize updates in deductive databases [12].
The completion semantics is also the basis for the ”knowledge compilation”
optimization of abductive problem solving described in [11].

The IFF Framework. The IFF framework is also based on the completion
semantics. It was initially developed as a unifying framework integrating ab-
duction and view updating [36,37]. The IFF proof procedure is defined by
a rewriting system in which an initial goal is rewritten to a disjunction of
answers. The main rewrite rules are unfolding, namely backward reasoning
with the iff definitions, and propagation, namely forward reasoning with the
integrity constraints. IFF produces answers to goals in the form of conjunc-
tions of abducible atoms and denial integrity constraints. An extension of it
with special treatment of built-in predicates and constraint logic program-
ming was proposed in [120,66]. Another modification of the IFF proof pro-
cedure was developed for applications modeling reasoning of rational agents
[64] and management of active rules in databases [96]. The main underlying
LP semantics used in this framework is Fitting’s three-valued completion
semantics but correctness results have been proven also for perfect model
semantics and under some restrictions for stable semantics.

7 A hierarchical program is one without recursion.
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Prototype implementations of the three instances of the IFF procedure
[37,97] exist and have been applied in many experiments. The original IFF
proof procedure has been implemented in Java and was applied within a
Voyager extension to the problem of interaction and communication amongst
multiple agents, as well as cooperative problem solving. It was also used for
information integration from multiple sources [95], to the management of in-
formation networks [112], and it has been integrated with PROGOL to learn
preconditions of actions in the frameworks of the event and situation calculi.
The extension presented in [120,66] has been applied to job-shop scheduling
[66] and semantic query optimization [121]. The procedure suggested in [96]
was implemented in April, and was used in the context of applications for
active databases and agents. Recently, it has been used to study the problem
of resource allocation in a multi-agent environment [102].

4.2 Approaches under Stable and Well-Founded Semantics

In Logic Programming other semantics have been proposed as refinements of the
completion semantics. These include the stable model semantics [38] and the
well-founded model semantics [116]. The following ALP frameworks use these
semantics for their underlying LP framework.

SLDNFA and ID-logic. SLDNFA [17,20] is an abductive extension of SLDNF-
resolution [68], suitable for abductive reasoning in the context of (possibly
recursive) abductive logic programs under the completion semantics. It was
proven sound and, under certain restrictions, complete with respect to the
3-valued completion and well-founded semantics. This procedure came out
of the early attempts to implement AI-planning using abductive reasoning in
the event calculus. It was one of the first procedures that correctly handles
non-ground abduction, i.e. abduction of atoms with variables. The procedure
was also used in one of the first experiments of integration of abduction and
constraint solving. [21] describes an extension of SLDNFA with a constraint
solver for the theory of total order and applies it for partial order planning
and in the context of temporal reasoning with incomplete knowledge.
At the logical level, the work evolved into a study of the role of ALP
for knowledge representation and of SLDNFA for abductive and deductive
reasoning. A number of subsequent experiments with ALP and SLDNFA
demonstrated the role of ALP for knowledge representation of incomplete
and temporal knowledge [19,113,114,22]. To explain and clarify the repre-
sentational and epistemological aspects of ALP, [16] proposed ID-logic, an
integration of classical logic with inductive definitions under well-founded
semantics.
At the computational level, efforts were done to improve the computational
performance and expressivity of the original implementation of the SLDNFA
procedure. The SLDNFAC system [117] is developed at the K.U.Leuven and
implements abduction in the context of ID-Logic, supporting directly gen-
eral first order classical axioms in the language and higher order aggregates.
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The system integrates constraint solving with the general purpose abductive
resolution SLDNFA. It is implemented as a meta-interpreter on top of Sicstus
prolog and is available from http://www.cs.kuleuven.ac.be/ dtai/kt/systems-
E.shtml.
The SLDNFAC system has been used in the context of prototypical con-
straint solving problems such as N-queens, logical puzzles, planning prob-
lems in the blocks world, etc . . . for proving infinite failure of definite logic
programs [5], failure of planning goals [13] and for semantic interpretation
of temporal information in natural language [119]. An extension of the sys-
tem has also been used in the context of a scheduling application for the
maintenance for power units of power plants. This experiment involves the
use of higher order aggregates and is described in detail in section 5.1. Re-
cently, [78] compared SLDNFAC with different other approaches for solving
constraint problems including CLP, ACLP and the Smodels system [74] and
shows that in many problems the system is competitive.

Bottom up Abduction. This approach was proposed originally in [107] and
aims to develop efficient techniques for computing abductive solutions un-
der the generalized stable model semantics [52] by translating the abductive
logic program to a standard logic program and applying efficient bottom
up stable model generators to this translation. This approach is based on a
translation of Abductive logic programs into pure logic programs with stable
model semantics [107]. Abductive solutions w.r.t. the original abductive logic
program correspond to stable models of its translation8. To compute abduc-
tive solutions, [107] also proposed a procedure for bottom-up stable model
computation based on truth maintenance techniques. It is an extension of
the procedure for computing well-founded models of [33,94] and dynami-
cally checks integrity constraints during the computation of stable models
and uses them to derive facts. Later this bottom up procedure was integrated
with a procedure for top-down expectation [108,46]. This top-down proce-
dure searches for atoms and rules that are relevant for the query (and the
integrity constraints) and thus helps to steer the search into the direction of
a solution. This procedure has been used for a number of applications in the
following two domains.
Legal Reasoning: A dynamic notion of similarity of cases in legal reason-

ing is implemented using abductive logic programming. The input of this
system is legal factors, case bases and the current case and position of
user (defendant or plaintiff). The system translates the case bases and
the current case into an abductive logic program. Using the top-down
proof procedure the system then computes important factors and re-
trieves a similar case based on the important factors and generates an
explanation why the current case is similar to the retrieved case which
is preferable to user’s position [105]. The system has also been extended

8 The correctness of this transformation of abductive logic programs to pure logic
programs has been shown to be independent of the stable model semantics, and has
been extended to handle integrity constraints [111].
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so that legal rules and legal cases are combined together for statutory
interpretation [103].

Consistency Management in Software Engineering: This system
computes a minimal revised logical specification by abductive logic pro-
gramming. A specification is written in Horn clauses which is translated
into an abductive logic program. Given an incompatibility between this
specification and new information the system computes by abduction a
maximally consistent program that avoids this incompatibility [104].

ACLP: Abductive Constraint Logic Programming. The ACLP frame-
work grew as an attempt to address the problem of providing a high-level
declarative programming or modeling environment for problems of Artifi-
cial Intelligence which at the same time has an acceptable computational
performance. Its roots come from the work on abduction and negation as
failure in [29] and the early definitions of Abductive Logic Programming
[52,53,50]. Its key elements are (i) the support of abduction as a central in-
ference of the system, to facilitate declarative problem solving, and (ii) the
use of Constraint Logic Programming techniques to enhance the efficiency
of the computational process of abductive inference as this is applied on the
high-level representation of the problem at hand.
In an ACLP abductive theory the program, P , and the integrity constraints,
IC, are defined over a CLP language with finite domain constraints. Its se-
mantics is given by a form of Generalized Model semantics which extends
(in the obvious way) the definition 1 above when our underlying LP frame-
work is that of CLP. Negation in P is given meaning through abduction
and is computed in a homogeneous way as any other abducible. The gen-
eral computation model of ACLP consists of a cooperative interleaving be-
tween hypotheses and constraint generation, via abductive inference, with
consistency checking of abducible assumptions and constraint satisfaction
of the generated constraints. The integration of abductive reasoning with
constraint solving in ACLP is cooperative, in the sense that the constraint
solver not only solves the final constraint store generated by the abductive
reduction but also affects dynamically this abductive search for a solution.
It enables abductive reductions to be pruned early by setting new suitable
CLP constraints on the abductive solution that is constructed.
The framework of ACLP has also been integrated with Inductive Logic Pro-
gramming to allow a form of machine learning under incomplete information
[62].
The ACLP system [60,49], developed at the University of Cyprus, imple-
ments the ACLP framework of ALP for a restricted sub-language of the
full ACLP framework. Currently, the system is implemented as a meta-
interpreter on top of the CLP language of ECLiPSe using the CLP con-
straint solver of ECLiPSe to handle constraints over finite domains (integer
and atomic elements). The architecture of the system is quite general and
can be implemented in a similar way with other constraint solvers. It can be
obtained, together with information on how to use it, from the following web
address: http://www.cs.ucy.ac.cy/aclp/. Direct comparison experiments [61]
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of ACLP with the underlying CLP system of ECLiPSe have demonstrated
the potential of ALP to provide a high-level modeling environment which is
modular and flexible under changes of the problem, without compromising
significantly the computational efficiency of the underlying CLP framework.
ACLP has been applied to several different types of problems. Initial ap-
plications have concentrated on the problems of scheduling, time tabling
and planning. Other applications include (i) optical music recognition where
ACLP was used to implement a system that can handle recognition under in-
complete information, (ii) resolving inconsistencies in software requirements
where (a simplified form of) ACLP was used to identify the causes of incon-
sistency and suggest changes that can restore consistency of the specification
and (iii) intelligent information integration where ACLP has been used as a
basic framework in the development of information mediators for the seman-
tic integration of information over web page sources. Although most of these
applications are not of ”industrial scale” (with the notable exception of a
crew-scheduling [57] application for the small sized company of Cyprus Air-
ways - see also below 5.2) they have been helpful in indicating some general
methodological guidelines that can be followed when one is developing ab-
ductive applications (see [57]). The air-crew scheduling application produced
solutions that were judged to be of good quality, comparable to manually
generated solutions by experts of many years on the particular problem,
while at the same time it provided a flexible platform on which the company
could easily experiment with changes in policy and preferences.

Extended and Preference Abduction. In order to broaden the applicabil-
ity of ALP in AI and databases, Inoue and Sakama propose two kinds of
extensions of ALP: Extended abduction [43] and Preference abduction [44].
An abductive program in the framework of extended abduction is a pair
〈K,A〉 of logic programs possibly including negation as failure and disjunc-
tions. Each instance of element of A is abducible. An explanation of a ground
literal G consists of a pair of sets (I,O) of subsets of A such that (K \O)∪I
is consistent and entails G. An anti-explanation of G satisfies the same con-
ditions except that (K \ O) ∪ I does not entail G. Thus, abduction in this
framework extends standard abduction by defining not only explanation but
also anti-explanations, by allowing solutions in which rules from the program
are deleted and by allowing general rules to be abduced or deleted.
Several implementation methods have been proposed for computing extended
abduction. [45] proposed a model generation method with term rewriting.
In [99,41], transformation methods are proposed that reduce the problem of
computing extended abduction to a standard abductive problem. Extended
abduction has several potential applications such as abductive theory re-
vision and abduction in non-monotonic theories, view update in deductive
databases, theory update, contradiction removal, system repair problems
with model checking, and inductive logic programming (see [43,99,41]).
A framework for preference abduction is an abductive logic program 〈K,A〉
augmented with a set Ψ of possible priorities between different literals of
the program. For a given goal G, preferred abduction computes a set of
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abducible atoms I and a subset ψ of Ψ representing some priority relation,
such that K ∪ I is consistent and K ∪ I |=ψ G, which means that G is
true in every preferred answer set of the prioritized logic program (K ∪
I, ψ) [98]. Hence, preferred abduction not only abduces atoms but also the
priority relationship. A procedure to compute preference abduction has been
proposed in [44].
Preference abduction can be used in resolution of the multiple extension
problem in non-monotonic reasoning, skeptical abduction, reasoning about
rule preference, and preference view update in legal reasoning [44].

ABDUAL: Abduction in extended LP [1] proposes the ABDUAL frame-
work, an abductive framework based on extended logic programs. An ab-
ductive logic program in this framework is a tuple < P,A, IC >, where P
is an extended logic program (with both explicit and default negation), IC
a set of constraints and A a set of ground objective literals i.e. atoms or ex-
plicitly negated atoms. The declarative semantics of this formalism is based
on the well-founded semantics for extended programs.
The procedure presented in [1] integrates a tabling mechamism in the ab-
ductive inference procedure. The procedure solves an abductive query in
two stages. First, the program is transformed by grounding it and adding
for each non-abducible ground atom p a rule not(p)← R where R expresses
that none of the rules for p applies. The resulting program is called the
dual program. In the second step, abductive solutions are computed by an
evaluation method that operates on the dual program.
The ABDUAL system is currently implemented on top of XSB-Prolog [122].
The system is available from http://www.cs. sunysb.edu/˜tswift. Work is
currently being done in order to migrate some of the tabling mechanisms
of ABDUAL, now taken care of the meta-interpreter, into the XSB-engine.
Work is also underway on the XSB system so that the co-unfounded set
removal operation can be implemented at the engine level.
The ABDUAL system has been applied in medical psychiatric diagnosis [31]
as a result of an investigation into the logical representation and automation
of DSM-IV (Diagnostic and Statistical Manual of Mental Disorders). The
current user interface of the Diagnostica system (http://medicinerules.com)
uses abduction in a simple but clinically relevant way to allow for hypothet-
ical diagnosis: when there is not enough information about a patient for a
conclusive diagnosis, the system allows for hypothesizing possible diagnosis
on the basis of the limited information available. This is one of the first
applications of abduction that is been commercialized.
ABDUAL has also been employed to detect specification inconsistencies in
model-based diagnosis system for power grid failure [6]. Here abduction is
used to abduce hypothetical physically possible events that might cause the
diagnosis system to come up with a wrong diagnosis violating the specifica-
tion constraints.

Probabilistic Horn Abduction and Independence Choice Logic. Proba-
bilistic Horn abduction [84], later extended into the independent choice logic
[86], is a way to combine logical reasoning and belief networks into a simple
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and coherent framework. Its development has been motivated by the Theo-
rist system [88] but it has been extended into a framework for decision and
game-theoretic agents that includes logic programs, belief networks, Markov
decision processes and the strategic form of a game as special cases. In par-
ticular, it has been shown that it is closely related to Bayesian networks [80],
where all uncertainty is represented as probabilities.
An independent choice logic theory is made up of two parts:

– a choice space consisting of disjoint sets of ground atoms. The elements
of a choice space are called alternatives.

– an acyclic logic program such that no element of an alternative unifies
with the head of a clause.

The semantics is model-theoretic. There is a possible world for each choice of
one element from each alternative. What is true in a possible world is given
by the stable model of the atoms chosen and the logic program. Intuitively
the logic program gives the consequences of the choices. This framework is
abductive in the sense that the explanations of an observation g provide a
concise description of the worlds in which g is true. Belief networks can be
defined by having independent probability distributions over the alternatives.
Intuitively, we can think of nature making the choice of a value for each
alternative. In this case Bayesian conditioning corresponds exactly to the
reasoning of the above framework of independent choice logic. This can also
be extended to decision theory where an agent can make some choices and
nature others [86], and to the game-theoretic case where there are multiple
agents who can make choices.
Different implementations of the ICL and its various special cases exist.
These include Prolog-style implementations that find explanations top-down
[83,89], bottom-up implementations (for the ground case) that use a proba-
bilistic variant of the conflicts used in model-based diagnosis [85], and algo-
rithms based on efficient implementations of belief networks that also exploit
the context-specific independent inherent in the rule forms [87]. Initial stud-
ies of application of ICL have centered around problems of diagnosis and
robot control.

5 Example Applications of Abduction

ALP as a paradigm of declarative problem solving allows us to formalize a wide
variety of problems. A survey of the field reveals the potential application of
abduction in areas such as databases updates, belief revision, planning, diagnosis,
natural language processing, default reasoning, user modeling, legal reasoning,
multi-agent systems, scheduling, and software engineering. In this section, two
relatively large-scale applications of ALP are presented in some detail in order
to illustrate the main features of declarativeness and modularity of an abductive
based approach that have been exposed in the previous sections.
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5.1 Scheduling of Maintenance

This experiment is based on a real life problem of a Belgian electricity provider.
The problem description is as follows. The company has a network of power
plants, distributed over different areas and each containing several power pro-
ducing units. These units need a fixed number of maintenances during the year.
The problem is then to schedule these maintenances so that a number of con-
straints are satisfied and the risk of power shortage (and hence, import from other
providers) is as low as possible. The problem was solved using the SLDNFAC
system extended with a restricted yet sufficient form of higher-order aggregates.
The system accepts first order constraints which are first compiled to rules using
the Lloyd-Topor transformation. Below we given an overview of the problem
solution. For a more complete description of the solution and the abductive
procedure for reasoning on aggregates, we refer the reader to [117].

The fact that a maintenance M lasts from week B till week E, is repre-
sented by the predicate start(M,B,E). This is the only abducible predicate in
the specification. Other predicates are either defined or are input data and are
defined by a table. Some of the main constraints that need to be satisfied are
given below9.

– Maintenances (maint(M)) and their duration (duration(M,D)) are given
by a table. All maintenances must be scheduled, thus for each maintenance
there exists an according start relation. This is specified via a first order
logical formula i.e. an integrity constraint as follows:

∀M : maint(M)→ ∃B,E,D : week(B) ∧ week(E) ∧ duration(M,D)∧
E = B +D − 1 ∧ start(M,B,E).

– A table of prohibited(U,Bp,Ep) facts specify that maintenances M for unit
U are not allowed during the period [Bp,Ep]:

∀U,Bp, Ep,M,B,E :
prohibited(U,Bp,Ep) ∧maint for unit(M,U) ∧ start(M,B,E)
→ (E < Bp ∨ Ep < B).

– For each week the number of the units in maintenance belonging to a plant P
should be less than a maximal number Max. A table of plant max(P,Max)
atoms defines for each plant the maximal number of units in maintenance
simultaneously.

∀P,Max,We : plant(P ) ∧ plant max(P,Max) ∧week(We)
→ ∃OnMaint : card({U | (unit(U) ∧ unit in plant(U,P )∧

in maint(U,We))}, OnMaint)∧
OnMaint ≤Max.

Note that this constraint uses the cardinality aggregate card. The meaning of
the above cardinality atom is that the set of units of plant P in maintenance

9 In this and the following section, variable names start with a capital, as standard in
logic programming.
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in week We contains OnMaint elements. The predicate in maint is defined
by an auxiliary program rule specifying that a unit U is in maintenance
during a certain week W if a maintenance M of this unit is going on during
W :

in maint(U,W )← maint for unit(M,U), start(M,B,E), B ≤W,W ≤ E.
– Another constraint is that the capacity of the units in maintenance belonging

to a certain area should not exceed a given area maximum. To represent this,
the summation aggregate is needed. A table of capacity(U,C) describes for
each unit its maximum capacity.

∀A,Max, We,CM : area(A) ∧ area max(A,Max) ∧ week(We)∧
sum({(U,C)| (unit(U) ∧ in area(U,A) ∧ in maint(U,We)∧

capacity(U,C))}, λ(U,Cap)Cap,CM)
→ 0 ≤ CM ∧ CM ≤Max.

In the above constraint, the meaning of the sum aggregate atom is that ”the
sum of the lambda function over the set expression is CM”. It defines CM
as the total capacity of area A in maintenance during week We.

The above specification describes some of the necessary properties of a correct
schedule. However, not all schedules satisfying these properties are desirable. In
particular, schedules that minimise the risk of power shortage are preferable.
To this end, the company maintains statistical data about the expected peak
load per week. Desirable solutions are those that maximise the reserve capacity,
that is the difference between the available capacity and the expected peak load.
This relation (reserve(Week,R)) can then be defined as the difference between
available capacity (the sum of capacities of all units not in maintenance during
this week) and the estimated peak load:

reserve(We,R)← peakload(We,Load), total capacity(T ),
sum({(U,Cap)| (unit(U) ∧ in maint(U,We)∧

capacity(U,Cap))},
λ(U,Cap)Cap, InMaint),

R = T − Load− InMaint.
in which total capacity(T ) means the sum of all capacities of all units.

In the SLDNFAC system, the query for the optimal solution for the schedul-
ing problem is

? minimum(set([R],(exists(W) : reserve(W,R)),M), maximize(M).

It expresses that an optimal abductive solution is desired in which the minimal
reserve for one year is as high as possible.

The actual problem, given by the company, consists of scheduling 56 mainte-
nances for 46 units in one year (52 weeks). The size of the search space is of the
order of 5246. The current implementation reduces the goal and the integrity con-
straints to a large finite domain constraint store without backtracking points. In
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the current implementation of SLDNFAC, this reduction phase is completed in
less than one minute . Subsequently the CLP solver starts to generate solutions
of increasing quality. The current implementation was able to find a solution
which is 97% away from the optimal one in 20 minutes.

The same problem was also solved using a CLP system. A comparison be-
tween the CLP solution and the ALP solution clearly shows the trade-off be-
tween efficiency and flexibility. The pure (optimized) CLP solution will setup
its constraint store in several seconds (3 to 4 seconds), and find the same so-
lution as the above specification within 2 minutes (compared to 20 minutes for
the SLDNFAC-solver). On the other hand, the CLP solution is a much larger
program (400 lines) developed in some weeks of time in which the constraints
are hidden within data structures, whereas the above representation in ALP is a
simple declarative representation of 11 logical formulae, written down after some
hours of discussion.

5.2 Air-Crew Assignment

The second application of abduction that we present is also based on a real-life
problem, namely that of crew-assignment for Cyprus Airways. The problem of
air crew-assignment is concerned with the assignment of air-crews to each of the
flights that an airline company has to cover over some specific period of time.
This allocation of crew to flights has to respect all the necessary constraints (va-
lidity) and also try to minimize the crew operating cost (quality). The validity
of a solution is defined by a large number of complex constraints, which express
governmental and international regulations, union rules, company restrictions
etc. The quality of the schedule is specified, not only by its cost, but also by the
needs and preferences of the particular company or crew at that specific period
of time. In addition, an airline is also interested in the problem of re-assignment
or of adapting an existing crew assignment to changes in the application en-
vironment such as flight delays or cancellations, new flight additions or crew
unavailability etc. These changes often affect the quality of an existing solution
or even make an existing solution unacceptable.

This problem for (the pilot crew) of Cyprus Airways was solved within ALP
using the ACLP system. The problem was represented entirely as an ALP theory
T = (P,A, IC). The program part P describes basic data and defines a number
of concepts that allow for encoding particular strategies for decomposing the
overall goal to subgoals. Different strategies affect efficiency of the problem solv-
ing process and the quality of the solutions with respect to the criteria of cost
or fairness of assignment. The solution of the problem is captured via an ab-
ducible predicate assigns(Crew, Task) (the only member of A) which gives the
assignment of crew members to different types of duty tasks (eg. flights, stand-
bys, day-offs, etc.). For details of this and for a more complete description of
the problem and its abductive-based solution see [58]. Here we will concentrate
more on how the complex validity constraints of the problems are represented
in the IC part of the theory.
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The problem of air crew-assignment has a large variety of complex constraints
that need to be respected. These contain simple constraints such as that a pi-
lot can not be assigned to two overlapping flights but also many other quite
complex constraints such as that during any period of 6 days (respectively 14
days) a pilot must have one day off (respectively 2 consecutive days off). Lets us
illustrate how some of these would be represented as integrity constraints in IC.
The following integrity constraint expresses the requirement that for any pilot
there must be at least MinRest hours rest period between any two consecutive
duties. MinRest is greater than or equal to 12 and it is calculated according to
the previous assignments of the crew. (All variables in the integrity constraints
below are universally quantified over the whole formula).

¬assign(Crew, F light)←
on new duty(Crew, F light),
end prev duty(Crew, F light, EndOfDuty),
time difference(EndOfDuty, F light, RestPeriod),
MinRest(Crew,MR), RestPeriod < MR.

Here on new duty(Crew, F light) defines whether the flight, Flight, is the begin-
ning of a new duty period for Crew and end prev duty(Crew, F light, EndOfDu-
ty) specifies the time of the end of the duty, EndOfDuty, for the crew member,
Crew, which is immediately before the departure time of the flight Flight. These
are defined in the program P of the theory.

The requirement that each pilot must have at least 2 consecutive days off
during any 14 day period is represented by the integrity constraint:

consec2 daysoff(Crew,DeptDate, 14)←
assign(Crew, F light),
dept date(Flight,DeptDate)

where consec2 daysoff(Crew,DeptDate, 14) means that the Crew has two con-
secutive days off within a time window of 14 days centered around the date
DeptDate. This is given in the program P with the help of the definition of
dayoff as follows:

consec2 daysoff(Crew,Date,N)←
consec days(Date,N,DayA,DayB),
dayoff(Crew,DayA),
dayoff(Crew,DayB)

dayoff(Crew,Date)←
not assign(Crew, flight(Id,Date)),
crew at base(Date),
further free hrs(Crew,Date)
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further free hrs(Crew,Date)←
next date(Date,NDate),
assign(Crew, flight(Id,NDate)),
departure(flight(Id,NDate), NDate,DeptT ime), DeptT ime > 8

further free hrs(Crew,Date)←
next date(Date,NDate),
assign(Crew, flight(Id,NDate)),
departure(flight(Id,NDate), NDate,DeptT ime),
DeptT ime > 6, previous date(Date, PDate),
assign(Crew, flight(Id, PDate)),
arrival(flight(Id, PDate), PDate,ArrT ime), ArrT ime < 22

.

This expresses the definition of a day-off as a non-working day (0:00 - 24:00), at
base, with one of the following additional requirements. Either the crew begins
his/her duty after 8am the next morning, or s/he begins work after 6am but
finishes before 10pm (22:00) the day before.

During the computation, the satisfaction of this integrity constraint means
that whenever a new assumption of assignment of a Crew to a Flight is made we
need to ensure that consec2 daysoff for this Crew member remains satisfied. In
some cases this would then dynamically generate extra assignments, of the Crew
member to day-offs, to ensure that his/her flight assignments are consistent.

Airlines also have their own requirements on the problem stemming from
particular policies of the specific company and crew preferences. The abductive
formulation, with its modular representation of the problem, facilitates in many
cases a direct representation of these with additional integrity constraints in
IC. As an example consider a requirement of Cyprus Airways which states that
flight managers should not have more than two duties per week. This can be
represented by the following integrity constraint:

¬assign(Crew, F light)←
rank(Crew, flight manager),
on new duty(Crew, F light),
num of duties(Crew, F light, week period,NDuties),
NDuties > 2.

Here num of duties(Crew, F light, week period,NDuties) counts the number
of duties NDuties that a crew member has within a week period centered
around the date of the flight Flight.

With regards to the problem of re-assignment under some new information,
given an existing solution, a new module is added to the crew-assignment sys-
tem which exploits the natural ability of abduction to reason with a given set
of hypotheses, in this case the (partial) existing solution. This module follows
three steps: (1) remove from the old solution all hypotheses which are affected by
these changes. This step is in fact optional, helping only in the efficiency, since
hypotheses which make the existing solution inconsistent will be eventually re-
moved automatically by the re-execution of the abductive goal in step 3 below,
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(2) add the new requirements (changes) of the problem. These may be in the
form of integrity constraints or simply as new information in the domain of the
application and (3) re-execute the (or part of the) abductive goal of the prob-
lem with the set of the hypotheses in step (1) as a given initial set of abducible
assumptions.

Given the set of flights which are affected by the change(s), the aim is to re-
establish the consistency, and preferably also the quality, of the old solution by
re-assigning crew to these flights, without having to recalculate a new solution
from the beginning but rather by making the fewest possible changes on the old
existing solution, within 48 hours from the time of the change.

The re-assignment module in this application is interactive in the sense that
the user can select a crew for a particular flight or decide whether to accept
a system proposed selection of crew. Having searched for a crew member, the
system informs the user about the particular selection, together with a list of
other assignments (secondary changes) on this crew in the old solution, that are
affected and would also need to be rescheduled. It then gives him/her the option
to reject this choice, in which case the system will look for another possibility.
When the selection of a crew is done directly by the user, the system will check
if this choice is valid and inform the user of the list (if any) of secondary affected
flights, that would also need to be rescheduled, resulting from this choice.

Although Cyprus Airways is a small size airline it contains the full complexity
of the problem. During the busy months the flight schedule contains over 500
flight legs per month. The ACLP system was able to produce solutions in a
few minutes which were judged by the airline’s experts on this problem to be
of good quality comparable (and with respect to balancing requirement often
better) to the manually generated ones. The system was also judged to be useful
due to the flexibility that it allowed to experiment easily with changes in policy
and preferences of the company. The re-assignment module was able to suggest
solutions on how to adapt the existing roster within at most 5 seconds. It was
chosen as the most useful module of the system as it could facilitate the operators
to develop and adjust a solution to meet the specific needs and preferences that
they have at the time.

6 Links of ALP to Other Extensions of LP

In parallel with the development of the above frameworks and systems for ALP
it has become clear that there exist strong links between some ALP frameworks
and other extensions of Logic Programming.

ALP has tight connections to Answer Set Programming [32]. Recall that
the ABDUAL framework [1] is an extension of Answer Set Programming with
abduction. Standard ALP (with one negation) is strongly related Stable Logic
Programming [69,75], the restriction of Answer Set Programming [32] to pure
logic programs. As mentioned in section 4, an abductive logic framework un-
der the generalized stable semantics can be translated in an equivalent logic
program under stable semantics. Consequently, current systems for computing
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stable models such as SMODELS [75] can be used to compute abduction under
the generalized stable semantics. Interestingly, there are significant differences
between in computational models that are developed in both areas. Whereas
ALP procedures such as SLDNFA, IFF and ACLP are extensions of SLDNF
and operate in a top down way on predicate programs, systems like SMODELS
are based on bottom up propagation in the propositional grounding of a logic
program. More experimentation is needed to assess the strengths and weaknesses
of these approaches.

Links have been shown also between ALP and Disjunctive Logic Program-
ming [100,101,124]. The hypothetical reasoning of ALP and the reasoning with
disjunctive information of DLP can be interchanged. This allows theories in one
framework to be transformed to the other framework and thus to be executed
in this other framework. For example, it is possible to transform an ALP theory
into a DLP one and then use a system such as the recently developed dlv system
[27] to answer abductive queries. Vice versa, [124] showed that abductive proof
procedures can be used as for reasoning on DLP programs.

Another type of extension of the LP paradigm is Inductive Logic Program-
ming. Currently, several approaches are under investigation synthesizing ALP
and ILP [2,73,123,35]. These approaches aim to develop techniques for knowl-
edge intensive learning with complex background theories. One problem to be
faced by ILP techniques is that the training data on which the inductive process
operates often contain gaps and inconsistencies. The general idea is that ab-
ductive reasoning can feed information into the inductive process by using the
background theory for inserting new hypotheses and removing inconsistent data.
Stated differently, abductive inference is used to complete the training data with
hypotheses about missing or inconsistent data that explain the example or train-
ing data using the background theory. This process gives alternative possibilities
for assimilating and generalizing this data. In another integration of ALP and
ILP, ILP is extended to learn ALP theories from incomplete background data
[62]. This allows the framework to perform Multiple Predicate Learning in a
natural way.

As we have seen in previous sections several approaches to ALP have recog-
nized the importance of linking this together with Constraint Logic Program-
ming. They have shown that the integration of constraint solving in abductive
logic programming enhances the practical utility of ALP. Experiments indicate
that the use of constraint solving techniques in abductive reasoning make the
abductive computation much more efficient. On the other hand, the integrated
paradigm of ALP and CLP can be seen as a high-level constraint programming
environment that allows more modular and flexible representations of the prob-
lem domain. The potential benefits of this paradigm are largely unexplored at
the moment.
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7 Challenges and Prospects for ALP

In the past decade, many studies have shown that extending Logic Programming
with abduction has many important applications in the context of AI and declar-
ative problem solving. Yet, at this moment the field of ALP faces a number of
challenges at the logical, methodological and computational level. In this section
we attempt to chart out some of these challenges and point to some promising
directions.

7.1 Heterogeneity of ALP

As can be seen in section 4, ALP is a very heterogeneous field. On the one hand,
this heterogeneity stems from the fact that logic programming itself shows a
complex landscape. On the other hand, it stems from the fact the term abduction
is defined very broadly and covers a broad class of rather loosely connected
reasoning phenomena.

At the conceptual level, abduction is sometimes used to denote concepts at
different conceptual levels. For example, in many of the frameworks discussed
earlier, abduction is a concept at the inferential level: it is a form of logical
inference. In other contexts such as in the abductive semantics for negation as
failure [29], abduction is a concept used at the semantical level, as a specific way
of formalizing model semantics. This mismatch between different conceptual
levels is confusing and a potential hazard for the field.

At the logical level, there are many different formalisms and different seman-
tics. Various forms of abduction have been introduced in different formalisms
including pure logic programming, answer set programming and recently a con-
ditional logic programming formalism [30]. The advantage of this is that the
field may act as a forum for integrating and relating a wide variety of different
forms of logical reasoning in otherwise distant areas. A disadvantage is that this
heterogeneity may hide a lack of coherence in which efforts of researchers to
build effective systems are scattered in a wide variety of incompatible views and
approaches. To develop a computational logic, a focused effort at different levels
is needed: research on semantics to clarify the declarative meaning, research on
knowledge representation to clarify the applications of the logic, research to ex-
plore the relation with other logics, and research to investigate how to implement
efficient problem solvers. These efforts should link together in a constructive and
cross supporting way.

7.2 Epistemological Foundations of ALP

One of the underlying problems of the field is the lack of understanding of the
epistemological foundations of ALP. Epistemological questions are what kind of
knowledge can be represented by an abductive logic framework and vice versa,
what does an ALP theory tell us about the problem domain or equivalently,
what information about the domain of discourse is expressed by a given ALP
theory? Such questions are fundamental to the understanding of any logic. A
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clear answer is a prerequisite for developing a well-motivated methodology for
declarative problem solving using ALP.

The standard definition of ALP as presented in section 3 does not attempt
to answer the above questions. The definition 1 of an abductive solution defines
a formal correctness criterion for abductive reasoning, but does not address the
question of how the ALP formalism should be interpreted. Also the (generic)
definition 2 of the formal model semantics of ALP does not provide answers.
In fact, here ALP inherits the ambiguity of logic programming at the episte-
mological level, as demonstrated recently in [15]. Here are some fundamental
questions:

– To understand the meaning of an ALP framework, at the very least we need
to understand the meaning of its symbols. How is negation in ALP to be un-
derstood? The extended completion semantics defined for ALP by Console,
Thorasso and Theseider Dupré [10] maps negation as failure literals to classi-
cal negation. On the other hand, in the generalized stable semantics [52] and
in the ABDUAL framework [1], negation as failure literals are interpreted as
modal literals ¬Kp in autoepistemic logic or default logic [38].

– What is the relationship between ALP and classical logic? An ALP frame-
work may contain an arbitrary classical logic theory IC of constraints; in
ALP’s model semantics, models of an ALP framework satisfy the constraints
in IC in the standard way of classical logic. This suggests that ALP is an
extension of classical logic. On the other hand, ALP is defined as a study of
abductive reasoning while classical logic is normally viewed as the study of
deductive reasoning. How are these two views reconciled?

The lack of clear epistemological foundations for ALP is one of the causes of
ALP’s lack of coherence and is a factor blurring the role and status of ALP at
the knowledge representation level in the broader context of logic-based AI. An
epistemological study of ALP can contribute significantly to the understanding
of the field at the logical and methodological level.

7.3 Computational Challenges

The computational challenges of the paradigm are considerable. The challenge
of building abductive systems for solving a broad class of problems formalized
by high-level declarative representations, is extremely difficult to realise.

At the theoretical level of complexity, formal results show that in general the
problem of computing abduction is hard [26]. In the datalog case, the problem
of computing abductive solutions is in general intractable. In the general case of
ALP frameworks with function symbols, the existence of an abductive solution
is undecidable. On the implementational level, the problem of implementing
abductive reasoning can be seen as an extension of the implementation of CLP
systems in which we need to reason about constraints of general first order logic.

Current systems such as ACLP, SLDNFAC and IFF are based on the inte-
gration of CLP techniques in high level abductive procedures. These systems
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operate by reducing the high level constraints in a, in general, nondeterminis-
tic process to a constraint store that can be handled efficiently by specialised
constraint systems. Recent experiments with the ACLP and SLDNFAC systems
have shown that in those cases where the reduction process is deterministic,
these procedures can be very performant. However, when the process is nonde-
terministic, these procedures can start to trash. The reason for this behaviour
is that a number of techniques are built in in the current procedures that de-
lay the creation of choice points and perform deterministic computation first. In
many applications such as scheduling, these techniques can avoid making choices
altogether. In other cases, such as in planning applications, the arsenal of tech-
niques does not suffice to manage these choice points and the current procedures
often make uninformed selections of choices leading to uncontrolled depth first
execution and trashing.

The above analysis suggests different ways to improve the computational
techniques of ALP. One way is to further improve the techniques to discover
deterministic subgoals and delay creation of choice points. A second way is to
incorporate techniques for smarter and better informed selection of the choice
points and choice of alternatives in the choice point. A third way is an improved
control to avoid unrestricted depth first reasoning using techniques similar to
loop detection and iterative deepening can be used. With respect to the first
two problems, different approaches can be followed. One is to further refine the
current integration of Constraint Solving in the abductive inference. In the cur-
rent systems, the CLP solver is a black box that interacts with the abductive
solver by returning a solution at the end, or by reporting consistency or incon-
sistency of the constraint store at different points during the execution. One
direction to be examined is how to exploit the information present in the con-
straint store to steer the search for an abductive solution and make a better
informed selection of goals. An alternative direction is to apply techniques from
heuristic search in Artificial Intelligence.

An interesting application domain to study the above techniques for ab-
ductive reasoning is AI-planning, due to the strong links between abduction
and planning and the fact that recently, techniques from constraint solving and
heuristic search have been successfully applied in this domain. What we can learn
here is how recent developments of constraint and heuristic methods of search in
planning could be applied to the more general case of abductive computation.

A complementary approach to address the computational hardness of ALP
would be to develop ALP systems in which the user has the facility to incre-
mentally refine her/his model of the problem in a modular way. Starting from a
purely declarative problem description, it should be possible to refine the model
by adding more and more additional knowledge about the problem, including
non-declarative heuristic and operational control knowledge. Again recent work
suggests that this is a promising line of development but there is no systematic
study of how such a modeling environment would be designed and build in ALP.

A completely different approach is to exploit the kind of techniques used in
bottom up abduction [46] (see section 4) based on the computation of stable
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models of a ground logic program. Techniques like those used by the smodels
system [75] which integrates methods from propositional constraint propagation
with bottom up application of semantic fixpoint operators of the 3-valued com-
pletion semantics and well-founded semantics. In the current state of the art,
it seems that while the latter techniques based on reasoning on propositional
theories are more robust, the abductive extensions of SLDNF with CLP may
outperform the first ones especially as they can take into account more easily
additional problem domain specific information. Therefore, extending the latter
procedures along the lines suggested above is a promising research direction.

7.4 Challenges at the Application Level

In the past decade, the potential of the different ALP frameworks have been
demonstrated in a wide variety of application domains. However, only a few of
the current running applications exceed the level of academic toy examples.
Like in many other areas of AI, this potential has not yet been realized in
realistic and industrial scale applications. One of the challenges of the domain
is to find interesting niche domains with industrial impact in which the current
systems can be evaluated and fine-tuned. Experimentation with and evaluation of
abductive systems in realistic domains could yield important information at the
levels of language constructs, methodology, computational control, integration
of heuristic information, etc..

Some prototypical classes of problems that seem good candidates for fine-
tuning ALP methods are Scheduling and Planning domains and Knowledge
Intensive Learning where machine learning with a rich background knowledge
can be performed only if the inductive methods are integrated with abduction
[123,73,35].

7.5 A Possible Approach to These Challenges

In this section, we briefly describe our own views on how to approach the above
logical and computational challenges.

The underlying logic for ALP is ID-logic [16,23] a logic which is appropriate
for ALP in the way that it extends classical logic with inductive definitions of a
generalized non-monotone kind. As mentioned earlier in section 3, an abductive
logic framework (P,A, IC) has a natural embedding in ID-logic. P represents
a definition of the non-abducible predicates while IC represents a set of classi-
cal logic assertions. In this view, ALP is the study of abduction in the context
of ID-logic. ID-logic was defined in an attempt to cope with the epistemolog-
ical challenges of logic programming and gives answers to the epistemological
questions raised in section 7.2.

At the computational level, we are currently developing a system called the
A-system [63,118] integrating features of ACLP and SLDNFAC with special at-
tention to the search in the abductive computation. During the computation,
the selection and evaluation of choice points is guided by information obtained
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from a constraint store associated to the abductive solution. With this informa-
tion the high level search can avoid deadend branches before entering them. The
result is a more robust and modular system which is capable to solve effectively
a wider range of problems than the older systems. The application domain of the
experiments with the A-system are currently focused on scheduling and planning
applications. The A-system is built on top of Sicstus Prolog ( version 3.8.5 or
above) and is available at http://www.cs.kuleuven.ac.be/∼dtai/kt/.

8 Conclusion

Abductive logic programming grew out of attempts to use logic programming
techniques for a broad class of problems from AI and other areas of Computer
Science. At present Abductive Logic Programming presents itself as a ”conser-
vative extension” of Logic Programming that allows more declarative represen-
tations of problems. The main emphasis till now has been on setting up different
frameworks for abduction and showing how they provide a general approach to
declarative problem solving.

ALP faces a number of challenges, at the logical, methodological and com-
putational level typical for a field in an initial stage of development. We are now
beginning to understand the contributions of this field and to develop solutions
for the problems that the field faces.

At the logical level, ALP aims to be suitable for declarative knowledge rep-
resentation, thus facilitating maintenance, reusability and graceful modifiability.
Yet, ALP retains from logic programming the possibility of embedding high
level strategic information in an abductive program which allows us to speed up
and fine tune the computation. In this respect, ALP is able to combine the ad-
vantages of declarative specification and programming to a greater extent than
standard logic programming.

The field has also started to recognize the full extent of the problem and the
complexity of developing effective and useable ALP systems. The overall task of
ALP of providing a high-level general purpose modeling environment which at
the same time is computationally effective is an extremely difficult one. But we
are beginning to learn how to analyze and break this task down to appropriate
subproblems that are amenable to study within our current understanding of
the field. The hope remains that within the high-level programming environ-
ment that ALP could provide, the programmer will be able to solve problems
effectively in a translucent way.
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1 University of Bristol
Woodland Road, Bristol BS8 1UB, United Kingdom

Peter.Flach@bristol.ac.uk, http://www.cs.bris.ac.uk/∼flach/
2 Jožef Stefan Institute

Jamova 39, 1000 Ljubljana, Slovenia
Nada.Lavrac@ijs.si, http://www-ai.ijs.si/NadaLavrac/

Abstract. Inductive logic programming is a form of machine learning
from examples which employs the representation formalism of clausal
logic. One of the earliest inductive logic programming systems was Ehud
Shapiro’s Model Inference System [90], which could synthesise simple
recursive programs like append/3. Many of the techniques devised by
Shapiro, such as top-down search of program clauses by refinement op-
erators, the use of intensional background knowledge, and the capability
of inducing recursive clauses, are still in use today. On the other hand,
significant advances have been made regarding dealing with noisy data,
efficient heuristic and stochastic search methods, the use of logical repre-
sentations going beyond definite clauses, and restricting the search space
by means of declarative bias. The latter is a general term denoting any
form of restrictions on the syntactic form of possible hypotheses. These
include the use of types, input/output mode declarations, and clause
schemata. Recently, some researchers have started using alternatives to
Prolog featuring strong typing and real functions, which alleviate the
need for some of the above ad-hoc mechanisms. Others have gone be-
yond Prolog by investigating learning tasks in which the hypotheses are
not definite clause programs, but for instance sets of indefinite clauses
or denials, constraint logic programs, or clauses representing association
rules. The chapter gives an accessible introduction to the above top-
ics. In addition, it outlines the main current research directions which
have been strongly influenced by recent developments in data mining
and challenging real-life applications.

1 Introduction

Inductive logic programming has its roots in concept learning from examples,
a relatively straightforward form of induction that has been studied extensively
by machine learning researchers [70]. The aim of concept learning is to discover,
from a given set of pre-classified examples, one or several classification rules with
high predictive power. For many concept learning tasks, so-called attribute-value

A.C. Kakas, F. Sadri (Eds.): Computat. Logic (Kowalski Festschrift), LNAI 2407, pp. 437–471, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



438 Peter Flach and Nada Lavrač

languages have sufficient representational power. An example of an attribute-
value classification rule is the following (regarding contact lens prescriptions,
from [97]):

IF Age = Pre-presbyopic AND Astigmatic = No AND Tear-production = Normal
THEN Recommendation = Soft

A learned concept definition could consist of several of such rules. Concept learn-
ing can be generalised to multi-class classification problems, where one would
learn a set of rules for each class. (In contrast, in concept learning we are usually
not interested in learning rules for the complement of the concept.)

When objects are structured and consist of several related parts, we need
a richer representation formalism with variables to refer to those parts. In the
1970s and ’80s machine learning researchers started exploring the use of logic
programming representations, which led to the establishment of inductive logic
programming (ILP) [79] as a subdiscipline at the intersection of machine learn-
ing and computational logic. Recent years have seen a steady increase in ILP
research, as well as numerous applications to practical problems like data mining
and scientific discovery – see [8,30] for an overview of such applications.

Most of the current real-world ILP applications involve predictive knowledge
discovery, in particular the induction of classification and prediction rules from a
given database of examples and the available background knowledge. Successful
ILP applications include drug design [55], protein secondary structure prediction
[78], mutagenicity prediction [93], carcinogenesis prediction [94], medical diag-
nosis [72], discovery of qualitative models in medicine [48], finite-element mesh
design [28], telecommunications [92], natural language processing [73], recovering
software specifications [12], and many others.

Focusing on problems such as data mining also led away from pure classifi-
cation problems, where a teacher would pre-classify the training data and the
learning problem consists in coming up with rules predicting the class. In de-
scriptive induction problems, there is no notion of a class and the goal of learning
is to come up with rules describing correlations between any descriptors found
in the data. A typical example here are association rules [1], which are useful
in applications like market basket analysis. Descriptive induction methods have
also been studied in a first-order context.

The outline of the chapter is as follows. Sections 2 and 3 introduce the tasks
of predictive and descriptive ILP, respectively. In Section 4 we take a closer look
at the different knowledge formalisms that are used in ILP, in particular Datalog,
Prolog, typed and functional logic languages, and database representations. Sec-
tion 5 overviews state-of-the-art ILP techniques and systems, and in Section 6 we
look at future challenges for ILP research and applications, including a section
on research challenges related to computational logic. Section 7 concludes.
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2 Predictive ILP

In this section we give a tutorial introduction to the main forms of predictive
inductive logic programming. One instance of a predictive ILP problem concerns
the inductive construction of an intensional predicate definition (a set of Horn
clauses with a single predicate in the head) from a selection of ground instances
of the predicate. More generally, there can be several predicates whose defini-
tions are to be learned, also called foreground predicates or observables. In the
general case, this requires suitably defined auxiliary or background predicates
(simple recursive predicates such as member/2 and append/3 notwithstanding).
The induced set of rules or inductive hypothesis then provides an intensional con-
nection between the foreground predicates and the background predicates; we
will sometimes call such rules foreground rules. We will also use the terms facts to
refer to extensional knowledge, and rules to refer to intensional knowledge. The
terms ‘knowledge’ or ‘theory’ may refer to both facts and rules. Thus, predictive
induction infers foreground rules from foreground facts and background theory.

Definition 1 (Predictive ILP). Let PF and NF be sets of ground facts over
a set of foreground predicates F , called the positive examples and the negative
examples, respectively. Let TB, the background theory, be a set of clauses over a
set of background predicates B. Let L be a language bias specifying a hypothesis
language HL over F ∪ B (i.e., a set of clauses). A predictive ILP task consists
in finding a hypothesis H ⊆ HL such that ∀p ∈ PF : TB ∪H |= p and ∀n ∈ NF :
TB ∪H �|= n.

The subscripts F and B are often dropped, if the foreground and background
predicates are understood. We will sometimes refer to all examples collectively
as E.

Definition 1 is under-specified in a number of ways. First, it doesn’t rule out
trivial solutions like H = P unless this is excluded by the language bias (which
is not often the case since the language bias cannot simply exclude ground facts,
because they are required by certain recursive predicate definitions). Further-
more, the definition doesn’t capture the requirement that the inductive hypoth-
esis correctly predicts unseen examples. It should therefore be seen as a general
framework, which needs to be further instantiated to capture the kinds of ILP
tasks addressed in practice. We proceed by briefly discussing a number of possible
variations, indicating which of these we can handle with the approach proposed
in this chapter.

Clauses in T and H are often restricted to definite clauses with only positive
literals in the body. Some ILP algorithms are able to deal with normal clauses
which allow negative literals in the body. One can go a step further and allow
negation over several related literals in the body (called features in [65]).

In a typical predictive ILP task, there is a single foreground predicate to
be learned, often referred to as the target predicate. In contrast, multiple pred-
icate learning occurs when |F | > 1. Multiple predicate learning is hard if the
foreground predicates are mutually dependent, i.e., if one foreground predicate
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acts as an auxiliary predicate to another foreground predicate, because in that
case the auxiliary predicate is incompletely specified. Approaches to dealing with
incomplete background theory, such as abductive concept learning [52], can be
helpful here. Alternatively, multiple predicate learning may be more naturally
handled by a descriptive ILP approach, which is not intended at learning of clas-
sification rules but at learning of properties or constraints that hold for E given
T (see Section 3). The problems of learning recursive rules, where a foreground
predicate is its own auxiliary predicate, are related to the problems of multiple
predicate learning.

Definition 1 only applies to boolean classification problems. The definition
could be extended to multi-class problems, by supplying the foreground predi-
cate with an extra argument indicating the class. In such a case, a set of rules
has to be learned for each class. It follows that we can also distinguish binary
classification problems in which both the positive and negative class have to be
learned explicitly (rather than by negation-as-failure, as in the definition).

In individual-centred domains there is a notion of individual, e.g. molecules
or trains, and learning occurs on the level of individuals only. Usually, indi-
viduals are represented by a single variable, and the foreground predicates are
either unary predicates concerning boolean properties of individuals, or binary
predicates assigning an attribute-value or a class-value to each individual. Local
variables referring to parts of individuals are introduced by so-called structural
predicates. Individual-centred representations allow for a strong language bias
for feature construction (see Section 4.2). On the other hand, most program
synthesis tasks lack a clear notion of individual. Consider, for instance, the def-
inition of reverse/2: if lists are seen as individuals – which seems most natural
– the clauses are not classification rules; if pairs of lists are seen as individuals,
turning the clauses into boolean classification rules, the learning system will have
to rediscover the fact that the output list is determined by the input list.

Sometimes a predictive ILP task is unsolvable with the given background
theory, but solvable if an additional background predicate is introduced. For
instance, in Peano arithmetic multiplication is not finitely axiomatisable unless
the definition of addition is available. The process of introducing additional
background predicates during learning is called predicate invention. Predicate
invention can also be seen as an extreme form of multiple predicate learning
where some of the foreground predicates have no examples at all.

An initial foreground H0 may be given to the learner as a starting point for
hypothesis construction. Such a situation occurs e.g., in incremental learning,
where examples become available one-by-one and are processed sequentially.
Equivalently, we can perceive this as a situation where the background theory
also partially defines the foreground predicate(s). This is usually referred to as
theory revision.

After having considered the general form that predictive ILP problems may
take, we now turn our attention to predictive ILP algorithms. Broadly speaking,
there are two approaches. One can either start from short clauses, progressively
adding literals to their bodies as long as they are found to be overly general (top-
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down approaches); or one can start from long clauses, progressively removing
literals until they would become overly general (bottom-up approaches). Below,
we illustrate the main ideas by means of some simplified examples.

2.1 Top-Down Induction

Basically, top-down induction is a generate-then-test approach. Hypothesis
clauses are generated in a pre-determined order, and then tested against the
examples. Here is an example run of a fictitious incremental top-down ILP sys-
tem:

example action clause
+m(a,[a,b]) add clause m(X,Y)
-m(x,[a,b]) specialise: try m(X,[])

try m(X,[V|W])
try m(X,[X|W])

+m(b,[b]) do nothing
+m(b,[a,b]) add clause: try m(X,[V|W])

try...
try m(X,[V|W]):-m(X,W)

The hypothesis is initialised with the most general definition of the target pred-
icate. After seeing the first negative example, this clause is specialised by con-
straining the second argument. Several possibilities have to be tried before we
stumble upon a clause that covers the positive example but not the negative one.
Fortunately, the second positive example is also covered by this clause. A third
positive example however shows that the definition is still incomplete, which
means that a new clause has to be added. The system may find such a clause
by returning to a previously refuted clause and specialise it in a different way,
in this case by adding a literal to its body.

The resulting clause being recursive, testing it against the examples means
querying the predicate to be learned. Since in our example the base case had
been found already this doesn’t pose any problem; however, this requires that
the recursive clause is learned last, which is not always under control of the
teacher. Moreover, if the recursive clause that is being tested is incorrect, such
as m(X,Y):-m(Y,X), this may lead to non-termination problems. An alternative
approach, known as extensional coverage, is to query the predicate to be learned
against the examples. Notice that this approach would succeed here as well
because of the second positive example.

The approach illustrated here is basically that of Shapiro’s Model Inference
System [90,91], an ILP system avant la lettre (the term ‘inductive logic program-
ming’ was coined in 1991 by Muggleton [75]). MIS is an incremental top-down
system that performs a complete breadth-first search of the space of possible
clauses. Shapiro called his specialisation operator a refinement operator, a term
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that is still in use today (see [59] for an extensive analysis of refinement oper-
ators). A much simplified Prolog implementation of MIS can be found in [36].
Another well-known top-down system is Quinlan’s Foil [86].

As the previous example shows, clauses can be specialised in two ways: by
applying a substitution, and by adding a body literal. This is formalised by the
relation of θ-subsumption, which establishes a syntactic notion of generality.

Definition 2 (θ-subsumption). A clause C1 θ-subsumes a clause C2 iff there
is a substitution θ such that all literals in C1θ occur in C2.1

θ-subsumption is reflexive and transitive, but not antisymmetric (e.g.,p(X):-q(X)
and p(X):-q(X),q(Y) θ-subsume each other). It thus defines a pre-order on the
set of clauses, i.e., a partially ordered set of equivalence classes. If we define a
clause to be reduced if it does not θ-subsume any of its subclauses, then every
equivalence class contains a reduced clause that is unique up to variable renam-
ing. The set of these equivalence classes forms a lattice, i.e., two clauses have a
unique least upper bound and greatest lower bound under θ-subsumption. We
will refer to the least upper bound of two clauses under θ-subsumption as their
θ-LGG (least general generalisation under θ-subsumption). Note that the lattice
does contain infinite descending chains.

Clearly, if C1 θ-subsumes C2 then C1 entails C2, but the reverse is not true.
For instance, consider the following clauses:

nat(s(X)):-nat(X).
nat(s(s(Y))):-nat(Y).
nat(s(s(Z))):-nat(s(Z)).

Every model of the first clause is necessarily a model of the other two, both of
which are therefore entailed by the first. However, the first clause θ-subsumes
the third (substitute s(Z) for X) but not the second. Gottlob characterises the
distinction between θ-subsumption and entailment [47]: basically, C1 θ-subsumes
C2 without entailing it if the resolution proof of C2 from C1 requires to use C1

more than once.
It seems that the entailment ordering is the one to use, in particular when

learning recursive clauses. Unfortunately, the least upper bound of two Horn
clauses under entailment is not necessarily unique. The reason is simply that,
generally speaking, this least upper bound would be given by the disjunction of
the two clauses, but this may not be a Horn clause. Furthermore, generalisations
under entailment are not easily calculated, whereas generalisation and speciali-
sation under θ-subsumption are simple syntactic operations. Finally, entailment
between clauses is undecidable, whereas θ-subsumption is decidable (but NP-
complete). For these reasons, ILP systems usually employ θ-subsumption rather
than entailment. Idestam-Almquist defines a stronger form of entailment called
T-implication, which remedies some of the shortcomings of entailment [50,51].
1 This definition, and the term θ-subsumption, was introduced in the context of induc-
tion by Plotkin [83,84]. In theorem proving the above version is termed subsumption,
whereas θ-subsumption indicates a special case in which the number of literals of
the subsumant does not exceed the number of literals of the subsumee [68].
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2.2 Bottom-Up Induction

While top-down approaches successively specialise a very general starting clause,
bottom-up approaches generalise a very specific bottom clause. Again we illus-
trate the main ideas by means of a simple example. Consider the following four
ground facts:

a([1,2],[3,4],[1,2,3,4]). a([2],[3,4],[2,3,4]).
a([a],[],[a]) a([],[],[]).

Upon inspection we may conjecture that these ground facts are pairwise related
by one recursion step, i.e., the following two clauses may be ground instances of
the recursive clause in the definition of a/3:

a([1,2],[3,4],[1,2,3,4]):-
a([2],[3,4],[2,3,4]).

a([a],[],[a]):-
a([],[],[]).

All that remains to be done is to construct the θ-LGG of these two ground
clauses, which in this simple case can be constructed by anti-unification. This
is the dual of unification, comparing subterms at the same position and turning
them into a variable if they differ. To ensure that the resulting inverse substitu-
tion is the least general anti-unifier, we only introduce a new variable if the pair
of different subterms has not been encountered before. We obtain the following
result:

a([A|B],C,[A|D]):-
a(B,C,D).

which is easily recognised as the recursive clause in the standard definition of
append/3.

In general things are of course much less simple. One of the main problems is
to select the right ground literals from a much larger set. Suppose now that we
know which head literals to choose, but not which body literals. One approach
is to simply lump all literals together in the bodies of both ground clauses:

a([1,2],[3,4],[1,2,3,4]):-
a([1,2],[3,4],[1,2,3,4]),a([a],[],[a]),
a([],[],[]),a([2],[3,4],[2,3,4]).

a([a],[],[a]):-
a([1,2],[3,4],[1,2,3,4]),a([a],[],[a]),
a([],[],[]),a([2],[3,4],[2,3,4]).

Since bodies of clauses are, logically speaking, unordered, the θ-LGG is obtained
by anti-unifying all possible pairs of body literals, keeping in mind the variables
that were introduced when anti-unifying the heads. Thus, the body of the re-
sulting clause consists of 16 literals:
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a([A|B],C,[A|D]):-
a([1,2],[3,4],[1,2,3,4]),a([A|B],C,[A|D]),
a(W,C,X),a([S|B],[3,4],[S,T,U|V]),
a([R|G],K,[R|L]),a([a],[],[a]),
a(Q,[],Q),a([P],K,[P|K]),a(N,K,O),
a(M,[],M),a([],[],[]),a(G,K,L),
a([F|G],[3,4],[F,H,I|J]),a([E],C,[E|C]),
a(B,C,D),a([2],[3,4],[2,3,4]).

After having constructed this bottom clause, our task is now to generalise
it by throwing out as many literals as possible. To begin with, we can remove
the ground literals, since they are our original examples. It also makes sense to
remove the body literal that is identical to the head literal, since it turns the
clause into a tautology. More substantially, it is reasonable to require that the
clause is connected, i.e., that each body literal shares a variable with either the
head or another body literal that is connected to the head. This allows us to
remove another 7 literals, so that the clause becomes

a([A|B],C,[A|D]):-
a(W,C,X),a([S|B],[3,4],[S,T,U|V]),
a([E],C,[E|C]),a(B,C,D).

Until now we have not made use of any negative examples. They may now be
used to test whether the clause becomes overly general, if some of its body
literals are removed. Another, less crude way to get rid of body literals is to
place restrictions upon the existential variables they introduce. For instance, we
may require that they are determinate, i.e., have only one possible instantiation
given an instantiation of the head variables and preceding determinate literals.

The approach illustrated here is essentially the one taken by Muggleton and
Feng’s Golem system [77] (again, a much simplified Prolog implementation can
be found in [36]). Although Golem has been successfully applied to a range of
practical problems, it has a few shortcomings. One serious restriction is that
it requires ground background knowledge. Furthermore, all ground facts are
lumped together, whereas it is generally possible to partition them according to
the examples (e.g., the fact a([a],[],[a]) has clearly nothing to do with the
fact a([2],[3,4],[2,3,4])). Both restrictions are lifted in Muggleton’s current
ILP system Progol [80]. Essentially, Progol constructs a bottom clause for a
selected example by adding its negation to the (non-ground) background theory
and deriving all entailed negated body literals. By means of mode declarations
(see Section 4.4) this clause is generalised as much as possible; the resulting body
literals are then used in a top-down refinement search, guided by a heuristic
which measures the amount of compression the clause achieves relative to the
examples (see the next section on heuristics). Progol is thus a hybrid bottom-
up/top-down system. It has been successfully applied to a number of scientific
discovery problems.

The examples we used above to illustrate top-down and bottom-up ILP algo-
rithms concerned inductive synthesis of simple recursive programs. While illus-
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trative, these examples are non-typical of many ILP approaches which perform
classification rather than program synthesis, use an individual-centred represen-
tation, and employ background knowledge rather than recursion. Examples of
these kinds of ILP problems will be given in Section 4.

2.3 Heuristics

Shapiro’s MIS searched the ordered set of hypothesis clauses in a breadth-first
manner. Experience shows that this is too inefficient except for relatively re-
stricted induction problems. In general every ILP system needs heuristics to
direct the search. Heuristics are also needed if the data is noisy (contains er-
rors). We can only scratch the surface of the topic here – for overviews see [63,
Chapter 8] or [64].

There are basically three approaches to heuristics in machine learning. The
statistical approach treats the examples as a sample drawn from a larger pop-
ulation. The (population) accuracy of a clause is the relative frequency of true
instances among the instances covered by the clause (which is roughly the same
as the number of substitutions that make body and head true divided by the
number of substitutions that make the body true). Clearly, population accuracy
is a number between 0 and 1, with 1 denoting perfect fit and 0 denoting total
non-fit. As this is a population property it needs to be estimated from the sam-
ple. One obvious candidate is sample accuracy; when dealing with small samples
corrections such as the Laplace estimate (which assumes a uniform prior distribu-
tion of the classes) or variations thereof can be applied. Informativity estimates
are variants of accuracy estimates, which measure the entropy (impurity) of the
set of examples covered by a clause with respect to their classification. One po-
tential problem when doing best-first search is overfitting: if clauses are being
specialised until they achieve perfect fit, they may cover only very few examples.
To trade off accuracy and generality, the accuracy or informativity gain achieved
by adding a literal to a clause is usually weighted with a fraction comparing the
number of positive examples covered by each clause. In addition, ILP systems
usually include a stopping criterion that is related to the estimated significance
of the induced clause.

Bayesians do not treat probabilities as objective properties of an unknown
sample, but rather as subjective degrees of belief that the learner is prepared to
attach to a clause. The learner constantly updates these beliefs when new evi-
dence comes in. This requires a prior probability distribution over the hypothesis
space, which represents the degrees of belief the learner attaches to hypotheses
in the absence of any evidence. It also requires conditional probability distri-
butions over the example space for each possible hypothesis, which represents
how likely examples are to occur given a particular hypothesis. The posterior
probability of a hypothesis given the observed evidence, which is the heuristic
we are going to maximise, is then calculated using Bayes’ law. For instance,
suppose that initially we consider a particular hypothesis to be very unlikely,
but certain evidence to be very likely given that hypothesis. If subsequently we
indeed observe that evidence, this will increase our belief that the hypothesis
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might after all be true. One problem with the Bayesian approach is the large
number of probability distributions that are required. Since they influence the
posterior probability, they should be meaningful and justifiable. For instance,
using a uniform prior distribution (all hypotheses are a priori equally likely)
may be technically simple but hard to justify.

Finally, there is the compression approach [95]. The idea here is that the best
hypothesis is the one which most compresses the data (for instance because the
learner wants to transmit the examples over a communication channel in the
most efficient way). One therefore compares the size of the examples with the
size of the hypothesis. To measure these sizes one needs some form of encoding:
for instance, if the language contains 10 predicate symbols one can assign each of
them a number and encode this in binary in 4 bits (clearly the encoding should
also be communicated but this is independent of the examples and the hypoth-
esis). Similar to the Bayesian approach, this encoding needs to be justified: for
instance, if variables are encoded in many bits and constants in few, there may
be no non-ground hypothesis that compresses the data and generalisation will
not occur.

In fact, there is a close link between the compression approach and the
Bayesian approach as follows. Suppose one has to transmit one of n messages
but does not know a priori which one. Suppose however that one does have a
probability distribution over the n messages. Information theory tells us that
the theoretically optimal code assigns − log2 pi bits to the i-th message (pi is
the probability of that message). Having thus established a link between a prob-
ability distribution and an encoding, we see that choosing an encoding in fact
amounts to choosing a prior probability. The hypothesis with the highest pos-
terior probability is the one which minimises the code length for the hypothesis
plus the code length for the examples given the hypothesis (i.e., the correct
classifications for those examples that are misclassified by the hypothesis). The
compression approach and the Bayesian approach are really two sides of the
same coin. One advantage of the compression viewpoint may be that encodings
are conceptually simpler than distributions.

3 Descriptive ILP

Inductive logic programming started as an offspring of concept learning from
examples, with attribute-value classification rules replaced by Prolog predicate
definitions. As we have seen, this has naturally led to a definition of induc-
tion as inference of a target theory from some of its consequences and non-
consequences (Definition 1). However, this definition assumes that the induced
hypothesis will be used to derive further consequences. It is much less applicable
to induce formulae with a different pragmatics, such as integrity constraints, for
which we therefore need a different problem definition. The process of inducing
non-classificatory rules is usually called descriptive induction, and if the repre-
sentation formalism involved is clausal logic we may refer to it as descriptive
ILP.



Learning in Clausal Logic: A Perspective on Inductive Logic Programming 447

The fact that there is a pragmatic difference between intensional database
rules and integrity constraints is common knowledge in the field of deductive
databases, and the conceptual difference between inducing either of them is a
natural one from that perspective. On the other hand, just as the topic of Horn
logic is much better developed than the subject of integrity constraints, induction
of the latter is a much more recent development than Horn clause induction, and
some major research topics remain. For instance, giving up Horn logic means
that we loose our main criterion for deciding whether a hypothesis is good or
not: classification accuracy. It is not immediately obvious what task the induced
constraints are going to perform. One important research problem is therefore to
find meaningful heuristics for this kind of induction. Furthermore, it is hard to
capture all forms of descriptive ILP in a single definition. The following definition
therefore only provides a starting point for discussing different approaches to
descriptive ILP.

Definition 3 (Descriptive ILP). Let E be a collection of evidence and let mE

be a model constructed from E. Let L be a language bias specifying a hypothesis
language HL. A descriptive ILP task consists in finding a hypothesis H ⊆ HL

axiomatising mE, i.e., H is true in mE, and ∀g ∈ HL: if g is true in mE then
H |= g.

Definition 3 leaves the form of the evidence unspecified. In the simplest case,
the evidence is simply an enumeration of the intended modelmE by ground facts.
The evidence may also include an intensional part T , in which mE would be the
truth-minimal Herbrand model of T ∪ E (note that in descriptive ILP there is
no real need to distinguish between intensional and extensional evidence, since
they both end up at the same end of the turnstile). E could also be a collection
of models, from which a canonical model mE is constructed.

In general it can be said that, while predictive induction is driven by entail-
ment, descriptive induction is driven by some notion of consistency or truth in a
model. For instance, database constraints exclude certain database states, while
intensional rules derive part of a database state from another part. In a sense, in-
tegrity constraints are learned by generalising from several database states. It is
therefore often more natural to associate the extensional data with one ore more
models of the theory to be learned, rather than with a single ground atomic
consequence. From this viewpoint induction of integrity constraints is more a
descendant of one of the typical problems studied in computational learning
theory, viz. learning arbitrary boolean expressions from some of its satisfying
and falsifying assignments [96,3].

Furthermore, there is often a close link between descriptive induction and
nonmonotonic or closed-world reasoning, in that both involve some form of
Closed World Assumption (CWA). However, the inductive CWA has a slightly
different interpretation: ‘everything I haven’t seen behaves like the things I have
seen’ [49]. Sometimes this enables one to treat the data as specifying one pre-
ferred or minimal model, and develop the hypothesis from that starting point.
Meta-logical properties of this form of inductive reasoning are therefore similar
to those of reasoning with rules that tolerate exceptions [37,38].
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Table 1. A feature table.

X female(X) male(X) gorilla(X)

- - -

- - +

- + -

richard, fred - + +

+ - -

liz, ginger + - +

+ + -

+ + +

We illustrate descriptive ILP with a simple example, taken from [21]. Let the
evidence be given by the following ground facts:

gorilla(liz). gorilla(richard).
gorilla(ginger). gorilla(fred).
female(liz). male(richard).
female(ginger). male(fred).

One approach to construct a set of most general satisfied clauses is by means of
DNF to CNF conversion [39]. From the evidence we construct a feature table,
which is a sort of generalised truth-table (Table 1). We assume that a set of
literals of interest has been generated in some way. Each column in the feature
table corresponds to one of those literals, and each row corresponds to a ground-
ing substitution of all variables in the literal set. In Table 1, the rows without
an entry for X indicate that one cannot find a substitution for X such that the
three ground atoms obtain the required truth value – these represent the so-
called countermodels. For instance, the first line indicates that the evidence does
not contain a substitution for X such that female(X), male(X) and gorilla(X)
are all false. The desired clausal theory can now be found by constructing the
prime implicants of the countermodels and negating them. For instance, the first
two countermodels together imply that ¬ female(X) ∧ ¬ male(X) is unsatisfi-
able, i.e., female(X);male(X) is a most general satisfied clause. This yields the
following theory:

gorilla(X).
male(X);female(X).
:-male(X),female(X).

Notice that a more specific hypothesis would be obtained by adding a non-
female, non-male non-gorilla to the evidence (or by requiring that the evidence
be range-restricted):

gorilla(X):-female(X)
gorilla(X):-male(X)
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Table 2. A 3-dimensional contingency table.

son(X,Y)/5 ¬son(X,Y)/52 son(X,Y) ¬son(X,Y)
parent(Y,X)/11 0 (0.10) 6 (1.06) 5 (0.86) 0 (8.98)
¬parent(Y,X)/46 0 (0.42) 0 (4.42) 0 (3.61) 46 (37.55)

daughter(X,Y)/6 ¬daughter(X,Y)/51

male(X);female(X):-gorilla(X)
:-male(X),female(X)

An important difference with the classification-oriented form of ILP is that
here each clause can be discovered independently of the others. This means
that the approach can be implemented as an any-time algorithm, at any time
maintaining a hypothesis that is meaningful as an approximate solution, the
sequence of hypotheses converging to the correct solution over time.

In Section 2.3, we discussed the use of heuristics in predictive ILP. The need
for heuristics is even more urgent in descriptive ILP, because there are usually
large numbers of rules satisfying the requirements (typically because the expen-
sive condition that the rules are the most general ones is relaxed). We outline a
possible approach inspired by [44].

Suppose we are considering the literals daughter(X,Y), son(X,Y), and
parent(Y,X). As in Table 1 we count the number of substitutions for each
possible truthvalue assignment, but instead of a truthtable we employ a multi-
dimensional contingency table to organise these counts (Table 2). This table
contains the 8 cells of the 3-dimensional contingency table, as well as vari-
ous marginal frequencies obtained by summing the relevant cells. Using these
marginal frequencies we can now calculate expected frequencies for each cell
under the assumption of independence of the three literals. For instance, the ex-
pected frequency of substitutions that make parent(Y,X) true, daughter(X,Y)
false and son(X,Y) false is 11 ∗ 51 ∗ 52/572 = 8.98. These expected frequencies
are indicated between brackets. Note that they sum to 57, but not to any of
the other marginal frequencies (this would require more sophisticated models of
independence, such as conditional independence).

As before, zeroes (i.e., countermodels) in the table correspond to clauses.
Prime implicants are obtained by combining zeroes as much as possible, by
projecting the table onto the appropriate 2 dimensions. We then obtain the
following theory:

daughter(X,Y);son(X,Y):-parent(Y,X). (15.8%)
parent(Y,X):-daughter(X,Y). (8.5%)
parent(Y,X):-son(X,Y). (7.1%)
:-daughter(X,Y),son(X,Y). (0.9%)

Between brackets the expected relative frequency of counter-instances is indi-
cated, which can be taken as a measure of the novelty of the clause with respect
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to the marginal distributions. For instance, the fourth clause has low novelty
because there are relatively few substitutions making son(X,Y) true, and the
same holds for daughter(X,Y). That no substitutions making both literals true
can be found in the data may thus well be due to chance. By the same reasoning,
the first clause gets high novelty, since from the marginal frequencies one would
expect it to be quite easy to make both literals false.

This analysis interprets clauses in a classical way, since the confirmation of
a clause is independent of its syntactical form. If we take a logic programming
perspective the approach can be simplified to 2-dimensional tables that assess
the dependence between body and head. We refer the interested reader to [44].

4 Knowledge Representation for ILP

Logic is a powerful and versatile knowledge representation formalism. However,
its versatility also means that there are usually many different ways of repre-
senting the same knowledge. What is the best representation depends on the
task at hand. In this section we discuss several ways of representing a partic-
ular predictive ILP task in logic, pointing out the strengths and weaknesses of
each. As a running example we use a learning problem from [69]. The learning
task is to discover low size-complexity Prolog programs for classifying trains as
Eastbound or Westbound. The problem is illustrated in Figure 1.

1. TRAINS GOING EAST 2. TRAINS GOING WEST

1.

2.

3.

4.

5.

1.

2.

3.

4.

5.

Fig. 1. The ten train East-West challenge.

Each train consists of 2-4 cars; the cars have attributes like shape (rectan-
gular, oval, u-shaped, ...), length (long, short), number of wheels (2, 3), type of
roof (none, peaked, jagged, ...), shape of load (circle, triangle, rectangle, ...), and
number of loads (1-3). A possible rule distinguishing between eastbound and
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westbound trains is ‘a train is eastbound if it contains a short closed car, and
westbound otherwise’.

4.1 Datalog Representations

Datalog is a subset of Prolog in which the only functors are of arity 0 (i.e.,
constants). This simplifies inference as unification only needs to be performed
between two variables, or between a variable and a constant. Similarly, it sim-
plifies the specialisation and generalisation operators in ILP. The drawback is
a loss of structure, as aggregation mechanisms such as lists are not available.
Structured objects need to be represented indirectly, by introducing names for
their parts.

A Datalog representation of the first train in Figure 1 is as follows.

eastbound(t1).

hasCar(t1,c11). hasCar(t1,c12).
cshape(c11,rect). cshape(c12,rect).
clength(c11,short). clength(c12,long).
croof(c11,none). croof(c12,none).
cwheels(c11,2). cwheels(c12,3).
hasLoad(c11,l11). hasLoad(c12,l12).
lshape(l11,circ). lshape(l12,hexa).
lnumber(l11,1). lnumber(l12,1).

hasCar(t1,c13). hasCar(t1,c14).
cshape(c13,rect). cshape(c14,rect).
clength(c13,short). clength(c14,long).
croof(c13,peak). croof(c14,none).
cwheels(c13,2). cwheels(c14,2).
hasLoad(c13,l13). hasLoad(c14,l14).
lshape(l13,tria). lshape(l14,rect).
lnumber(l13,1). lnumber(l14,3).

Using this representation, the above hypothesis would be written as

eastbound(T):-hasCar(T,C),clength(C,short),not croof(C,none).

Testing whether this hypothesis correctly classifies the example amounts to prov-
ing the query ?-eastbound(t1) from the hypothesis and the description of the
example (i.e., all ground facts minus its classification).

Alternatively, we could represent an example by a ground clause:

eastbound(t1):-
hasCar(t1,c11),cshape(c11,rect),clength(c11,short),

croof(c11,none),cwheels(c11,2),
hasLoad(c11,l11),lshape(l11,circ),lnumber(l11,1),
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hasCar(t1,c12),cshape(c12,rect),clength(c12,long),
croof(c12,none),cwheels(c12,3),
hasLoad(c12,l12),lshape(l12,hexa),lnumber(l12,1),

hasCar(t1,c13),cshape(c13,rect),clength(c13,short),
croof(c13,peak),cwheels(c13,2),
hasLoad(c13,l13),lshape(l13,tria),lnumber(l13,1),

hasCar(t1,c14),cshape(c14,rect),clength(c14,long),
croof(c14,none),cwheels(c14,2),
hasLoad(c14,l14),lshape(l14,rect),lnumber(l14,3).

From the logical point of view this representation is slightly odd because it
doesn’t actually assert the existence of train t1 – only that, if t1 existed and
had the indicated properties, it would be eastbound. On the other hand, such
hypothetical statements are all that is required for an induction algorithm, and
we are not interested in rules referring to individual examples anyway. This
representation also suggests an alternative way of testing whether a single-clause
hypothesis covers an example, namely by a subsumption test.

Note that the body of each ground clause is a set of ground atoms, which can
alternatively be seen as a Herbrand interpretation containing all facts describing
a single example. Consequently, this setting is often referred to as learning from
interpretations [19] (notice that this setting does not have to be restricted to Dat-
alog, since the ground atoms in an interpretation may contain complex terms).
The key point of this setting is that it allows us to keep all information pertain-
ing to a single example together. In contrast, in the first Datalog representation
facts belonging to different examples get mixed in a dataset. This is an impor-
tant advantage of the ground clause or Herbrand interpretation representation,
which increases the efficiency of mining algorithms significantly [5]. The term
representations discussed in the next section are similarly individual-centred.

4.2 Term Representations

In full Prolog we can use terms to represent individuals. The following represen-
tations uses functors to represent cars and loads as tuples, and lists to represent
a train as a sequence of cars.

eastbound([car(rect,short,none,2,load(circ,1)),
car(rect,long, none,3,load(hexa,1)),
car(rect,short,peak,2,load(tria,1)),
car(rect,long, none,2,load(rect,3))]).

In this representation, the hypothesis given before is expressed as follows:

eastbound(T):-member(C,T),arg(2,C,short),not arg(3,C,none).

Here we use the built-in Prolog predicate arg(N,T,A), which is true if A is the
N-th argument of complex term T.
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Strictly speaking, this representation is not equivalent to the previous ones
because we now encode the order of cars in a train. We could encode the order
of cars in the Datalog representation by using the predicates hasFirstCar(T,C)
and nextCar(C1,C2) instead of hasCar(T,C). Alternatively, we can ignore the
order of cars in the term representation by only using the member/2 pred-
icate, effectively turning the list into a set. From the point of view of hy-
potheses, the two hypothesis representations are isomorphic: hasCar(T,C) cor-
responds to member(C,T), clength(C,short) corresponds to arg(2,C,short),
and croof(C,none) corresponds to arg(3,C,none). Thus, Datalog and term
representations look very different concerning examples, and very similar con-
cerning hypotheses.

Like the ground Datalog clause representation, the term representation has
the advantage that all information pertaining to an individual is kept together.
Moreover, the structure of the terms can be used to guide hypothesis construc-
tion, as there is an immediate connection between the type of an individual
and the predicate(s) used to refer to parts of the individuals. This connection
between term structure and hypothesis construction is made explicit by using
a strongly typed language [40]. The following representation uses a Haskell-like
language called Escher, which is a higher-order logic and functional programming
language [67].

eastbound :: Train->Bool;
type Train = [Car];
type Car = (CShape,CLength,CRoof,CWheels,Load);
data CShape = Rect | Hexa | ...;
data CLength = Long | Short;
data CRoof = None | Peak | ...;
type CWheels = Int;
type Load = (LShape,LNumber);
data LShape = Circ | Hexa | ...;
type LNumber = Int;

eastbound([(Rect,Short,None,2,(Circ,1)),
(Rect,Long, None,3,(Hexa,1)),
(Rect,Short,Peak,2,(Tria,1)),
(Rect,Long, None,2,(Rect,3))]) = True;

The important part here is the type signature. The first line defines eastbound as
a function mapping trains to booleans. The lines starting with type define type
synonyms (i.e., the type signature could be rewritten without them). The lines
starting with data define algebraic datatypes; here, they are simply enumerated
types. The actual representation of an example is very similar to the Prolog
term representation, except that it is an equation rather than a fact. Notice that
functions are more natural to express classification rules than predicates.
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The hypothesis is now expressed as follows:

eastbound(t) = (exists \c -> member(c,t) &&
proj2(c)==Short && proj3(c)!=None)

Here, the phrase exists \c -> stands for explicit existential quantification of
variable c, and proj2 and proj3 project on the second and third component of
a 5-tuple representing a car, respectively. Again, the hypothesis is structurally
similar to the Prolog one. However, the main point about strongly typed rep-
resentations is that the type signature is available to the learning algorithm to
guide hypothesis construction.

The term perspective gives us a clear view on the relation between attribute-
value learning and first- and higher-order learning. In attribute-value learning,
examples are represented by tuples of constants. Hypotheses are built by refer-
ring to one of the components of the tuple by means of projection, followed by
a boolean condition on that component (e.g., being equal to a constant).2 First-
order representations such as Prolog generalise this by allowing lists and other
recursive types, as well as an arbitrary nesting of subtypes (e.g., an individual
could be a tuple, one component of which could be a list of tuples). Higher-order
representations generalise this further by allowing sets and multisets.3

4.3 Database Representations

A third representation formalism for ILP is relational databases. This represen-
tation is clearly related to the Datalog representation: in particular, both rep-
resentations refer to individuals and their parts by means of unique identifiers.
However, there is also a close link with the term representation, as each complex
type corresponds to a database relation, and the nesting of types corresponds to
(chains of) foreign keys in the database.

A relational database representation is given in Figure 2. The train attribute
in the CAR relation is a foreign key to trainID in TRAIN, and the car attribute
in the LOAD relation is a foreign key to carID in CAR. Notice that the first
foreign key is one-to-many, and the second one is one-to-one. An SQL version of
the hypothesis discussed earlier is

SELECT DISTINCT TRAIN.trainID FROM TRAIN, CAR WHERE
TRAIN.trainID = CAR.train AND
CAR.shape = ’rectangle’ AND
CAR.roof != ’none’

2 In practice this projection is not explicitly used, as any condition on a component
of the tuple can be equivalently written as a condition on the tuple. The result-
ing rule will then have the same variable in all literals. Such rules could be called
semi-propositional, as the only role of the variable is to distinguish hypotheses from
examples. This explains why attribute-value learning is often loosely called proposi-
tional learning.

3 A set is equivalent to a predicate; passing around sets as terms requires a higher-
order logic.
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TRAIN

trainID eastbound

t1 true

CAR

carID cshape clength croof cwheels train

c11 rect short none 2 t1
c12 rect long none 3 t1
c13 rect short peak 2 t1
c14 rect long none 2 t1

LOAD

loadID lshape lnumber car

l11 circ 1 c11
l12 hexa 1 c12
l13 tria 1 c13
l14 rect 3 c14

Fig. 2. A relational database representation of the East-West challenge.

This query performs a join of the TRAIN and CAR tables over trainID, selecting
only rectangular closed cars. To prevent trains that have more than one such car
to be included several times, the DISTINCT construct is used.

While this database representation does not seem to add much to the first
Datalog representation from Section 4.1, it focuses attention on the fact that
we really need a data model to describe the inherent structure of our data.
Such a data model could be expressed, e.g., as an entity-relationship diagram
(Figure 3), and plays the same role as the type signature in the strongly typed
term representation. An alternative would be to use description logics to model
the structure of the domain. Some work on learning description logic expressions
is reported in [13], but note that this requires a different learning setting as
description logic expressions can express concepts (intensional descriptions of
classes of individuals) but not single individuals.

Like the first Datalog representation, the database representation has the
disadvantage that examples are not easily separable. The term representations
and the ground Datalog clause representations are superior in this respect. The
term representation works very nicely on tree-structured data, but when the
individuals are graphs (e.g., molecules) naming cannot be avoided in this repre-
sentation either. Moreover, the term representation can be inflexible if we want
to learn on a different level of individuals, e.g., if we want to learn on the level
of cars rather than trains (the same holds for the ground Datalog clauses).

On the other hand, the strongly typed term representation provides a strong
language bias, as hypothesis construction is guided by the structure of the in-
dividual. In particular, the strongly typed perspective advocates a distinction
between two types of predicates:
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Traineastbound

Has

Car

cshape

clength

croof

cwheels

1

M

Has Load
1 1

lshape lnumber

Fig. 3. Entity-relationship diagram for the East-West challenge.

1. structural predicates, which introduce variables, and
2. utility predicates (also called properties), which consume variables.

From the perspective of the entity-relationship data model, utility predicates
correspond to attributes of entities, while structural predicates correspond to
relationships between entities. This provides a useful language bias even in the
Datalog representation; it has been used in [42] to upgrade the naive Bayes
classifier to first-order logic.

4.4 Other Approaches to Language Bias

Below, we briefly review other approaches to fight the inherent complexity of ILP
by imposing constraints, mostly syntactic in nature, on candidate hypotheses.
Such constraints are grouped under the heading of language bias (there are other
forms of biases that influence hypothesis selection; see [81] for an overview of
declarative bias in ILP).

Essentially, the main source of complexity in ILP derives from the local vari-
ables in hypothesis clauses. In top-down systems, the branching factor of the
specialisation operator increases with the number of variables in the clause.
Typing is useful here, since it rules out many potential substitutions and uni-
fications. Furthermore, one can simply put a bound on the number of distinct
variables that can occur in a clause. In bottom-up systems, at some point one
has to construct θ-LGG’s for two or more ground clauses, which introduces many
literals with variables occurring in the body but not in the head of the clause
(existential variables). The approach of Golem is to restrict the introduction of
existential variables by means of ij-determinacy, which enforces that every ex-
istential variable is uniquely determined by the preceding variables (i and j are
depth parameters) [77].
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Mode declarations are a well-known device from logic programming to de-
scribe possible input-output behaviour of a predicate definition. For instance, a
sorting program will have a mode declaration of sort(+list,-list), meaning
that the first argument must be instantiated to a list. Progol uses extended mode
declarations such as the following:

modeh(*,factorial(+int,-int)).
modeb(*,factorial(+int,-int)).
modeb(*,decr(+int,-int)).
modeb(*,mult(+int,+int,-int)).

A modeh declaration concerns a predicate that can occur in the head of a hy-
pothesis clause, while modeb declarations relate to body literals. A set of mode
declarations defines a mode language as follows: the head of the clause contains
a predicate from a modeh declaration with arguments replaced by variables, and
every body literal contains a predicate from a modeb declaration with arguments
replaced by variables, such that every variable with mode +type is also of mode
+type in the head, or of mode -type in a preceding literal. The mode language
corresponding to the above mode declarations thus includes the clause

factorial(A,B):-decr(A,C),factorial(C,D),mult(A,D,B).

The asterisk * in the above mode declarations indicates that the corresponding
literal can have any number of solutions; it may be bounded by a given integer.
In addition one can apply a depth bound to a variable; e.g., in the clause just
given the variable D has depth 2.

Refinement operators can be used as a language bias, since they can be
restricted to generate only a subset of the language. For instance, a refinement
operator can easily be modified to generate only singly-recursive or tail-recursive
clauses. DLAB (declarative language bias) is a powerful language for specifying
language bias [21]. Finally, we mention the use of clause schemata as a language
bias. These are second-order clauses with predicate variables:

Q(X,Y):-P(X,Y).
Q(X,Y):-P(X,Z),Q(Z,Y).

Such schemata are used to constrain possible definitions of predicates; in this
case it stipulates that any predicate that instantiates Q must be defined as the
transitive closure of some other predicate.

5 State-of-the-Art ILP Techniques for Relational Data
Mining

We continue to give a brief overview of state-of-the-art ILP techniques for re-
lational data mining. Most of the outlined techniques are described in detail in
[32]. This overview is limited to predictive and descriptive ILP techniques result-
ing in symbolic knowledge representations, excluding non-symbolic first-order
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approaches such as relational instance-based learning [34], first-order reinforce-
ment learning [31], and first-order Bayesian classifiers [42]. It has been suggested
[27] to integrate the two main settings of predictive and descriptive ILP; in this
integrated framework the learned theory is a combination of (predictive) rules
and (descriptive) integrity constraints that restrict the consequences of these
rules.

5.1 Predictive ILP

Learning of classification rules. This is the standard ILP setting that has
been used in numerous successful predictive knowledge discovery applications.
Well-known systems for classification rule induction include Foil [86], Golem [77]
and Progol [80]. Foil is efficient and best understood, while Golem and Progol are
less efficient but have been used in many of the successful ILP applications. Foil is
a top-down learner, Golem is a bottom-up learner, and Progol uses a combined
search strategy. All are mainly concerned with single predicate learning from
positive and negative examples and background knowledge; in addition, Progol
can also be used to learn from positive examples only. They use different accep-
tance criteria: compression, coverage/accuracy and minimal description length,
respectively. The system LINUS [62,63], developed from a learning component
of QuMAS [74], introduced the propositionalisation paradigm by transforming
an ILP problem into a propositional learning task.

Induction of logical decision trees. The system Tilde [4] is a top-down
decision tree induction algorithm. It can be viewed as a first-order upgrade of
Quinlan’s C4.5, employing logical queries in tree nodes which involves appro-
priate handling of variables. The main advantage of Tilde is its efficiency and
capability of dealing with large numbers of training examples, which Tilde in-
herits from its propositional ancestors. Bowers et al. describe a decision tree
learner that employs higher-order logic [7]. An important difference with Tilde
is that Tilde constructs trees with single literals in the nodes, and thus local
variables are shared among different nodes. In contrast, the higher-order learner
constructs more complex features for each node, such that all variables are local
to a node.

First-order regression. A regression task concerns prediction of a real-
valued variable rather than a class. The relational regression task can be defined
as follows: Given training examples as positive ground facts for the target pred-
icate r(Y,X1, ..., Xn), where the variable Y has real values, and background
knowledge defining additional predicates, find a definition for r(Y,X1, ..., Xn),
such that each clause has a literal binding Y (assuming that X1, ..., Xn are
bound). Typical background knowledge predicates include less-or-equal tests,
addition, subtraction and multiplication. An approach to relational regression is
implemented in the system FORS (First Order Regression System) [53] which
performs top-down search of a refinement graph. In each clause, FORS can
predict a value for the target variable Y as the output value of a background
knowledge literal, as a constant, or as a linear combination of variables appearing
in the clause (using linear regression).
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Inductive Constraint Logic Programming. It is well known that Con-
straint Logic Programming (CLP) can successfully deal with numerical con-
straints. The idea of Inductive Constraint Logic Programming [89] is to benefit
from the number-handling capabilities of CLP, and to use the constraint solver of
CLP to do part of the search involved in inductive learning. To this end a maxi-
mally discriminant generalisation problem in ILP is transformed to an equivalent
constraint satisfaction problem (CSP). The solutions of the original ILP problem
can be constructed from the solutions of CSP, which can be obtained by running
a constraint solver on CSP.

5.2 Descriptive ILP

Learning of clausal theories and association rules. In discovering full
clausal theories, as done in the system Claudien [21], each example is a Her-
brand model, and the system searches for the most general clauses that are true
in all the models. Clauses are discovered independently from each other, which is
a substantial advantage for data mining, as compared to the learning of classifi-
cation rules (particularly learning of mutually dependent predicates in multiple
predicate learning). In Claudien, search of clauses is limited by the language
bias. Its acceptance criterion can be modified by setting two parameters: the re-
quested minimal accuracy and minimal number of examples covered. In another
clausal discovery system, Tertius [44], the best-first search for clauses is guided
by heuristics measuring the “confirmation” of clauses. The Claudien system was
further extended to Warmr [16,17] that enables learning of association rules from
multiple relations.

First-order clustering. Top-down induction of decision trees can be viewed
as a clustering method since nodes in the tree correspond to sets of examples
with similar properties, thus forming concept hierarchies. This view was adopted
in C0.5 [20], an upgrade of the Tilde logical decision tree learner. A relational
distance-based clustering method is presented also in [58]. An early approach
combining learning and conceptual clustering techniques was implemented in
the system Cola [33]. Given a small (sparse) set of classified training instances
and a set of unclassified instances, Cola uses Bisson’s conceptual clustering al-
gorithm KBG on the entire set of instances, climbs the hierarchy tree and uses
the classified instances to identify (single or disjunctive) class descriptions.

Database restructuring. The system Fender [92] searches for common
parts of rules describing a concept, thus forming subconcept definitions to be
used in the reformulation of original rules. The result is a knowledge base with
new intermediate concepts and deeper inferential structure than the initial “flat”
rulebase. The system Index [35] is concerned with the problem of determining
which attribute dependencies (functional or multivalued) hold in the given re-
lational database. The induced attribute dependencies can be used to obtain a
more structured database. Both approaches can be viewed as doing predicate
invention, where (user selected) invented predicates are used for theory restruc-
turing. Various algorithms for discovery of database dependencies can be found
in [41,88].
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Subgroup discovery. The subgroup discovery task is defined as follows:
given a population of individuals and a target property of those individuals
we are interested in, find sufficiently large subgroups of the population that
have a significantly different distribution with respect to the target property.
The system Midos [98] guides the top-down search of potentially interesting
subgroups using numerous user-defined parameters. The Tertius system [44] can
also perform subgroup discovery. The Warmr system [16,17] can be used to find
frequent queries, i.e., conjunctions of literals that have sufficiently many answers.

Learning models of dynamic systems. The automated construction of
models of dynamic system may be aimed at qualitative model discovery. A re-
cent qualitative model discovery system [48], using a Qsim-like representation,
is based on Coiera’s Genmodel to which signal processing capabilities have been
added. The system LAGRANGE [29] discovers a set of differential equations from
an example behaviour of a dynamic system. Example behaviours are specified
by lists of measurements of a set of system variables, and background knowl-
edge predicates enable the introduction of new variables as time derivatives,
sines or cosines of system variables. New variables can be further introduced by
multiplication.

6 Future Challenges for ILP

This section first presents some application challenges for ILP and continues
with the technological advances that will be needed to deal with these challenges.
We distinguish between short-term research challenges for ILP and longer-term
challenges for ILP and machine learning in general. Finally, we address the con-
nections with the areas of computational logic that may prove to be fruitful in
future ILP research.

In our view, the most challenging application areas are in molecular biol-
ogy, agents, personalised software applications, skill acquisition, natural lan-
guage processing, information retrieval and text mining, analysis of music and
multimedia data, as well as relational knowledge discovery applications in fi-
nance, e-commerce, banking, medicine, ecology, and others. For an overview of
the state-of-the-art applications of ILP see [32], where also some future applica-
tion challenges for ILP are indicated.

At present, molecular biology applications of ILP have come closest to prac-
tical relevance. Among the early applications was protein secondary structure
prediction [78], followed by predicting drug activity through modelling structure-
activity relations [77,55] and predicting the mutagenicity of aromatic and het-
eroaromatic nitro-compounds [94]. In these problems, which are of immediate
practical interest, accuracies that are at least as good as the best previously
known results have been obtained, as well as understandable and relevant new
knowledge. Recent ILP applications in the area of molecular biology include pre-
diction of rodent carcinogenicity bioassays, modelling structure-activity relations
for modulating transmembrane calcium movement, pharmacophore discovery for
ACE inhibition and diterpene structure elucidation. In the future there is consid-
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erable potential for ILP applications using data produced by the human genome
project, where the first successful ILP results have already been achieved [56,57].

6.1 Short-Term Research Challenges

ILP as a methodology for first-order learning. ILP has already developed
numerous useful techniques for relational knowledge discovery. A recent research
trend in ILP is to develop algorithms upgrading well-understood propositional
machine learning techniques to first-order representations. Already developed
techniques upgrading propositional learning algorithms include first-order deci-
sion tree learning [4,7], first-order clustering [20,58], relational genetic algorithms
[46,66], first-order instance-based learning [34], first-order reinforcement learning
[31] and first-order Bayesian classification [42]. It is expected that the adaptation
of propositional machine learning algorithms to the first-order framework will
continue also in the areas for which first-order implementations still do not exist.
This should provide a full scale methodology for relational data mining based on
future ILP implementations of first-order Bayesian networks, first-order neural
networks, and other ILP upgrades of propositional machine learning techniques.

Improved robustness, efficiency and scaling-up of ILP algorithms.
This involves the development of learning algorithms that are robust with re-
spect to noise, missing information etc., the development of standards for data
and knowledge representation, standards for parameter settings, on-line trans-
formers between different data formats, improved efficiency of learners, and the
capacity of dealing with large datasets. Improved efficiency and scaling-up of
ILP algorithms has to some extent already been achieved e.g., by the system
Tilde [4] for induction of logical decision trees. Efficiency may be, on the one
hand, achieved by effective coupling of ILP algorithms with database manage-
ment systems, and on the other hand, by speeding-up the search of the lattice
of clauses and speeding up of the testing of clause coverage involving repeated
searches for proofs [6]. Speed-ups can also be achieved by employing sampling,
stochastic search and stochastic matching procedures that are expected to be
further developed in the future. Further speed-ups may be achieved by parallel
processing, based on distributing the hypothesis space and testing competing
hypotheses against the data independently and in parallel.

Multi-strategy learning and integration. The present data mining ap-
plications typically require data analysis to be performed by different machine
learning algorithms, aimed at achieving best learning results. Multistrategy learn-
ing has shown that best results can be achieved by a combination of learning
algorithms or by combining the results of multiple learners. Current simple and
popular approaches involve bagging and boosting that employ redundancy to
achieve better classification accuracy [9,45,87]. More sophisticated approaches
will require the integration of different learners into knowledge discovery tools,
standard statistical tools and spreadsheet packages and into software packages
routinely used in particular applications. Integrated machine learning will have
to be based also on a better understanding of the different types of problem
domains and characteristics of learning algorithms best suited for the given data
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characteristics. Mixing of different rules by the use of logic programming tech-
niques also allows for combining multi-strategy and multi-source learning in a
declarative way. Some of the existing techniques are inspired on contradiction
removal methods originated in logic programming, others rely on recent work
on updating logic programs with each other [2]. Logic program combination
techniques may become more important in the near future.

Hierarchically structured learning and predicate invention. Learning
from ‘flat’ datasets nowadays typically results in ‘flat’ hypotheses that involve
no intermediate structure and no constructive induction/predicate invention.
Despite substantial research efforts in this area challenging results can still be
expected.

Criteria for the evaluation of hypotheses. Except for the standard mea-
sure of predictive accuracy, other evaluation measures need to be developed, e.g.,
ROC-based measures [85] and measures involving misclassification costs. Devel-
opment of new measures is of particular importance for descriptive ILP systems
that often lack such measures for the evaluation of results. Measures of similar-
ity, distance measures, interestingness, precision, measures for outlier detection,
irrelevance, and other heuristic criteria need to be studied and incorporated into
ILP algorithms.

Criteria for the relevance of background knowledge. Background
knowledge and previously learned predicate definitions should be stored for fur-
ther learning in selected problem areas. One should be aware, however, that an
increased volume of background knowledge may also have undesirable proper-
ties: not only that learning will become less efficient because of the increased
hypothesis space, but given irrelevant information the results of learning may
be less accurate. Therefore it is crucial to formulate criteria for evaluating the
relevance of background knowledge predicates before they are allowed to become
part of a library of background knowledge predicates for a given application area.

Learning from temporal data. ILP is to some extent able to deal with
temporal information. However, specialised constructs should be developed for
applications in which the analysis of a current stream of time labelled data rep-
resents an input to ILP. Experience from the area of temporal data abstraction
could be used to construct higher-level predicates summarising temporal phe-
nomena.

6.2 Long-Term Research Challenges

Some of the issues discussed in this section are relevant to ILP only, whereas
others are relevant to machine learning in general. Some of these issues have
been identified previously by Tom Mitchell in an article published in the Fall
1997 issue of the AI Magazine [71].

Analysis of comprehensibility. It is often claimed that for many appli-
cations comprehensibility is the main factor if the results of learning are to be
accepted by the experts. Despite these claims and some initial investigations of
intelligibility criteria for symbolic machine learning (such as Occam’s razor and



Learning in Clausal Logic: A Perspective on Inductive Logic Programming 463

minimal description length criteria) there are few research results concerning the
intelligibility evaluation by humans.

Building specialised learners and data libraries. Particular problem
areas have particular characteristics and requirements, and not all learning al-
gorithms are capable of dealing with these. This is a reason for starting to build
specialised learners for different types of applications. This may involve also the
development of special purpose reasoning mechanisms. In addition, libraries of
‘cleaned’ data, background knowledge and previously learned predicate defini-
tions should be stored for further learning in selected problem areas. Notice that
such libraries are currently being established for certain problem areas in molec-
ular biology. This approach will lead to the re-usability of components and to
extended example sets; these can also be obtained by systematic query answering
and experimentation as part of ‘continuous’ learning, discussed next.

Continuous learning from ‘global’ datasets. Under this heading we un-
derstand the requirement for learning from various data sources, where data
sources can be of various types, including propositional and relational tables,
textual data, and hypermedia data including speech, images and video, includ-
ing human expert interaction. This involves the issue of globality, i.e., learning
from local datasets as well as referential datasets collected and maintained by
the world’s best experts in the area, referential case bases of ‘outlier’ data as
well as data that is publicly available on the web. Achieving the requirement of
continuous and global learning will require also learning agents for permanent
learning by theory revision from updated world-wide data, as well as the devel-
opment of query agents that will be able to access additional information from
the internet via query answering (invoked either by experts or by automatically
extracting answers from WWW resources, possibly by invoking learning and ac-
tive experimentation). Query agents may involve dynamic abductive querying
on the web.

6.3 Specific Short-Term Challenges Related to Computational
Logic

Constraint logic programming. As shown in the overview of techniques for
predictive ILP in Section 5.1, the connection between ILP and CLP has already
been established through the work on Inductive Constraint Logic Programming.
ILP has recognised the potential of CLP number-handling and of the CLP con-
straint solving to do part of the search involved in inductive learning. Early
work in this area by Page and Frisch, Mizoguchi and Ohwada in 1992, and more
recent work by Sebag and Rouveirol [89] show the potential of merging ILP and
CLP that has to be explored to a larger extent in the future. Due to the in-
dustrial relevance of these two areas of computational logic it is expected that
the developments at their intersection may result in products of great industrial
benefit.

Abduction. Other initiatives spanning different areas of computational logic
have also identified the potential for mutual benefits. A series of workshops has
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been organised on the relation and integration of abduction and induction, result-
ing in the first edited volume on the topic [43]. Early research in this direction by
De Raedt (the system CLINT) and more recent work by Dimopoulos and Kakas
[26] show the potential for merging these technologies. A new ILP framework
and system, called ACL [52] for abductive concept learning has been developed
and used to study the problems of learning from incomplete background data
and of multiple predicate learning. More work in this area is expected in the
future.

Higher-order logic. Some work towards the use of higher-order reasoning
and the use of functional languages has also started, in particular using the
declarative higher-order programming language Escher [67] for learning and hy-
pothesis representation [40,66,7]. This work may be a first step towards a larger
research initiative in using higher-order features in ILP.

Deductive databases. A tighter connection with deductive database tech-
nology has been advocated by De Raedt [22,24] introducing an inductive data-
base mining query language that integrates concepts from ILP, CLP, deduc-
tive databases and meta-programming into a flexible environment for relational
knowledge discovery in databases. Since the primitives of the language can eas-
ily be combined with Prolog, complex systems and behaviour can be specified
declaratively. This type of integration of concepts from different areas of com-
putational logic can prove extremely beneficial for ILP in the future. It can lead
to a novel ILP paradigm of inductive logic programming query languages whose
usefulness may be proved to be similar to those of constraint logic programming.

Other logic programming-based advances. Much work on logic program
semantics in the past twelve years, culminating in the definition of well-founded
semantics and stable model semantics, and subsequent elaborations could be
considered in future ILP research, since they allow dealing with non-stratified
programs, and 3-valuedness. Considerable work on knowledge representation and
non-monotonic reasoning has been developed using such semantical basis. Also,
recent work on constructive negation would allow inducing rules without fear
of floundering, and generating exceptions to default negations which could then
be generalised. Examples include learning together the positive and negative
part of a concept where the learned theory is an extended logic program with
classical negation [25,61,60] where a potential inconsistency in such a theory
is resolved by learning priorities amongst contradictory rules. Argumentation
semantics and procedures are also likely to be useful for composing rules learned
separately from several sources, algorithms, or strategies.

The work in logic programming on preferences [10,11] is bound to be of
interest when combining rules, and even more so because user preferences might
be learned form instances of user choice and rejection. This may turn out to be
crucial for information gathering on the basis of user preferences. Fuzzy logic
programming may become important in the future for fuzzifying such induced
preference rules, as well as generalised annotated programs [54] which allow for
different degrees of contradiction to be expressed.
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Moreover, the implementational techniques of tabling in logic programming
have matured and prove quite useful [99]. In ILP they may save considerable
recomputation because results are memoized in an efficient way. Indeed, in ILP
each time a clause is abstracted or refined it has to be tested again with the
evidence, though many literals in the clause, and surely the background, are the
same, so that part of the computation is repeated This is even more important
when learned programs become deeper, i.e., not shallow.

7 Concluding Remarks

Research areas that have strongly influenced ILP research are (apart from com-
putational logic): machine learning, data mining and knowledge discovery in
databases, and computational learning theory.

ILP has its roots in machine learning, and most of ILP researchers have
done machine learning research before entering ILP. Machine learning has al-
ways provided the basic research philosophy where experimental evaluation and
applications play a key role in the development of novel techniques and tools.
This was the case in the early days of ILP and remains so today. Important influ-
ences from data mining and knowledge discovery in databases concern mainly the
development of new ILP algorithms in the descriptive ILP setting, as well as the
emphasis on scaling-up ILP algorithms to deal with large relational databases.
Computational learning theory has helped ILP to better understand the learn-
ability issues and provided some basic learning algorithms that were studied and
adapted for the needs of ILP.

From the perspective of this chapter it is interesting to analyse the impact of
computational logic and logic programming on ILP developments. Both played
an extremely important role in early ILP research. Besides providing a frame-
work that helped to develop the theory of ILP, it provided the well-studied
representational formalisms and an initially challenging application area of pro-
gram synthesis. Due to the difficulty of this application task that can not be
solved without very strong biases and restrictions on the hypothesis language,
program synthesis has become substantially less popular in recent years.

The analysis of theoretical papers in the proceedings of ILP workshops in
1991–1998 by De Raedt [23] indicates that about one third of accepted papers
are related to logic programming. The main issues studied in these papers are
inference rules, program synthesis, negation, constraint logic programming, ab-
duction, and implementation. One important observation made by De Raedt is
that the theory of ILP does not follow recent developments in logic program-
ming and computational logic but, to a large extent, uses the well-established
results obtained in early logic programming research. On the other hand, ad-
vanced logic programming techniques may become increasingly important once
ILP starts seriously addressing difficult learning problems in natural language
processing, where recursion, negation, higher-order logic, and other issues re-
questing a strong theoretical foundation in logic programming will come into
play again.
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30. S. Džeroski and I. Bratko. Applications of Inductive Logic Programming. In [18],
pp. 65–81.
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Abstract. We describe the fields of disjunctive logic programming and
disjunctive deductive databases from the time of their inception to the
current time. Contributions with respect to semantics, implementations
and applications are surveyed.
In the last decade many semantics have been proposed out of which we
highlight what we believe to be the most influential ones and compare
them. Basic ideas have been borrowed from the semantics of normal logic
programs such as stable model semantics and well–founded semantics,
which have been generalized in various ways to obtain semantics of dis-
junctive logic programs.
We discuss disjunctive systems such as DLV and Smodels, and related
non–disjunctive systems such as XSB and DeReS, that have been imple-
mented. We also describe applications of disjunctive logic programming:
reasoning about declarative specifications, reasoning about actions, di-
agnosis (e.g. in medicine or biology), and in data integration that have
resource predicates defined by multiple rules. We discuss the future needs
to make the field practical: e.g. integrating concepts from databases (such
as aggregation), optimization methods, and object orientation.
In Section 12 we discuss the influence that Bob Kowalski had on our
work.

1 Introduction

The field of disjunctive logic programming (DLP) had its beginnings in 1982 and
is nearing the completion of its second decade. Work prior to 1982 focused pri-
marily on Horn theories of logic programming as described by Kowalski [Kow74].
The first result in the field of disjunctive logic programming (DLP) was by
Minker [Min82] who developed a consistent theory for default negation in dis-
junctive theories, the generalized closed world assumption (GCWA). The paper
also set forth the concept of minimal models for computing answers both for
positive and negative atoms. The GCWA reduces to the CWA for Horn theories
developed by Reiter [Rei78].
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There was no work in DLP until 1986 when renewed interest arose as a
consequence of a Workshop on Foundations of Deductive Databases and Logic
Programming, organized by Minker [Min88b]. Following the workshop, Minker
and Rajasekar [MR90], developed fixpoint, model theoretic and proof theoretic
semantics for DLP. This work extended the results of van Emden and Kowalski
[vEK76], for the Horn theory of logic programming. It led to many theoretical
developments in disjunctive and normal disjunctive logic programs, including
theories of negation and disjunctive deductive databases. Much of this work in
the late 1980s and early 1990s was performed at the University of Maryland and
is the subject of a research monograph, Foundations of Disjunctive Logic Pro-
gramming [LMR92]. The theoretical results contained in that monograph extend
what is known in the theory of logic programs as developed in the monograph
by Lloyd [Llo87] and the paper by Apt [Apt90]. The work in DLP has also
been shown to be important for representing and implementing nonmonotonic
and abductive reasoning. In this paper, we describe the developments that have
taken place in disjunctive logic programming since 1982.

The paper is organized as follows. In Section 2, we provide the basic defi-
nitions and background needed for the paper. In Section 3, we briefly discuss
developments in logic programming that led to the developments in disjunc-
tive logic programming. In Section 4, we discuss the theoretical developments
that have taken place in DLP and in the related area of disjunctive deductive
databases (DDDBs). One of the major accomplishments in the field has been the
implementation of systems to handle normal logic programs, DLPs and DDDBs.
This work is discussed in Section 5. We discuss several areas for applications in
DLP in Section 6. Finally, in Section 7 we provide a summary and an assessment
of the field of DLP. We end the paper with a Tribute to Robert Kowalski whose
pioneering research was significant for our research.

2 Background

We assume that the reader has a background in logic programming as described
in [Kow78, SS86], or other books on logic programming, and is familiar with
the major theoretical results given in [Apt90, Llo87]. A personal perspective on
the development of disjunctive logic programming is given in [Min89]. Kowal-
ski [Kow88] provides a personal perspective of the history of the field of logic
programming.

Throughout the paper we will refer to different classes of clauses. These
are definite Horn clauses, normal clauses, extended clauses, positive–disjunctive
clauses, disjunctive clauses, and extended–disjunctive clauses. Associated with
each type of clause is a class of logic programs. These are termed, respectively,
definite logic programs, normal logic programs, extended logic programs, positive–
disjunctive logic programs, disjunctive logic programs, and extended–disjunctive
logic programs . These logic programs are defined as follows.

Given a first order language L, a disjunctive logic program P consists of
logical inference rules of the form
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r = A1 ∨ . . . ∨Ak ← B1 ∧ . . . ∧Bm ∧ not C1 ∧ . . . ∧ not Cn, (1)

where Ai, Bi and Ci are atoms in the language L; k,m, n ∈ IN0, and not denotes
negation–by–default, rather than logical negation. A rule r of the form (1) is
denoted for short as:

r = α← β ∧ not · γ, (2)

where α = A1 ∨ . . . ∨Ak, β = B1 ∧ . . . ∧Bm, γ = C1 ∨ . . . ∨ Cn.1 Sometimes α,
β, and γ will be considered as sets (e.g. in Table 3 of Section 4). α is called the
head , β is called the positive body, and not · γ is called the negative body of r.

– A rule is called a fact if m = n = 0.
– A rule is called a definite clause or a Horn clause, if n = 0 and k = 1, i.e. it

neither contains disjunction nor default negation.
– A rule is called positive–disjunctive, if n = 0, i.e. it does not contain default

negation.
– A rule is called normal , if k = 1, i.e. it does not contain disjunction.
– A rule is called a denial rule, if k = 0. Denial rules can be used for repre-

senting integrity constraints and queries to disjunctive logic programs.
– A rule is called a range–restricted if all variable symbols occurring in the

head also occur in the positive body.

A rule of the form (1) is called extended–disjunctive rule, if Ai, Bi and Ci are
literals in the language, i.e. atoms or atoms preceded by classical negation ¬. If
a (disjunctive) logic program does not contain any function symbols, then it is
called a (disjunctive) deductive database.

The Herbrand base HBP of a disjunctive logic program P contains all ground
atoms over the language of P . The set of all ground instances of the rules and
facts in P is denoted by gnd (P).

Partial Herbrand Interpretations

A partial (three–valued) Herbrand interpretation of P is given by a mapping
I: HBP → { t, f, u } that assigns a truth value “t” (true), “f” (false) or “u”
(undefined) to each ground atom in HBP . Obviously, I can be represented by a
pair 〈 It, If 〉, such that

It = {A ∈ HBP | I(A) = t },
If = {A ∈ HBP | I(A) = f }.

I is called a total Herbrand interpretation, if It ∪ If = HBP , i.e. if all atoms
A ∈ HBP are mapped to one of the classical truth values t or f. In this case, it is
sufficient to represent I by its set It of true atoms alone.

There are two important partial orderings on truth values: in the truth or-
dering ≤k it holds f ≤t u, u ≤t t, and in the knowledge ordering ≤k it holds
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Fig. 1. Truth Ordering and Knowledge Ordering

u ≤k f, u ≤k t, cf. Fitting [Fi91] and Figure 1. These partial orderings have been
generalized (pointwise) to partial orderings on partial Herbrand interpretations
as follows. For x ∈ { t, k }: I1 ≤x I2, iff ( ∀A ∈ HBP : I1(A) ≤x I2(A) ).

The Boolean operations “∨”, “∧” and “¬” on truth values are defined based
on the truth ordering, cf. Figure 2. The truth value of a disjunction v1 ∨ v2 and
a conjunction v1 ∧ v2 of truth values are constructed by taking the maximum
and the minimum of v1 and v2, respectively. “∨” and “∧” both are commutative
and associative, and thus can be generalized to disjunctions and conjunctions,
respectively, of more than one truth value. Let M be a partial Herbrand inter-

∧ t f u

t t f u
f f f f
u u f u

∨ t f u

t t t t
f t f u
u t u u

¬
t f
f t
u u

Fig. 2. Boolean operations in three–valued logic

pretation and let Ai ∈ HBP be ground atoms. For a connective ⊗ ∈ { ∨,∧ } we
define M(A1 ⊗ . . . ⊗ Ak ) = M(A1) ⊗ . . . ⊗M(Ak). For k = 0, the empty dis-
junction (i.e. ⊗ = ∨) evaluates to f, whereas the empty conjunction (i.e. ⊗ = ∧)
evaluates to t.

Models and Partial Models, Minimality

A total Herbrand interpretation M satisfies a ground rule r = α ← β ∧ not · γ
if M(β) ∧ ¬M(γ) = t implies M(α) = t. This can be generalized to partial
Herbrand interpretations M by requiring that
1 Note that γ is a disjunction, and, according to De Morgan’s law, not · γ is taken to
be a conjunction.
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M(β) ∧ ¬M(γ) ≤t M(α). (3)

A total (partial) Herbrand interpretation M is called a total (partial) model of
P if M satisfies of all ground instances r ∈ gnd (P) of all rules of P . M is called
a partial minimal model of P if M is a partial model of P and there is no other
partial model I of P such that I ≤t M (truth ordering). A partial minimal model
M of P that is total is called a minimal model of P . The set of minimal models
of P is denoted byMM2(P).

Semantics of Disjunctive Logic Programs

Each alternative type of logic program leads to a different theory. We are con-
cerned with the semantics of each type of logic program and how one computes in
the theory. The computation of negation is particularly important for nonmono-
tonic reasoning. There are many relationships between logic programming and al-
ternative formulations of nonmonotonic reasoning by circumscription [McCa80],
default reasoning [Rei80], and autoepistemic reasoning [MT91, MT93, Moo84],
[Moo85]. We do not cover this topic here. For details on work in nonmonotonic
reasoning, see [Gin87]. For a discussion of the relationships between nonmono-
tonic theories and logic programming, see [Min93]. We discuss this topic briefly.
See Reiter [Rei78] for an early survey of work in nonmonotonic reasoning.

In the case of logic program theories that are definite, there exists one se-
mantics that is generally accepted as the meaning of the program. This is the
unique minimal Herbrand model of the definite theory. When one comes to the
alternative types of logic programs, different interpretations may be given to
the programs. That is, each theory may or may not provide a unique minimal
model; however, even when there is a unique meaning ascribed to the program,
the meaning may be different between the alternative approaches. In the rest
of this section we define some of the most prominent approaches in detail: sta-
ble and partial stable models for disjunctive logic programs, the well–founded
model for normal logic programs, and answer sets for extended–disjunctive logic
programs. In the following sections we provide a broader overview of the theo-
retical results that are known in each class of logic programs and we give some
examples. We discuss the possible alternative semantics within each class.

Stable and Partial Stable Models. The Gelfond–Lifschitz transformation
(GL–transformation, [GL88, Prz91]) PM of a disjunctive logic programP w.r.t. a
partial Herbrand interpretationM is obtained from the ground instance gnd (P)
of P by replacing in every ground rule r = α ← β ∧ not · γ ∈ gnd (P) the
negative body by its truth value w.r.t. M .2 We define rM = α← β∧¬M(γ) and
PM = { rM | r ∈ gnd (P) }. The GL–transformation PM is a ground positive–
disjunctive logic program that has as additional atoms the truth values t, f

2 If this truth value is “t”, then “t” can be deleted from the body. If it is “f”, then the
whole rule can be deleted from PM .
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and u.3 Based on PM the concepts of stable models (cf. Gelfond and Lifschitz,
[GL88]) and partial stable models (cf. Pryzmusinski, [Prz91]) have been defined:

1. A total Herbrand interpretation M is called a stable model of P if M is a
minimal model of PM .

2. A partial Herbrand interpretation M is called a partial stable model of P if
M is a partial minimal model of PM .

It can be shown that stable models are always also partial stable models. That
is, the semantics of stable models is always stronger than the semantics of partial
stable models. An example will be given in Section 3.

Well–Founded Semantics. For normal logic programs there always exists a
(unique) least partial stable model M in the knowledge ordering ([Fi91]). This
partial model M coincides with the well–founded model , which had been defined
by Van Gelder, Ross and Schlipf, and which can be characterized using the
following alternating fixpoint approach ([VaGe89]):

M0 = ∅, Mn+1 =MM2(PMn).

This recursion generates an increasing sequence (M2n)n∈IN0 and a decreasing
sequence (M2n+1)n∈IN0 of sets of atoms, such that M2n ⊆ M2n+1, for all n ∈
IN0. For M∪ =

⋃∞
n=0 M2n and M∩ =

⋂∞
n=0 M2n+1 it holds that M∪ ⊆ M∩.

The well–founded model M is a partial Herbrand interpretation given by M =
〈M∪,HBP \M∩ 〉, i.e. an atom A is true under the well–founded model semantics
if it is in M∪ and false if it is not in M∩. An example will be given in Section 3.

Answer Set Semantics. Gelfond and Lifschitz ([GL90, GL91]) have extended
the concept of stable models to extended–disjunctive logic programs P , i.e. logic
programs that may contain classical negation. They propose the so–called answer
set semantics , which can be defined as follows: P is transformed to a disjunc-
tive logic program P ′ free of classical negation, which is obtained by replacing
negative literals ¬A = ¬p(t1, . . . , tn) by positive literals A′ = p′(t1, . . . , tn) over
new predicate symbols. Every stable model M ′ of P ′ defines an answer set M
of P , which is a set of literals: Let

L = {A ∈ HBP |M ′(A) = t } ∪ { ¬A ∈ ¬HBP |M ′(A′) = t };
if L does not contain any complementary pair A and ¬A of literals, then M = L,
otherwise M = HBP ∪ ¬HBP is the set of all ground literals.

3 Theory of Logic Programming

Since we treat, primarily, disjunctive logic programs, we sketch, briefly, only the
results in logic programming, except for the case of normal and extended logic
3 Note that these truth values must evaluate to themselves under all partial Herbrand
interpretations I of PM .
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programs. Logic programming began in approximately 1971 [Kow88]. Theoret-
ical results were obtained first in 1976, with the publication of the landmark
paper by van Emden and Kowalski [vEK76] in which they detailed model the-
oretic, fixpoint, and operational semantics of logic programs as a programming
language. They introduced an operator, TP , and demonstrated that the opera-
tor has a fixpoint. The semantics of the fixpoint corresponds to model theory,
while operational semantics corresponds to proof theory. The semantics in all
three cases are identical. They provided a formal semantics of a definite clause
logic formula, viewed as a statement in a programming language. Their use of
the least model and least fixpoint constructions, as well as the procedural in-
terpretation, provide the foundations of the field of logic programming. Their
ideas also led to the concept of negation. If one subtracts the minimal model of
a program from the Herbrand base, the atoms that remain can be considered
false. This provides a model characterization of the CWA, first propounded by
Reiter [Rei78] in proof theoretic terms.

Apt and van Emden [AvE82] built upon the theoretical treatment of van
Emden and Kowalski. They renamed Hill’s inference system [Hil74], LUSH res-
olution (Linear Resolution with Unrestricted Selection function based on Horn
clauses), to be SLD (SL resolution for Definite Horn clauses). They also char-
acterized the finite failure set of an atom relative to a program in terms of the
van Emden/Kowalski fixpoint operator, TP [vEK76]. Lassez and Maher[LM84]
then proved that the finite failure set is characterized by the difference between
the Herbrand base and the fixpoint operator described by Apt and van Emden.
Clark [Cla78] ties these results to the completion of a logic program. He shows
the soundness of the negation–as–failure rule for any Horn logic program, P ,
augmented by comp(P) and equality axioms. He shows that every goal G with a
finitely failed SLD–tree is a logical consequence of comp(P) and equality axioms
(actually his results extend to general programs using safe computation rules, i.e.
rules that select only ground negative literals). Jaffar, Lassez and Lloyd [JLL83]
prove the completeness result and show that if a goal G is a logical consequence
of comp(P), then there is a finitely failed SLD–tree for G. See Shepherdson
[She88], for work on negation, and Lloyd [Llo87] and Apt [Apt90] for the the-
oretical results in logic programming. Apt and Bol [AB94] and Dix [Dix95d]
update the Shepherdson survey on negation in logic programming [She88] and
briefly describe theories of negation in disjunctive logic programs.

In 1988, Apt, Blair and Walker [ABW88] extended the class of logic programs
to a subset of normal logic programs, termed stratified logic programs. Such
programs are normal logic programs for which the rules do not have recursion
through negation. When this occurs, the predicates can be placed into strata so
that one can compute over the strata. Independently, and at the same time, Van
Gelder [VaGe88], also described this class of programs. The theoretical results
obtained were that there was a fixpoint theory that characterized the semantics
of this class of programs, and that there was a unique model that could be
obtained by iterating over the strata. Przymusinski [Prz88], showed that the
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model obtained was the so–called perfect model. He also extended the work to
include locally stratified logic programs.

The semantics of definite and stratified logic programs lead to unique minimal
models, which are generally accepted to be the semantics of the two classes of
logic programs. However, this is not the case when we come to the class of
normal logic programs; then there are several possible ways to determine the
semantics. Each alternative leads to a different semantics. Van Gelder, Ross and
Schlipf [VGRS91], Gelfond and Lifschitz [GL88], and Baral, Lobo and Minker
[BLM89,BLM91]* ([Min99])4, have developed alternative semantics.

Well–Founded and Stable Model Semantics

Van Gelder, Ross and Schlipf [VGRS91], were the first to extend the work by
Apt, Blair and Walker [ABW88], to the class of normal logic programs . Un-
like stratified logic programs, the program may not be stratifiable. This occurs
when there is recursion through negation. The well–founded semantics (WFS)
of Van Gelder et al. is given in terms of three possible truth values: true, false,
and unknown. For the normal logic program

P = { a← not b, b← not a, c← a, c← b }

Van Gelder et al. obtain the semantics I = 〈 ∅, ∅ 〉. The semantics may be under-
stood as follows: since, from the first two clauses it cannot be decided if either
a, or b, are either true or false, they are determined to be unknown. Since a and
b are both unknown, c must be assigned to be unknown.

Chen and Warren [CW93] develop a variant of SLS–resolution [Prz88] to
obtain a procedural semantics for the WFS. This procedure, called XOLDTNF ,
is sound and complete. Warren and his group at Stony Brook have developed
an implementation that handles most cases of the WFS, termed XSB [War99].
The system can handle large sets of data and rules. XSB is a sophisticated
extension to Prolog, containing many of its features. We discuss this and other
implementations in logic programming and disjunctive logic programming in
Section 5. Zukowski et al. ([ZBF97, ZF99, BDFZ01]) present a transformation–
based approach for the bottom–up computation of the well–founded model.

Alternatively, the stable model semantics [GL88], has been developed by Gel-
fond and Lifschitz, as discussed in Section 2. The meaning of the program is taken
as the set of positive clauses that are true in all minimal models obtained by the
GL–transformation. For the program given above, there are two stable models:
{a, c}, and {b, c}. To be true in the stable model semantics, an atom must be true
in every stable model; to be false, it must be false in every stable model; to be
unknown, it must neither be true nor false. The stable model semantics for the
above program P is thus given by the following partial Herbrand interpretation
I ′ = 〈 {c}, ∅ 〉, i.e. a and b are unknown and c is true. An iterative method for

4 To conserve space, we sometimes write references as, [—]* ([Min99]), to denote that
the reference in [—]* can be found in ([Min99]).



480 Jack Minker and Dietmar Seipel

finding the stable models of a program has been developed by Fernández, Lobo,
Minker and Subrahmanian [FLMS93]. Their approach transforms a normal logic
program into a disjunctive logic program with integrity constraints, called the
evidential transformation. The minimal models of this evidential transformation
are the same as the stable models of the original disjunctive logic program. Bell,
Nerode, Ng and Subrahmanian [BNNS94] have developed a linear programming
based implementation of the stable model semantics. The work of Gelfond and
Lifschitz can be extended to include disjunctions of positive atoms in the head
of a clause as shown by Przymusinski [Prz91]. The approach by [FLMS93] to
find the stable models of normal logic programs extends to the case where there
are disjunctions in the head of a clause. Fernández and Lobo [FL93]* ([Min99])
have developed a proof procedure for computing answers to queries under the
stable model semantics. Niemela and Simons [NS97] have developed an efficient
system, Smodels, that computes the stable model semantics, cf. Section 5.

Other semantics developed at approximately that time, [BLM89,BLM91]*
([Min99]) are not discussed here since it is clear that the two dominant theories
for normal logic programs are the WFS and the stable model semantics.

Although in the above example, the stable and the GWFS semantics are the
same, this is not always the case. Various criteria have been specified [Dix92a] to
determine which semantics should be chosen. These criteria relate to properties
that the semantics satisfy. Based on these properties one may argue the pros and
cons of a particular semantics. In addition, motivated by finding semantics with
the appropriate properties, several semantics have been developed. A summary
of these semantics is given in [Min94]. Although of considerable interest, the
well–founded semantics and the stable model semantics remain the dominant
semantics in use. Perhaps one of the reasons for this is that efficient systems
have been developed for them, namely XSB and Smodels.

Gelfond and Lifschitz [GL90, GL91] introduce classical negation in logic pro-
grams, i.e. they represent extended–disjunctive clauses. The semantics proposed
for such a logic program, which is called answer set semantics, is based on
the stable model semantics. They show that an extended–disjunctive program
can be viewed as a default theory in which every justification and conclusion
is a literal, and every precondition is a conjunction of literals. In [GL91], they
show that some facts of commonsense knowledge can be represented by logic
programs and disjunctive databases more easily when classical negation is avail-
able. Extended–disjunctive programs are shown to be identical to a special case
of default theories in the sense of Reiter [Rei80].

4 Theory of Disjunctive Logic Programming

Work in disjunctive theories was pursued seriously after a workshop organized by
Minker in 1986 [Min86]* ([Min99]). The field of disjunctive logic programming
(DLP) started approximately in 1982 with the the paper by Minker [Min82],
who devised a consistent theory of negation for disjunctive deductive databases
(DDDBs). Shepherdson [She88] showed that Minker’s theory of negation for
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DDDBs also applied to DLPs. For a historical perspective of DLPs and DDDBs,
see [Min88a]. There is a major difference for deductive databases (DDBs) and
those for DDDBs. Whereas DDBs have a unique minimal model that describes
the meaning of the database, DDDBs generally have multiple minimal models.

As shown in [Min82] it is sufficient to answer positive queries over DDDBs by
showing that the query is satisfied in every minimal model. Thus, for P = { a∨b },
there are two minimal models, {a} and {b}. The query← a is not satisfied in the
model {b}, and hence, a cannot be true. However, the query← a∨b is satisfied in
both minimal models and hence the answer to the query← a∨b is yes. To answer
negated queries, it is not sufficient to use Reiter’s CWA [Rei78] since, as he noted,
from the theory P = { a∨ b }, it is not possible to prove a, and it is not possible
to prove b. Hence, by the CWA, not a and not b follow. But, { a∨b, not a, not b }
is not consistent. The Generalized Closed World Assumption (GCWA), [Min82]
resolves this problem by specifying that a negated atom be considered true if the
atom does not appear in any minimal model of the database. This provides a
model theoretic definition of negation. An equivalent proof theoretic definition,
also in [Min82], is that a ground atom A may be considered to be false if,
whenever A ∨ α may be proven from the database, then α may be proven from
the database, where α is an arbitrary ground disjunction of atoms.

For related work on negation in disjunctive theories see [YH85, GPP86,
Cha93], [Sak89, RT88, RLM89]. For surveys on negation see [She88, AB94],
[Dix95d, Min93].

Fixpoint Approaches

In LPs, it is natural for the fixpoint operator to map atoms to atoms. However,
for DLPs, it is natural to map positive disjunctions to positive disjunctions. A
set of positive disjunctions is referred to as a state. A model state is a state all of
whose minimal models satisfy the DLP. The concept of a state was defined by
Minker and Rajasekar [MR90] as the domain of a fixpoint operator T s

P whose
least fixpoint characterizes the semantics of a disjunctive logic program P . The
operator is shown to be monotonic and continuous, and hence converges in ω
iterations. The fixpoint computation operates bottom–up and yields a minimal
model state logically equivalent to the set of minimal models of the program.
The Minker/Rajasekar fixpoint operator T s

P is an extension of the van Em-
den/Kowalski fixpoint operator TP . If one considers all model states of a DLP
and intersects them, the resultant is a model state, and among all model states
it is minimal. Hence, one obtains a unique minimal model in a Horn database,
while one obtains a unique model state in a DLP.

In [FM91b, FM95, SMR97] another generalization of the fixpoint operator
TP has been investigated: the operator T INT

P works in sets of Herbrand interpre-
tations rather than states. It generates the set of minimal Herbrand models as
its least fixpoint. In [SMR97] a useful relationship has been established between
state generation by T s

P and model generation by T INT

P : for a set I of Herbrand
interpretations, the set T INT

P (I) of interpretations is a subset of the set of models
of the state S ∪ T s

P(S), if I is a subset of the set of Herbrand models of the
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disjunctive Herbrand state S. Furthermore, it is shown that T INT

P is monotonic
but not continuous, but that is still converges towards its least fixpoint in at
most ω iterations.

Decker [Dec91] develops an alternative fixpoint operator for DDDBs which
reduces to the Minker/Rajasekar fixpoint operator [MR90]. At each iteration of
his operator, he finds partial models of the database. In the limit, he obtains
the set of minimal models of the database. If one takes an atom from each
minimal model and forms a disjunction, the resulting set of all such disjunctions
is equivalent to the minimal model state of the DDDBs.

Query Answering

Answering queries in DDDBs has been studied by a number of individuals. Grant
and Minker [GM86] were among the first to address the problem of computing
answers to queries in DDDBs. They investigated the case where the database
consists exclusively of ground positive disjuncts. Yahya and Henschen [YH85] de-
veloped a deductive method to determine whether or not a conjunction of ground
atoms can be assumed false in a DDDB under the Extended Generalized Closed
World Assumption (EGCWA). The EGCWA is an extension of the GCWA.
Bossu and Siegel [Boss85]* ([Min99]) developed a deductive method to answer
a query by subimplication (a generalization of the GCWA that handles databases
that have no minimal models). Henschen and Park [Hens86]* ([Min99]) answer
yes/no questions in a database that consists of an EDB, an IDB and ICs that are
all function–free. In addition, they allow negated unit clauses to be part of the
database. The axioms in the IDB may be recursive. Yahya [Yah97] discusses how
to answer queries defined as sets of clauses in implication form in a DDDB. Liu
and Sunderraman [LS90b] generalize the relational model to represent disjunc-
tive data. They develop a data–structure, called M–table to represent the data.
Their generalized relational algebra operates on M-tables, however, it is sound,
but not complete. Yuan and Chiang [YC89] developed a generalized relational
algebra that is a sound and complete query evaluation algorithm for DDDBs
that do not contain recursive IDB rules.

Fernández and Minker [FM91b] developed the concept of a model tree. They
incrementally compute sound and complete answers to queries in hierarchical
DDDBs. An example of a model tree is shown in Figure 3. The model tree
represents the two minimal models { a1, a2, b1 } and { a1, b2 } of the positive–
disjunctive database { a1, a2∨b2, b1∨b2 }. A DDDBs is hierarchical if it contains
no recursion. In [FLMS93] they develop a fixpoint operator over trees to capture
the meaning of a DDDB that includes recursion. The tree representation of the
fixpoint is equivalent to the Minker/Rajasekar fixpoint [MR90]. They compute
the model tree of the extensional DDDB once for all queries. To answer queries
intensional database rules may be invoked. Their approach to compute answers
generalizes both to stratified and normal DDDBs. In [Sei94] a tree data structure
for Herbrand states (rather than models) is given, which is called clause tree,
and it is shown how the fixpoint operator T s

P can work on clause trees.
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a1

a2 b2

b1

ε∗

Fig. 3. Model Tree

The above approaches to answering queries in DDDBs have the following lim-
itations. [GM86] can only compute answers to queries that contain a disjunctive
extensional database. [YH85] can only answer yes/no questions. [LS90b] provide
sound, but not complete answers to queries. [YC89] essentially compute the fix-
point of the entire DDB to answer each query. [FM91b] compute the model tree
of the extensional DDDB once. To answer queries IDB rules may be invoked.
However, the models of the extensional disjunctive part of the database do not
have to be generated for each query.

Loveland et al. [Llo87, Lov87, SL88, RL90, RLS91] developed a top–down
case–based reasoner that uses Prolog when the database is near Horn. Love-
land et al. [LRW93] introduced a relevancy detection algorithm to be used
with SATCHMO, developed by Manthey and Bry [MB88], for automated the-
orem proving. Their system, SATCHMORE (SATCHMO with RElevancy), im-
proves SATCHMO by limiting the uncontrolled use of forward chaining. An-
other approach is by Stickel [Sti88] using a Prolog Technology Theorem Prover
(PTTP).

For disjunctive logic programs a huge amount of work has been done on
bottom–up fixpoint evaluations using state generation or model generation. But
so far very few top–down approaches exist for disjunctive logic programs. In
deductive databases efficient query evaluation is achieved by mixing bottom–up
and top–down techniques: The magic sets technique incorporates the top–down
binding passing known from SLD–resolution into a bottom–up, breadth–first
fixpoint computation to achieve a goal–oriented query evaluation, which focuses
on relevant derivations as described by Bry [Bry90]. Yahya [Yah00] investigates
the problem of efficiently answering positive ground queries to disjunctive de-
ductive databases without default negation. He applies model generation to the
dual database, which is obtained by reversing the rule arrows in all rules. This
generalizes SLD–resolution, and it yields goal–oriented query processing which
is driven by the facts that are derived from the query goal. Hasegawa et al.
[HIOK97, OIH98] have proposed an extension of magic sets for range–restricted
disjunctive logic programs. Also Greco, cf. [Gre98, Gre99], presents a rewrit-
ing technique for the optimization of bound queries to disjunctive deductive
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databases. Experiments have shown that the rewriting greatly reduces the num-
ber of models to be considered to answer a query.

Complexity Results

Imielinski and Vadaparty [IV89], Vardi [Var82] and Imielinski [Imi91] have in-
vestigated the complexity of answering queries in disjunctive logic programs.
Chomicki and Subrahmanian [CS90] discuss the complexity of the GCWA. For
disjunctive theories that are tractable, see [BED94]. For complexity results for
disjunctive propositional logic programs see Eiter and Gottlob [EG95, DEGV97].
A summary of complexity results, drawn from [EG95], is given in Table 1.

Propositional First Order

over Herbrand models

no function symbols5

Semantics Complexity Ref. Data Complexity Ref.

Positive Consequences

Minimal Models ΠP
2 –complete [EG93a] ΠP

2 –complete [EGM94]

Negation

GCWA ΠP
2 –complete [EG93a] ΠP

2 –complete [EGM94]

WGCWA co–NP–complete [Cha93]

Stratified Programs

Perfect ΠP
2 –complete [EG93a] ΠP

2 –complete [EGM94]

Locally Stratified Programs

Perfect ΠP
2 –complete [EG93a] ΠP

2 –complete [EGM94]

Normal Programs

Stable ΠP
2 –complete [EG93a] ΠP

2 –complete [EGM94]

Partial Stable ΠP
2 –complete [EG93a] ΠP

2 –complete [EGM94]

Extended Programs

Stable ΠP
2 –complete [?] ΠP

2 –complete [EGM94]

Partial Stable ΠP
2 –complete [MR94] ΠP

2 –complete [EGM94]

Table 1. (Taken from [EG93a, EG95]) Complexity of Cautious Reasoning with
Disjunctive Logic Programs (with Integrity Constraints)

The development of model theoretic, fixpoint and proof procedures has placed
the semantics of DDDBs on a firm foundation. Methods to handle DDDBs have
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started and are discussed in Section 5. The GCWA and alternative theories
of negation have enhanced our understanding of default negation in DDDBs.
Complexity results provide an understanding of the difficulties to find answers
to queries in such systems.

Disjunctive Deductive Databases with Default Negation

Fernández and Minker [FM95] present a new fixpoint characterization of the
minimal models of DDDBs and stratified DDDBs. They prove that by applying
the operator iteratively, in the limit, it constructs the perfect models semantics
(Przymusinski [Prz88]) of stratified DDDBs. Given the equivalence between the
perfect models semantics of stratified programs and prioritized circumscription
[Prz88] their fixpoint characterization captures the meaning of the corresponding
circumscribed theory. They present a bottom–up evaluation algorithm for strat-
ified DDDBs using the model–tree data structure to represent and to compute
answers to queries. In [FM92], they develop the theory of DDDBs using model
trees. Work on updates in DDDBs is described in [GHLM93, FGM96].

Four alternative semantics were developed for non–stratifiable normal DLPs
at approximately the same time: Ross [Ros89], Baral et al. [BLM90a,BLM90b]*
([Min99]), and two semantics by Przymusinski [Prz90a, Prz90c]. Ross termed his
semantics the strong well–founded semantics, Baral et al. defined their semantics
the Generalized Disjunctive Well–Founded Semantics (GDWFS). They defined a
fixpoint operator, and gave model and proof theoretic semantics for suchDDDBs.
Przymusinski [Prz90c] extends stable model semantics for normal DDDBs. He
also defined in [Prz90a] the stationary semantics. As in the case of normal DDBs
it will be necessary to develop effective bottom–up computing techniques to
answer queries in these theories.

In addition, other important semantics have been developed. Przymusinski
[Prz95] describes a new semantic framework for disjunctive logic programs and
introduces the static expansions of disjunctive programs. The class of static ex-
pansions extends both the classes of stable, well–founded and stationary models
of normal programs and the class of minimal models of disjunctive programs.
Any static expansion of a program P provides the corresponding semantics for P
consisting of the set of all sentences logically implied by the expansion. The stable
model semantics has also been extended to disjunctive programs [GL91, Prz91].
Leone et al., [LRS96], develop an algorithm for solving the (co–NP–hard deci-
sion) problem of checking if a model is stable. It runs in polynomial time (in
the worst case) on the class of head–cycle free programs (discussed below), and
in the case of general disjunctive logic programs limits the inefficient part of
the computation only to components of the program which are not head–cycle
free. Leone et al. [LRS95, LRS97] extend the notion of unfounded sets from nor-
mal to disjunctive logic programs and provide a declarative characterization of
disjunctive stable models in terms of unfounded sets. They define an algorithm
to compute stable model semantics of disjunctive logic programs. [BLR97] ex-
tend Disjunctive Datalog to include integrity constraints and so–called weak
constraints that are satisfied if possible.
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Several types of program transformations have been used for characterizing
existing semantics of DLPs and for defining new semantics based on existing
ones. Brass and Dix [BD95a, BD99] have used partial evaluation and program
simplification for defining and computing their disjunctive well–founded seman-
tics D-WFS; this semantics is of interest as it permits a general approach to
bottom–up computation in disjunctive programs. In addition, their transforma-
tion approach leads to several confluent calculi ([BD98]) which leads both to
a better understanding ([BD97]) and an efficient computation of such seman-
tics ([DFN99]). In [DS98] this approach was extended to first–order programs
and coupled with constraint logic programming techniques. A restriction of the
transformation approach to normal programs yields an implementation of the
WFS which is provably better than the alternating fixpoint procedure and is
linear for almost all programs occurring in practice ([BDFZ01]).

Seipel et al. [SMR97b] have characterized the partial stable models of a dis-
junctive logic program P as the stable models of a transformed disjunctive logic
program P tu, which is called the tu–transformation. Fernández et al. [FLMS93]
and Seipel [Sei97] have used the evidential transformation for characterizing total
stable models , and evidential stable models , respectively. In [Sei00] a disjunctive
logic program P is mapped to a normal logic program Pcd with function symbols
for lists, such that the total stable models of P correspond to the stable models of
Pcd. Moreover, a new semantics for DLPs, which is called stable state semantics ,
is defined based on the stable models of a variant of Pcd.

Eiter et al. [ELS97, ELS98] summarize results for partial stable models
[Prz91]; maximum stable models (M–stable) which are the maximal partial sta-
ble models in the knowledge ordering [Sac96]; regular models of You and Yuan
[YY94] which are similar in spirit to M–stable models, but based on a weaker
concept6; and least undefined stable models (L–stable) [Sac96] which are the par-
tial stable models with the minimal degree of undefinedness. In [YWY97], You et
al. presented another semantics for DLPs, called regular extension semantics, for
which a generalization of the abductive proof procedure of Eshghi and Kowalski
[EK89] is used as a top–down method for query answering [YYG00].

Special Classes of DDDBs and Complexity Issues

As noted previously, there are semantics both for extended DDBs and extended
DDDBs. A user of such a system has the problem of selecting the appropriate
semantics for his needs. Which semantics should be used, and under what circum-
stances? There have been no guidelines developed. However, many complexity
results have been obtained for these semantics. Schlipf [Sch95] and Eiter and
Gottlob [EG95] summarize complexity results known for alternative semantics.
Some of these results, taken from [EG93a, EG95], are listed in Table 1. Further
results are reported in [ELS98]. A user may wish to determine the semantics to
be used based upon the complexity expected to find answers to queries.

6 For normal databases (without disjunctions), the M–stable models coincide with the
regular models.



Disjunctive Logic Programming: A Survey and Assessment 487

Ben–Eliyahu and Dechter [BED94] investigate tractable cases of disjunctive
theories. They introduced the concept of a head–cycle free (HCF) program as
follows. A dependency graph GP is associated with each program P as follows:

– each rule and each predicate in P is a node.
– there is a positive (negative) arc from a predicate node p to a rule node r iff
p appears positive (negative) in the body of r, and an arc from r to p (resp.,
and also an arc from p to r) if p appears in the head of r.

The positive dependency graph of P is a subgraph of GP containing only positive
arcs. A directed cycle in GP is called negative if it contains at least one negative
arc. P is head–cycle free (HCF) if for every two predicate symbols p and q, if p
and q are on a positive directed cycle in the dependency graph GP then there is
no rule in P in which both p and q appear in the head. They show in [BEPZ96]
that answers to queries expressed in this language can be computed in poly-
nomial time. It is shown in [BEP94] that there is an algorithm that performs,
in polynomial time, minimal model finding and minimal model checking if the
theory is HCF. An efficient algorithm to solve the (co–NP–hard) problem of
checking if a model is stable in function–free disjunctive logic programs is devel-
oped in [LRS96]. The algorithm runs in polynomial time on HCF programs and
in the case of general disjunctive logic programs, it limits the inefficient part of
the computation only to the components of the program which are not HCF.

Dix et al. [DGM96] describe causal programs, where disjunction is simulated
by negation–as–failure. Disjunctive programs are reduced to stratified nondis-
junctive programs by a series of shift operations . They show causal semantics
belongs to the first level of the polynomial hierarchy unlike minimal model
semantics (GCWA), which is ΠP

2 -complete for positive disjunctive programs.
Causal semantics are also cumulative and rational (see [Dix95]). The class of
positive causal programs extends the class of positive HCF programs [BED94].

Consideration has been given to approximate reasoning. In such reasoning,
one may give up soundness or completeness of answers. Efforts have been de-
veloped both for deductive and disjunctive deductive databases by Selman and
Kautz [SK91, KS92, SK96], who developed lower and upper bounds for Horn
(Datalog) databases and compilation methods, by Cadoli [Cad93], who de-
veloped computational and semantical approximations, and by del Val [deVa95],
who developed techniques for approximating and compiling databases. See Cadoli
[Cad96] for references on compilation, approximation and tractability of knowl-
edge bases.

The complexity results in Table 2 refer to worst case analysis for skeptical
reasoning, i.e. to determining if a given literal is true in every canonical model
(with respect to a particular semantics) of the program. For logic programs with
no function symbols, the data complexity over an EDB E is presented. The
notation used is the following: |P| denotes the length of the program P ; |A|
denotes the number of ground atoms in the language of P ; |E| denotes the total
number of symbols that occur in the EDB E.
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Propositional First Order First Order

over Herbrand models no function symb.

over Herbrand models

Semantics ComplexityRef. Complexity Ref. Data
Complexity

Ref.

Positive Consequences

Minimal
Model

O(|P|) [DG84],
[IM82]

r.e.–complete [Smu56],
[AN78]

polynomial
in |E|

[CH82]

Negation

CWA O(|P|) [DG84],
[IM82]

co–r.e.–
complete

[Smu56],
[AN78]

co–r.e.–
complete

[CH82]

Stratified Programs

Perfect O(|P|) complete
arithmetic

[AB90] polynomial
in |E|

[CH85]

Locally Stratified Programs

Perfect O(|P|) ∆1
1–complete

over ω
[BMS92]*
([Min99])

N/A

Normal Programs

2–valued
completion

co–NP–
complete

[KP91] Π1
1–complete

over ω
[KP91] co–NP–

complete
[KP91]

3–valued
completion

O(|P|) folklore Π1
1–complete

over ω
[Fit85] polynomial

in |E|
[Fit85]

Stable co–NP–
complete

[MT91] Π1
1–complete

over ω
[MNR92],
[Sch90]

co–NP–
complete

[MT91]

Well–
Founded

O(|A||P|) folklore Π1
1–complete

over ω
[VaGe89],
[Sch90]

polynomial
in |E|

[VGRS91],
[VaGe89]

Extended Programs

Stable co–NP–
complete

[MR94] Π1
1–complete

over ω
[MR94] co–NP–

complete
[MR94]

Well–
Founded

O(|A||P|) [MR94] Π1
1–complete

over ω
[MR94] polynomial

in |E|
[MR94]

Table 2. (Adapted from [Sch95]) Complexity of Cautious Reasoning with Horn
Logic Programs
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Properties of Semantics

A second way to determine the semantics to be used for an application is through
their properties. Dix in [Dix92a] proposed criteria useful in determining the
appropriate semantics to be used. He developed semantics both for normalDDBs
[Dix95] and normal DDDBs [BD95b] that satisfy some of the properties that
he describes. While some properties are adaptations and extensions to those
developed by Kraus et al. [KLM90] to compare nonmonotonic theories, relevance,
partial evaluation and modularity were newly developed.

A property an arbitrary semantics, SEM , might have is that its semantics
should not be changed if a tautology is eliminated from its database. Table 3
summarizes other useful properties of semantics of DDDBs and specifies for
alternative semantics the properties that they satisfy. This table is adapted from
tables in [Dix95d, BD98, BD97]. Although complexity results and properties
that a semantics satisfy are extremely useful, no generally accepted criteria exist
as to why one semantics should be used over another. A semantics may have
all the properties one may desire, be computationally tractable and yet not
provide answers that a user expected. If for the normal logic program P = {a←
not b, b ← not a, c ← a, c ← b } of Section 3 the user expected an answer yes
in response to a query “← c”, and the semantics were the WFS, the user would
receive the answer unknown. However, if the stable model semantics had been
used, the answer returned would be yes . Perhaps the best that can be expected
is to provide users with complexity results and criteria so they may decide which
semantics meets the needs of their problems.

Relationship to More General Forms of Nonmonotonic Reasoning

Understanding the semantics of disjunctive theories is related to nonmonotonic
reasoning. The field of nonmonotonic reasoning has resulted in several alterna-
tive approaches to perform default reasoning [McCa80, Rei80, MD80, Moo84],
[Moo85]. The articles [Min93, EG95, CS93] cite results where alternative theo-
ries of nonmonotonic reasoning can be mapped into extended disjunctive logic
programs and databases. Hence, DDDBs may be used to compute answers to
queries in such theories. In [BE98] priority information on extended logic pro-
grams and principles that an approach to handling priorities should satisfy are
discussed. The expressive power of a query language over a disjunctive ground
database is studied in [BE96]. They show there exist simple queries that cannot
be expressed by any preferential semantics (including minimal model semantics
and various forms of circumscription), while they can be expressed in default
and autoepistemic logic. Default logic, autoepistemic logic and some of their
fragments are shown to express the same class of Boolean queries, which turns
out to be a strict subclass of the Σp

2 -recognizable Boolean queries. They prove
that under the assumption that the database consists of clauses whose length is
bounded by some constant, default logic and autoepistemic logic express all of
the Σp

2 -recognizable Boolean queries, while preference–based logics cannot. Eiter
and Gottlob [EG97] show that over the standard infinite Herbrand universe,
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Property Condition on a Semantics SEM to satisfy the Property

Clark’s
Compl.

GCWA WGCWAPerfect Stable WFS,
D-WFS

Static

Elimination of
Tautologies

If a rule α ← β ∧ not · γ with α ∩ β �= ∅ is eliminated from a
program P , then the resulting program is SEM –equivalent to P .

No Yes No Yes Yes Yes Yes

Generalized
Principle of
Partial
Evaluation
(GPPE)

If a rule α← β ∧ not · γ, where β contains an atom B, is replaced
in a program P by the n rules α∪(αi−{B})← ((β−{B})∪βi)∧
not · (γ ∪ γi), where αi ← βi ∧ not · γi (i = 1, . . . , n) are all rules
for which B ∈ αi, then the resulting program is SEM –equivalent
to P .

Yes Yes Yes Yes Yes Yes Yes

Positive and
Negative
Reduction

If (1) a rule α ← β ∧ not · γ is replaced in a program P by α ←
β ∧ not · (γ − C) where C appears in no rule head, or (2) a rule
α← β ∧not · γ is deleted from P if there is a fact α′ ← in P such
that α′ ⊆ γ, then the resulting program is SEM –equivalent to P .

Yes N/A N/A Yes Yes Yes Yes

Elimination of
Non–Minimal
Rules

If a rule α ← β ∧ not · γ is deleted from a program P if there
is another rule α′ ← β′ ∧ not · γ′ such that α′ ⊆ α, β′ ⊆ β, and
γ′ ⊆ γ, where at least one ⊆ is proper, then the resulting program
is SEM –equivalent to P .

Yes Yes No Yes Yes Yes Yes

Consistency
SEM (P) �= ∅ for all disjunctive deductive databases P .

No Yes Yes Yes No Yes Yes

Independence
For every literal L, L is true in every M ∈ SEM (P) iff L is true
in every M ∈ SEM (P ∪P ′) provided that the language of P and
P ′ are disjoint and L belongs to the language of P .

No Yes Yes Yes No Yes Yes

Table 3. (Adapted from [Dix95a]* ([Min99])) Properties of the semantics of
disjunctive deductive databases.



Disjunctive Logic Programming: A Survey and Assessment 491

disjunctive logic programming and normal logic programming under the (cau-
tious) stable model semantics coincide. See Cadoli and Lenzerini for complexity
results concerning circumscription and closed world reasoning [Cad92, CL94].
See Yuan and You [YY93] for relationships between autoepistemic circumscrip-
tion and logic programming. They use two different belief constraints to define
two semantics, the stable circumscriptive semantics and the well–founded cir-
cumscriptive semantics, for autoepistemic theories. The work in [YY93] and on
static semantics developed by Przymusinski [Prz95] appear to be related. As
shown in [BDP96, BDNP98], these approaches, though differently defined, are
also related to the D-WFS approach [BD95a, BD99]

DDDBs have also contributed to the null value problem. If an attribute of a
relation may have a null value, where this value is part of a known set, then one
can represent this as a disjunction of relations, where, in each disjunction a dif-
ferent value is given to the argument. For papers on the null value problem both
in relational and DDBs, see [Cod79, GM86, Lip81, Rei86, Zan84] and [Vas79]*
([Min99]).

Extended–Disjunctive Deductive Databases

Gelfond and Lifschitz ([GL90, GL91]) pointed out the need for another form of
negation next to default negation. They called called it classical negation and
they extended stable model semantics to work with classical negation, i.e., they
defined answer set semantics. Alferes, Pereira and Przymusinski ([APP98]) in-
troduced two other definitions of negation, which they summarize as symmetric
negations: strong negation and explicit negation. For logic programs with stable
model semantics both coincide with classical negation. Symmetric negation can
be used to provide natural solutions to various knowledge representation prob-
lems, such as theory and interpretation update, and belief revision. Minker and
Ruiz ([MR94]) describe general techniques for extending semantics to extended–
disjunctive logic programs, and they apply these techniques to stable models,
disjunctive well–founded and stationary semantics. In [RM97, RM98] they study
the semantics of extended–disjunctive logic programs that simultaneously con-
tain multiple kinds of default negation.

Extensions of Disjunctive Logic Programming

There are several effective implementations of disjunctive logic programming sys-
tems, some of which will be described in more detail in Section 5. These systems
will have to be enhanced to be able to handle more sophisticated applications.
Several new concepts, introduced for deductive databases have to be extended
and incorporated into disjunctive system implementations.

Extensions of disjunctive programs to more general belief programs are con-
sidered in [BDP96, BDNP98]. Buccafurri et al. extend Ordered Logic program-
ming to disjunctive theories. They relate the work to knowledge base systems,
show the language DOL (Disjunctive Ordered Logic) to be useful for diagnos-
tic processes based on stepwise refinements and study the expressive power and



492 Jack Minker and Dietmar Seipel

complexity of DOL. Buccafurri et al. [BLR97] also extended disjunctive logic
programs by weak constraints and defined a semantics which tends to minimize
the number of violated instances.

Practical applications of disjunctive logic programs often require the use of
extended features like aggregation operators. In [Sei99] it has been shown how
one can deal with aggregation in the presense of recursion and disjunction. A
suitable, intuitive semantics is defined based on stable model semantics, which
is applied to a special program transformation, which replaces an aggregation
by a suitable construct using default negation and the function symbol for lists.
Another approach for dealing with aggregation in normal logic programs based
on the choice construct was given by [ZW99].

Kifer, Lausen, and Wu, cf. [KLW95] proposed F–Logic (Frame Logic) as a
database language that accounts in a clean declarative fashion for many object–
oriented features such as object identity, complex objects, inheritance, polymor-
phic types, methods, and encapsulation. F–Logic has a formal semantics and a
sound and complete resolution–based proof procedure. Buccafurri, Faber, and
Leone [BFL99] have proposed a new knowledge representation language DLP<,
which extends disjunctive logic programming with strong negation by inheri-
tance.

5 Implementations of DLP–Systems

In this section we discuss four systems that are relevant to disjunctive logic pro-
gramming: Smodels developed by Niemela and Simons [NS97], DLV developed
by Eiter et al. [ELM+98], XSB developed by Warren et al. [RSS+97, War99],
and DeReS developed by Marek and Truszczyński [CMT99].7

The system Smodels ([NS97]) was designed to handle range–restricted normal
logic programs P without function symbols, where additionally every variable
occurring in a rule must appear in a domain literal (i.e., a literal with a non–
recursive predicate symbol). Smodels can compute the well–founded semantics
as well as the stable model semantics. The inference algorithm for computing
stable models is based on bottom–up backtracking search, where a powerful
pruning method – related to the WFS – is employed. One of the advantages of
Smodels is that it can be implemented to work in linear space. This makes it
possible to apply the stable model semantics also in areas where the programs
are highly non–stratified and can possess a large number of stable models. In
[JNSY00] it is shown how Smodels can be used as a core engine for computing
stable models of disjunctive logic programs without function symbols as well.
Smodels has been tested using examples from the logic programming literature,
combinatorial graph problems, circuit diagnosis, and propositional satisfiability.

7 The systems XSB and DeReS are not disjunctive. However, they can simulate dis-
junctive systems by shifting all but one literal in the head of a disjunctive clause as
negated literals to the body. If this is done for all literals in the head, the systems
can partially simulate disjunctive approaches.
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The DLV system of Eiter et al. ([ELM+98]) can handle range–restricted dis-
junctive deductive databases, i.e. disjunctive logic programs without function
symbols. DLV takes a new approach to intractability. Instead of attempting to
guarantee performance under restrictive assumptions, it relies on the fact that it
is often easy to find solutions to instances of hard problem classes, and employs
a so–called “guess and check” inference algorithm. The model generator (MG)
of DLV exploits heuristic information to construct (guess) one candidate for a
stable model at a time, which then is verified by the model checker (MC) against
the given problem constraints. In the event that the constraints turn out not to
be satisfied, another guess must be made. Considerable success was achieved
with DLV in quickly solving NP–complete problems such as finding Hamiltonian
paths. Other applications where DLV was applied are planning under incomplete
knowledge ([EFLPP00]) and abductive diagnosis ( [EFLP98]* ([Min99])). DLV
appears to indicate that the effectiveness of “iterative sampling” approaches
([CMT99]) (following a single, possibly heuristically–guided “probe” through
the search tree) discovered in the constraint satisfaction literature carries over
to logic–based approaches such as disjunctive logic programming.

Both DLV and Smodels have been implemented in C++. They both use in-
telligent grounding modules which generate a subset P ′ of the grounded input
program, such that P ′ is much smaller than gnd (P) but has the same set of stable
models.8. Also, both systems use a program simplification method that is based
on the WFS for normal logic programs. For DLV, which works with disjunctive
deductive databases, a generalization of the notion of unfounded sets, which is
fundamental in WFS, is used ([LRS95, LRS96]). The algorithms for computing
stable models are then applied to the grounded and simplified versions of the
original programs.

The system XSB ([RSS+97]) can compute most cases of the WFS for normal
logic programs with function symbols. The inference engine, which is called the
SLG–WAM, consists of an efficient tabling engine for definite logic programs,
which is extended by mechanisms for handling cycles through negation. These
mechanisms are negative loop detection, delay and simplification. They serve
for detecting, breaking and resolving cycles through negation. XSB is the only
nonmonotonic reasoning system that is a fully–fledged Prolog–system as well.
XSB has been used in systems that contain large sets of rules and data.

The system DeReS ([CMT99]) supports basic automated reasoning tasks for
default logic and for logic programming with the stable model semantics. It is
shown that a normal logic program P can be represented by a suitable default
theoryD, such that the stable models of P correspond to the so–called extensions
of D. DeReS uses relaxed stratification as a primary mechanism for pruning the
search–space. A default theory D is partitioned into several smaller subtheories,
called strata, and the extensions of D are constructed from the extensions of its
strata. The approach taken by DeReS is somehow orthogonal to the one taken
by Smodels, and it is argued in [CMT99] that next–generation implementations
of nonmonotonic systems must combine techniques developed in both projects

8 For Smodels, the intelligent grounding module is called lparse.
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in order to be effective in a large range of different applications. DeReS has been
tested extensively on the domain of combinatorial problems . A benchmarking
environment called TheoryBase has been implemented, which can systematically
generate parameterized families of default theories that encode graph problems
taken from the Stanford GraphBase developed by Knuth.

Other systems that implement disjunctive semantics are the following: The
system near Horn was implemented in Prolog by a group headed by Loveland
[Llo87, Lov87], [SL88, RL90, RLS91]. Seipel [Sei94] developed a system Dis-
Log that incorporates different disjunctive theories and strategies including the
semantics introduced in [LMR92]; DisLog tries to eliminate redundant compu-
tations by using a breadth–first approach. The system DisLoP, headed by Dix
and Furbach [ADN97b], aims at extending the restart model elimination and
hyper tableau calculi for DLPs under the D-WFS and stable semantics.

6 Applications

As discussed in Section 4, a problem with disjunctive theories is the complexity
of the theory, in general. There was also a sense that there were few applications
for disjunctive theories. This impression has changed during the past few years.
Below, we discuss several applications that have arisen that require disjunctive
theories: data integration, abductive reasoning, knowledge representation, diag-
nosis, and graph coloring.

6.1 Data Integration

An important part of data integration involves answering queries using various
resources rather than by accessing database relations. The process of transform-
ing a query from database relations to resources is often referred to as query
folding. For instance, a database of interest to a user may be distributed over
a network. It is necessary to bring data distributed over a network to a user’s
machine so that the data may be manipulated to answer user queries. In a dis-
tributed environment it is likely that one will want to save answers to queries
in the local user’s machine so that if the same or a related query is posed to
the distributed database, one can look in the local machine’s cached database
for answers, rather than have to access data over the network to answer the
query. In this situation the resources are the cached relations and the use of
these resources is an important aspect of query optimization. In some data inte-
gration systems the database relations are themselves virtual and the data must
be obtained from the resources. Resources may also be materialized views.

Several researchers have considered various aspects of this problem. Grant
and Minker (see [GM00] for references) take a logic–based approach to the
problem. We briefly sketch where disjunctions enter into seemingly relational
and Datalog databases. Consider a database that consists of an extensional
database (EDB), an intensional database (IDB), a set of integrity constraints
(ICs), and a set resources (ResDB), where the resources have been obtained by
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using resource rules. These resources are referred to as materialized views. That
is, they have been made explicit in a local computer as a result, for example, of
an answer to a conjunctive query. The EDB, IDB, ICs are part of a conventional
Datalog database. A resource r may be defined by several Horn rules as, e.g.,

r(X,Y )← p(X,Y ),
r(X,Y )← q(X,Y ) ∧ s(X,Y ).

Thus, the relation r has been obtained by retrievals from the relations p, q, and
s. The assumption is made that these and only these definitions are how r has
been formed. This is effectively an iff assumption, that is, r is defined as:

r(X,Y )↔ ( p(X,Y ) ∨ ( q(X,Y ) ∧ s(X,Y ) ) ).

This effectively is the Clark completion axiom for the resource r. This then yields
the two rules,

p(X,Y ) ∨ q(X,Y )← r(X,Y ),
p(X,Y ) ∨ s(X,Y )← r(X,Y ).

Given the integrity constraint,

← q(X, a) ∧ s(X, a)
the query, ← p(X, a) can be answered by querying the resource r(X,Y ) with
← r(X, a). Thus, in this instant if the s, p, and q relations are not local to the
original query, but the resource r is local, answering the query may be done in
an optimized manner.

6.2 Abductive Reasoning

The idea of performing abductive diagnosis based on disjunctive logic program-
ming has been studied by several researchers, e.g. Sakama and Inoue [SaIn00]
or Eiter et al. [EFLP98]* ([Min99]). An abductive diagnosis explains a set O
of observations based on background knowledge and a set H of hypotheses . In
[SaIn00] and [EFLP98]* ([Min99]) the background knowledge is given by an ex-
tended disjunctive logic program P , and H ⊆ HLP is a set of ground literals. In
[SaIn00], Π = 〈P ,H〉 is called an abductive logic program, and the elements of
H are called abducibles . In [EFLP98]* ([Min99]) an abductive diagnosis prob-
lem 〈P ,H,O〉 consists of an abductive logic program Π = 〈P ,H〉 and a set
O ⊆ HLP of ground literals, called observations . An abductive diagnosis is given
by a set H′ ⊆ H of hypotheses, such that P ′ = P ∪ H′ |= O, where P ′ |= O,
iff for some answer set S of P it holds O ⊆ S. Then, E = S ∩ H is called an
explanation in [SaIn00]. E.g. if the logic program P consists of the two rules

r1 = wet grass ← rained ,
r2 = wet grass ← sprinkler on ,
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and H = { rained , sprinkler on }, then the observation O = {wet grass } can
be explained by E = { rained }, since the answer set S = {wet grass , rained }
of P ∪ E contains O. The abductive diagnosis H′ = E = { rained }9 is called a
single–error diagnosis, since |H′| = 1.

In [EFLP98]* ([Min99]) a simple transformation to extended–disjunctive
logic programs is given which allows for computing explanations based on the
answer set semantics of Gelfond and Lifschitz:

dlp(Π,O) = P ∪ {A ∨ εA |A ∈ H } ∪ {← ¬o | o ∈ O } ∪ {← o |¬o ∈ O }.
If S is an answer set of dlp(Π,O), then E = S ∩ H is an explanation. The
disjunctive facts A∨ εA allow for assuming arbitrary hypotheses, and the denial
rules enforce that all observations from O will hold in S.

Refinements for computing minimal abductive diagnoses or for computing
abducibles that should be deleted from the logic program P10 have also been
investigated.

Deduction Vs. Abduction. Abductive reasoning with normal logic programs
can be done based on deduction with disjunctive logic programs, cf. Figure 4.
Disjunction is introduced by program completion which turns normal rules into
into disjunctive rules. From the normal rules ri = A ← βi defining an atom A

effects

effects ← causes
causes

?

Causal Inference

Deduction

causes

effects ← causes
effects

?

Diagnostic Inference

Abduction

Fig. 4. Deduction vs. Abduction

we conclude the disjunctive rule r = β1∨ . . .∨βk ← A by program completion.11

This diagnostic rule r allows one to deduce one of β1, . . . , βk as an abductive
diagnosis (cause) for the observation (effect) A.
9 Here it holds that H′ = E , which need not be true in general.

10 in addition to the set H′ of abducibles that is added to P
11 If one of the βi is a conjunction of more than one atom, then r is not a disjunctive

rule of the form (1), but it can be normalized to an equivalent set of disjunctive rules
by applying the distributivity law to β1 ∨ . . . ∨ βk.
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6.3 Knowledge Representation

As noted by Baral and Gelfond [BG94],

Knowledge representation is one of the most important subareas of artifi-
cial intelligence. If we want to design an entity (a machine or a program)
capable of behaving intelligently in some environment then we need to
supply this entity with sufficient knowledge about this environment. To
do that, we need an unambiguous language capable of expressing this
knowledge, together with some precise and well–understood way of ma-
nipulating sets of sentences of the language which will draw inferences,
answer queries and update both the knowledge base and the desired pro-
gram behavior.

They note that McCarthy [McCa59] first proposed the use of logical formulas
as a basis of a knowledge representation language of this type. In their paper,
they provide many examples of the use of a logic programming formalism to
represent and manipulate knowledge. The following example is used in [Poo89] to
demonstrate the difficulties with representing disjunctive information in Reiter’s
default logic. They note that the example has a natural representation in the
language of disjunctive logic programs.

Normally, a person’s left arm is usable, but a person with a broken left
arm is an exception. and similarly for the right arm. Suppose also that
we remember seeing Matt with a broken left arm or a broken right arm,
but we do not remember which.

Baral and Gelfond show how to represent the information in the language of
disjunctive logic programs, where the predicate names are self–explanatory, ex-
cept that ab(X,Y ) denotes that it is ‘abnormal that person Y ’s arm is X ’. They
represent the first statement as

lh usable(X)← not ab(l, X)
ab(l, X)← lh broken(X)
rh usable(x)← not ab(r,X)
ab(r,X)← rh broken(X).

The second statement is represented as

lh broken ∨ rh broken(X).

They then represent the closed world assumption for the broken predicates by
the following two rules:

¬lh broken(X)← not lh broken(X)
¬rh broken(X)← not rh broken(X)
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The last two rules state that if an arm is considered broken by default (not ), then
is is logically considered broken (¬). The disjunctive logic program consisting of
the above seven rules has two answer sets:

{ lh broken(matt), ab(l,matt), rh usable(matt), ¬rhbroken(matt) },
{ rh broken(matt), ab(r,matt), lh usable(matt), ¬lh broken(matt) }

and therefore infers

rh usable(matt) ∨ lh usable(matt)

which correspond to the intended specification.
Baral and Gelfond also show how the logical representation of knowledge can

be used for more complicated examples.

6.4 Medical Diagnosis

As an example we will consider the following disjunctive deductive database for
medical diagnosis, which deals with the pair of genes that determine a persons
blood–group, cf. Figure 5. Every person has two genotypes, which may be iden-
tical. One is inherited from the mother, the other is inherited from the father.

��f m

1 2 3 4

a 0 b b

a b a b 0 b 0 b

Fig. 5. Inheritance of Blood–Groups

A statement genotype(P ,T ) means that the person P has the genotype T . The
predicates homozygot and heterozygot , which are defined in the first three rules,
below, tell if a person has two identical or two different genotypes, respectively.
The rules r4 and r5 express that a person must have at least one of the genotypes
“a”, “b”, or “o” and can have at most two different genotypes. r5 is an integrity
constraint, which forbids that a single person has three different genotypes: it has
an empty rule head denoting a contradiction, which is derived in that situation.
The rules r6 and r7 relate the genotype of a person to the genotypes of the
parents. Finally, the phenotype , i.e. the person’s actual blood–group, is a result
of the two genotypes. According to the rule r8 for phenotype , four different



Disjunctive Logic Programming: A Survey and Assessment 499

phenotypes are possible: “a”, “b”, “ab”, and “o”. The rules for determining
phenotype “a” are given by r9 and r10.

r1 = heterozygot(P ,T1 ,T2 )←
genotype(P ,T1 ) ∧ genotype(P ,T2 ) ∧ not equal(T1 ,T2 ).

r2 = heterozygot(P)← heterozygot(P ,T1 ,T2 ).
r3 = homozygot(P ,T ) ← genotype(P ,T ) ∧ not heterozygot(P).

r4 = genotype(P , a) ∨ genotype(P , b) ∨ genotype(P , o) ← person(P).
r5 = ← genotype(P ,T1 ) ∧ genotype(P ,T2 ) ∧ genotype(P ,T3 ) ∧

not equal(T1 ,T2 ) ∧ not equal(T1 ,T3 ) ∧ not equal(T2 ,T3 ).

r6 = genotype(Child ,T1 ) ∨ genotype(Child ,T2 )←
parent(Child ,Parent) ∧ heterozygot(Parent ,T1 ,T2 ).

r7 = genotype(Child ,T ) ←
parent(Child ,Parent) ∧ homozygot(Parent ,T ).

r8 = phenotype(P, a) ∨ phenotype(P , b) ∨ phenotype(P , ab) ∨
phenotype(P , o) ← person(P).

r9 = phenotype(P , a) ← heterozygot(P , a, o).
r10 = phenotype(P , a) ← homozygot(P , a).

Expanding the above rules to include those for phenotypes “b”, “ab”, “o”, and
a database of facts, one can then use the stable model semantics to compute
answers to queries. This disjunctive logic program is non–stratified: genotype de-
pends recursively on itself, and there is a negative dependency between homozygot
and heterozygot involved in the recursion. Therefore it needs to be evaluated by
stable model semantics or a semantics that handles default negation with recur-
sion.

6.5 Graph Problems

Eiter et al. [EFLP00] have shown how complex graph problems can be encoded
easily using disjunctive logic programming. A directed graph G = 〈V,E 〉 is
encoded using an unary predicate node for the set V of nodes and a binary
predicate edge for the set E of edges.

In the following we will describe the problems of 3–colorability and of Hamil-
tonian paths , which are classical NP–complete problems. Also other graph prob-
lems like independent sets and kernels in directed graphs or maximal independent
sets and matchings in undirected graphs have been investigated using disjunctive
logic programming.
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3–Colorability. The problem is to color the edges of a directed graph G =
〈V,E 〉 by three colors (say red, green and blue), such that adjacent nodes always
have different colors.

g = color(X , red) ∨ color(X , green) ∨ color(X , blue)← node(X ),
c = ← edge(X ,Y ) ∧ color(X ,C ) ∧ color(Y ,C ).

In [EFLP00] this program is called a guess&check program: the rule g nonde-
terministically guesses color assignments for the nodes in the graph, and the
integrity constraint c checks that these choices are legal, i.e. that no two nodes
which are connected by an edge have the same color.

Hamiltonian Path. The problem is to find a path in a directed graph G =
〈V,E 〉 starting at a distinguished node “a” and passing through each node in
V exactly once.

g = in path(X ,Y ) ∨ out path(X ,Y )← edge(X ,Y ),
a1 = reached(a),
a2 = reached(X ) ← reached(Y ) ∧ in path(Y ,X ),
c1 = ← node(X ) ∧ not reached(X ),
c2 = ← in path(X ,Y ) ∧ in path(X ,Y ′) ∧ Y != Y ′,
c3 = ← in path(X ,Y ) ∧ in path(X ′,Y ) ∧X != X ′.

The rule g guesses a subset E′ ⊆ E of all given edges to be in the path. The
auxiliary rules a1 and a2 compute all nodes that are reachable from the starting
node “a” and the integrity constraint c1 checks that there is no node that is not
reachable from “a”. Finally, the integrity constraints c2 and c3 check that there
is no two edges in the path that start or end at the same node.

7 Summary and Assessment

During the almost 20 years of its history, the field of disjunctive logic program-
ming and disjunctive deductive databases has made significant progress in the
development of theories, implementation and applications. In the area of theory,
two significant developments have taken place, the development of semantics,
and the development of complexity results. In the area of implementation, we
have seen several powerful systems developed: XSB, Smodels, DLV, and DeReS.
In the area of applications, we have seen many new applications arise, when ini-
tially it was difficult to imagine realistic problems that would need disjunctive
theories.

We believe that the following significant developments have taken place in
the development of theories for disjunctive logic programming. For disjunctive
theories, the work of Minker [Min82] on default negation and that of Minker and
Rajasekar [MR90] laid the groundwork for further developments. They showed
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that a corresponding fixpoint theory for pure disjunctive theories, based on map-
ping disjuncts to disjuncts, generalized the van Emden/Kowalski fixpoint opera-
tor and led to the concept of a minimal state, where a state is a set of disjuncts.
The least minimal state for disjunctive theories corresponds to the least minimal
model of Horn theories. The work on stratified deductive theories by Przymusin-
ski [Prz88] and by Rajasekar and Minker [RM90] extended the work to stratified
theories. The work by Lifschitz and Gelfond who developed answer set semantics
for disjunctive theories that include both default and logical negation is also im-
portant. This work generalizes the stable model semantics to disjunctive theories.
The work by Brass, Dix and Przymusinski on “super logic programs” ([BDP96])
generalizes the well–founded semantics to the disjunctive case. It is clear that the
two dominant semantics of logic and disjunctive logic programming are the well–
founded and the stable model semantics and their generalizations. The work of
Eiter and Gottlob in the development of complexity results is also a significant
accomplishment. They show that disjunctive theories capture computationally
hard problems that cannot be handled by extended logic programs. This makes
it possible to implement extremely complex problems from the complexity class
Σp

2 , such as the strategic companies problem ([EFLP00])12.
The most significant accomplishment in the past 5 years in logic program-

ming and disjunctive logic programming has been the implementation of large
scale systems which can handle thousands of rules. Since, as noted in Section 4,
most nonmonotonic reasoning systems can be mapped to DLPs, one now has a
mechanism to implement nonmonotonic systems. Those systems that have been
implemented are: XSB, Smodels, DLV, and DeReS. Although XSB can handle
only extended logic programs, it can modify disjunctive theories by writing, for
example a∨b as two clauses, a← not b and b← not a. In this case, it can obtain
disjunctive answers by looking at the minimal models. XSB contains all of the
features that are available in Prolog and extends Prolog to extended logic
programs that can handle the stable model semantics and some aspects of the
well–founded. Smodels handles stable model semantics. DLV is a disjunctive sys-
tem and is being extended to handle large systems. DeReS implements default
logic and is being extended for large systems. These systems make it possible to
handle large application problems of substantial complexity.

There was a sense that disjunctive theories would not be needed for applica-
tions of interest. As noted in Section 6, several recent papers show that this need
not be the case. In data integration problems, when one has a resource defined
by multiple rules, to determine whether a query can be answered by resource
rules only, reduces to a disjunctive set of clauses. As noted by Baral and Gelfond
[BG94], large classes of knowledge base system applications are formulated us-
ing disjunctive clauses. Abductive reasoning, useful in diagnosis, reduces in many
instances to handling disjunctive data. In addition, some problems in cognitive
robotics need to be represented by disjunctive data. Many of the disjuncts can
be disambiguated by testing sensors to determine the disjunctive condition that
may apply, and hence reduce the planning problem to a Horn theory. Problems

12 which is Σp
2–complete as a decision problem
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that relate to nonmonotonic reasoning may be transformed to disjunctive logic
programs, and hence, solved by the existing implementations. These applications
show the relevance of disjunctive logic programming to real world problems.

The field of disjunctive logic programming has made large strides in the past
several years so that there are now significant semantics available, implementa-
tions of large systems, and a wide range of practical applications that need such
systems.

Tribute to Bob Kowalski

We are very pleased to have been invited to contribute a chapter in this collec-
tion to honor Bob Kowalski. The field of logic programming is deeply indebted to
Bob’s pioneering work. Bob made many contributions to logic programming. He
provided the first formalization of logic programming in terms of Horn clauses,
a computable subset of first–order logic. Bob’s research provided the theoretical
framework for logic programming: an inference mechanism and three different,
but equivalent semantics (the semantics were developed with Maarten van Em-
den). His interaction with Alain Colmerauer during the development of Prolog
led to an efficient implementation and an effective inference mechanism. Kowal-
ski’s influential dictum “Algorithm = Logic + Control” provided fundamental
direction for increasing clarity and scope in the description of algorithms. He
showed the relevance of logic programming in legal reasoning, meta–level and
commonsense reasoning, representation of temporal knowledge, verification of
integrity constraints for databases and abductive reasoning for medical reason-
ing.

The first author of this paper, Jack Minker, was introduced to logic program-
ming by listening to Bob Kowalski [Kow74] at the IFIP Congress in Stockholm,
Sweden. As Minker stated in several papers, he was skeptical about its effec-
tiveness to compete with conventional languages because of his experience with
solving problems using a theorem prover. However, after reading Kowalski’s pa-
per and realizing that he was talking about a subset of clausal form, namely
Horn clauses, he became convinced that logic programming was a viable way
to do programming. It has been Minker’s privilege to be both a friend and a
colleague of Bob Kowalski.

The second author, Dietmar Seipel, started working with Prolog in 1987
for implementing certain methods for query evaluation in deductive databases.
The dual nature of Prolog– as a declarative specification–style language (e.g.
Datalog for databases) and as a programming language – and the possibility of
rapidly prototyping systems became very appealing to Seipel. In 1992 he became
interested in disjunctive deductive databases and non–monotonic reasoning. At
the ICLP’93 conference in Budapest for the first time he attended a lecture given
by Bob Kowalski, and he was fascinated by the convincing style in which Bob
Kowalski presented his ideas. At subsequent ICLP conferences Seipel was also
able to get to know Bob Kowalski personally.
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Abbreviations

AAAI: American Association for Artificial Intelligence
AMAI: Annals of Mathematics and Artificial Intelligence
CADE: International Conference on Automated Deduction
DOOD: Intl. Conf. on Deductive and Object–Oriented Databases
ICLP: International Conference on Logic Programming
ILPS: International Logic Programming Symposium
IJCAI: Intl. Joint Conf. on Artificial Intelligence
KR: Intl. Conf. on Principles of Knowledge Representation and Reasoning
LPNMR: Intl. Conf. on Logic Programming and Nonmonotonic Reasoning
PODS: ACM Symposium on Principles of Database Systems
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Abstract. Constraint Logic Programming (CLP) extends logic pro-
gramming in two ways. Firstly it admits special predicates called con-
straints, which are not defined by clauses, but which are handled instead
by specific constraint solvers built into the CLP system. This extension
has been formalised as the CLP Scheme. Secondly CLP admits other
forms of processing than backwards reasoning by unfolding, in particu-
lar constraint propagation. This extension has been formalised in terms
of Information Systems. These two extensions are now widely applied
in industry, in particular to large scale combinatorial optimisation prob-
lems. The success of CLP has inspired a great deal of ongoing research
into algorithms (especially hybrid and incremental), languages and ap-
plications.

1 Introduction

Constraint Logic Programming (CLP) is no more and no less than logic program-
ming. Constraints are formally relations, and an answer to a query is a constraint
that entails it. Constraints as answers were already proposed by Kowalski in [41].
Taking this proposition to its logical conclusion, the chapter would have to end
here.

In the tradition of modern politics, let me therefore clarify the proposition,
and, in so doing, change it. The meaning of Logic Programming (LP) has been
summarised by Kowalski et.al [42] in the following paragraph:

Ordinary LP solves problems by representing problem-solving proce-
dures by means of clauses of the form

H ← L1 ∧ . . . ∧ Lm

with m ≥ 0, H and atom and each Li a literal. Variables in H and Li

are implicitly universally quantified with scope the entire clause. H is
called the head and L1∧ . . .∧Lm is called the body of the clause. Clauses
of this form are used backwards to unfold atoms in goals (existentially
quantified conjunctions of literals). Negation is interpreted as negation
as failure [16].

This restricted view of logic programming excludes built-in predicates, and
only admits query evaluation by unfolding. CLP extends this view of LP in
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two ways. Firstly it admits special predicates called constraints which are not
defined by clauses, and which cannot therefore be processed by unfolding. These
constraints are handled by specific constraint solvers built into the CLP system.

Secondly CLP admits other forms of processing than backwards reasoning
by unfolding. Indeed the specification of constraint solvers and the interaction
between different constraint solvers are important aspects of CLP.

1.1 Constraint Domains

CLP incorporates constraints and constraint solvers into LP. We can make the
= constraint explicit in LP by introducing equations T1 = T2 into each clause in
order to reduce the arguments in the head to distinct variables. Thus the clause

p(a, X, Y, X)← q(X, Y )

is mapped to:1

p(A, B, C, D)← A = a, B = D, q(B, C)

The resulting program includes the single constraint =, whose built-in solver is
unification.

CLP results from LP by allowing other constraints than just = to be handled
by a built-in solver. The first extension was to handle both = and �= [17]. This
was soon followed by CLP (R) [38] which handled =, ≥ and ≤. The novel aspect
of CLP (R) was that the interpretation of the terms inside the constraint atoms
was dictated by the constraints. For example in CLP (R) 3 = 2 + 1 succeeded,
whilst it failed in a traditional LP system where = was handled by unification.

This apparent contradiction was explained in terms of constraint domains.
In predicate logic the meaning of a formula is captured in terms of an underlying
domain of interpretation. Each function and relation in the formula is interpreted
as a function and relation respectively over the underlying domain.

In CLP (R) the underlying domain was intuitively taken to be the real num-
bers, where 3 = 2 + 1 is true. Whereas LP assumes an underlying Herbrand
domain in which 3 = 2 + 1 is false.

In the mid 1980s it was observed that all the main results for LP - logical
semantics, fixed point semantics, soundness and completeness of top-down execu-
tion under appropriate restrictions - carried over directly to CLP, as long as the
constraints and their solver satisfied certain very intuitive requirements. Thus
a whole CLP “Scheme” was introduced, which captured all the CLP languages
described above [37].

The main results for the semantics of logic programming over the Herbrand
universe all carry over to the CLP Scheme, as summarised in section 3.3 below.
Once the necessary properties of the constraints and their solver have been
established, the proofs of the results for CLP are simpler than the standard
1 In this paper we shall use a comma rather than a ∧ between literals in the body of
a clause.
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proofs for logic programming over the Herbrand universe. Thus the CLP Scheme
has helped us to understand logic programming better, and also to generalise it
in a natural and powerful way. The scheme is described in more detail in section
3 below.

In summary, the CLP Scheme represents problems in terms of clauses, just
like LP does. It handles clauses by unfolding, just like LP does. But it allows
a different class of constraints than =, and evaluates them using a different
constraint solver than unification.

1.2 Constraint Propagation

At the very same time as the emergence of the CLP Scheme, in the mid 1980s,
another extension to LP was emerging that is also known as CLP.

In this case no special constraint predicates were introduced, and all predi-
cates in the program were defined by clauses as in LP. The extension to LP was
to allow program clauses to be handled by something other than unfolding.

The first example of CLP in this sense was the CHIP system [22]. CHIP
allowed clauses to be evaluated not only by unfolding but also by propagation.

Propagation has a long history in AI dating back to its application to vi-
sion [82]. Many variations of propagation have been introduced [54, 26], and
researchers have developed specialised algorithms for each variety of propaga-
tion [50, 53, 33].

Propagation corresponds very broadly to the addition of surrogate subgoals
as proposed originally by Kowalski in Chapter 9 of [41]. However the AI tra-
dition of propagation admitted a very specific class of subgoals called domain
constraints. A domain constraint restricts the possible values that can be taken
by a specific variable.

The domain constraint that X can only take values a, b or c would natu-
rally be expressed in LP in terms of membership of a list: member(X, [a, b, c]).
However domain constraints are standardly written in the form X ::[a, b, c].

Domain constraints are combined with other goals to achieve quite specialised
evaluation algorithms. By combining a domain constraint on a given variable
with other goals involving the variable, domain constraints on other variables
may be tightened. This tightening process recurses each time the domain of any
variable is reduced, until either no further tightenings are possible, or a domain
becomes empty, in which case a failure has been detected.

An example helps, but first we introduce some syntax. The same domain can
be associated with several variables simultaneously by writing[W, X, Y, Z]::[a, b, c].
A numeric range can be given as a finite domain by writing X ::15..74. “Tight-
ening” a domain is performed by replacing a domain constraint by another on
the same set of variables, but with a new domain which is a strict subset of the
old one.

Let us assume, for the purposes of the example, that our propagation algo-
rithms achieve arc-consistency [26]. This means it yields the tightest domains
possible by processing the constraints individually.
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Consider the query:

← [X, Y, Z]::0..3, X − Y = Z, Y −X = Z, Z > 0

– From the goal X − Y = Z, no domain tightenings can be deduced because
whatever the values of X , Y or Z, there are values for the other two variables
which satisfy the constraint. (For example if X = 0 the constraint can be
satisfied by choosing Y = 0 and Z = 0. If Z = 3, on the other hand, the
constraint is satisfied by X = 3 and Y = 0.) The constraint becomes idle,
and awaits further processing.

– From the goal Y −X = Z, no domain tightenings can be deduced either, for
the same reason. This is somewhat disappointing as the only possible value
for Z which could allow both constraints to be satisfied simultaneously is
Z = 0. This deduction is not made by propagation, however, because the
constraints are propagated individually and separately.

– From the goal Z > 0, however propagation immediately yields the tightened
domain Z::1..3. Now the domain of one of its variables has been tightened
the first two constraints wake up. The first constraint X − Y = Z tightens
the domains of X and Y yielding X ::1..3 and Y ::0..2. It then becomes idle
again. Now the second constraint Y − X = Z tightens these new domains
yielding Y = 2, X = 1 and Z = 1, and becomes idle. The domain reductions
wake up the first constraint X − Y = Z again, and it finds that there are
no remaining values for the variables that satisfy the constraint. Thus the
inconsistency between the constraints is detected at last.

If the domain of any variable becomes empty during propagation, then an
inconsistency has been detected. However propagation does not always guarantee
to detect inconsistencies between different constraints.

A significant generalisation of propagation is to add a different class of surro-
gate subgoals than just domain constraints. Such a generalisation was proposed
in [47]. Focussing on propagation schemes that just add domain constraints, a
range of propagation algorithms and techniques are analysed in [5].

1.3 State of the Art

The differences between LP and CLP summarised above appear technical, and
perhaps even marginal. Yet their practical consequences have been dramatic.

The real benefit of logic programming is its ability to correctly capture com-
plex problems, and thus enable these problems to be solved. Unfortunately LP
has often failed to deliver these benefits in practice because the natural encoding
of a problem in LP rarely maps to an efficient and scalable unfolding procedure.

CLP by contrast has delivered solutions to large complex problems faced
by users from many walks of life. Section 2 lists some industrial applications of
CLP. It is also a useful tool for researchers, and has been used for example to
implement systems for planning [48] and abstract interpretation [18].

An exciting current development is the merge of mathematical program-
ming and Operations Research with CLP. CLP provides an environment where
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complex algorithms and techniques developed by operations researchers can be
captured and reused. CLP also enables these techniques to be generalised, and
combined [63].

1.4 Summary of This Chapter

The next section will give an overview of industrial applications of constraint
programming. In section 3 we will present the CLP Scheme, and explain how the
constraints of logic programming (syntactic equations) can be augmented with
other constraints. In section 4 we will present a formalisation of constraint be-
haviour supported by a variety of examples from current constraint programming
platforms. The next section will list some current areas of constraint program-
ming research, and the chapter ends with a short conclusion.

2 Applications

A survey of practical applications of constraint programming appeared in 1996
[81], where annual revenue from constraint technology was already estimated at
around 100 million dollars. The annual conference on practical applications of
constraint technology [56] is a useful source for ongoing progress. Other sites
where applications of the technology are described include the ILOG site [36],
the Cosytec site [19], Parc Technologies [60], SICS [72], the Prolog Development
Centre [57], Prologia [59], IF-Computer [35], and AIAI [3].

Over the last five years the technology has achieved a level of maturity where
its employment in the modelling and delivery of large scale applications is no
longer newsworthy. Companies such as Temposoft [77], and i2 [34] make no
mention of their use of constraint technology.

The main commercial applications of constraint technology to date have been
in the areas of transportation, rostering, manufacturing and planning. These are
all areas involving NP-hard problems which require sophisticated algorithms to
yield high quality solutions within a reasonable timescale.

In the area of transportation, constraints have been used in many areas of
application. Constraint programming has been used to develop timetables and
schedules for trains and airlines (eg [64]); it has been used for assigning berths for
ships, platforms for trains, slots and stands for aircraft (eg [21]); it has been used
for the optimisation of road transport delivering fuel, food, parcels for companies
such as Texaco, EDF, Procter and Gamble, Sun Valley, Federal Express, and
Unigate; it is used in generic products such as SAPs Advanced Planner and
Optimizer; it has also been used for driver and crew planning for airlines, trains
and buses (e.g [84]).

Rostering is another application area where constraints are becoming the
technology of choice, not only in the transportation industry but also in hospitals
(eg [1]), call centres and normal office-based organisations. BT has also claimed
to save over 100 million pounds per year by optimising the dispatch of engineers
to jobs around Britain.
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The use of constraints to optimise manufacturing is also well-established with
systems in place in the chemicals industry (eg [73]), aircraft manufacturing, oil
refining, food and even tyre production.

Finally constraint programming is used in planning power networks, commu-
nications networks, mobile phone systems, wiring for buildings, water systems,
and advertising (eg [11]).

There are other very important application areas where as yet the scale of
commercial activity remains modest. One successful application is in the design
of software to interface complex components (eg [27]).

The validation requirements concern not only the correctness of control soft-
ware (the lift door must not open while it is moving) but also fairness properties
(the lift must eventually satisfy each request). Constraints are already used for
hardware verification (eg [23]), but as yet there remain scalability problems for
validating substantial software components. The combination of abstract inter-
pretation and powerful constraint solvers could provide the key to fully validating
larger systems.

3 The CLP Scheme

3.1 Formalisms

When formalising logic programming it is necessary to specify both its declar-
ative semantics and its operational semantics. The main theorems are, then,
mappings between the two.

CLP, like other extensions of logic programming, has extra features for which
the declarative semantics needs extending. It also has extra behaviours, for which
the operational semantics need extending. The kind of CLP introduced in section
1.1 above, extends LP with a new feature: i.e. constraints. The behaviour of
the constraint solvers is encapsulated and needs no formalisation. The kind of
CLP introduced in section 1.2 above, however, extends LP with new behaviours,
rather than new features.

Logic and model theory provide excellent tools for formalising declarative
semantics. For this reason in the current section we shall use logic to formalise
the CLP Scheme.

3.2 From Equations to Constraints

Consider the following simple LP:

p(X)← X = a

p(X)← X = b, Y = a, p(Y )

The query

← p(Z)
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has computed answers
Z = a and Z = b.

A defining property of logic programming is its declarative semantics, which
can be directly related to its operational semantics through correctness and
completeness theorems. If P1 is the Clark completion of the above program, the
computed answers are correct because
P1 |= ∀Z.(Z = a→ p(Z))
and
P1 |= ∀Z.(Z = b→ p(Z))
The computed answers also satisfy the completeness condition that
P1 |= ∀Z.((Z = a ∨ Z = b)↔ p(Z))

Let us now take a toy CLP instance with a single constraint c. The constraint
is defined by the following axiom cT:
∀X, Y.c(X, Y )↔ (X = a ∧ Y = b)

A toy CLP program over this constraint domain is:

p(X)← c(X, Z)
p(X)← c(Y, X), p(Y )

Answers are computed by unfolding the clauses, accumulating the constraints,
and checking the (existential closure of the conjunction of) constraints for con-
sistency. Consider the query

← p(W )

The first computed answer is
∃Z.c(X, Z) (1)

(which results from unfolding the first clause). The second computed answer is

∃Y, Z.c(Y, W ) ∧ c(Y, Z) (2)

which results from unfolding the second clause and then the first. The compu-
tation which unfolds the second clause twice accumulates the constraints
c(Y, X), c(Z, Y )
whose existential closure is inconsistent with the axiom cT, so it fails. Therefore
the program halts after producing answers 1 and 2 above.

If P2 is the Clark completion of the CLP program then the answers are con-
sistent in that, for answer 1:
P2 ∪ {cT } |= ∀W.(∃Z.c(W, Z)← p(W ))
and for answer 2:
P2 ∪ {cT } |= ∀W.(∃Y, Zc(Y, W ) ∧ c(W, Z)← p(W ))
Also the computed answers satisfy the completeness condition that:
P2 ∪ cT |= ∀W.(∃Z.c(W, Z) ∨ (∃Y, Zc(Y, W ) ∧ c(W, Z))↔ p(W ))
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These answers seem rather different from the answers computed in LP, but
in fact we have only replaced one constraint = with another c.

We cannot in general replace the = constraint by other constraints because
it is needed in the computation of programs and queries involving functions and
constants. For example with the same constraint c, consider the program:

q(X, d)← c(X, Z)

The query

← q(V, W )

has computed answer
∃Z.c(V, Z) ∧W = d

The consistency test for a set of constraints C1, . . . , Cn during unfolding is
formalised as T |= ∃X.C1 ∧ . . . ∧ Cn, where T is the axiomatisation of the
constraint domain, and X is the set of free variables in C1, . . . , Cn.

To handle negation correctly we need the negation of a failed goal ¬G to be
entailed by the program completion P , and the constraint theory T . In other
words P ∪ T |= ¬G. To ensure this result always holds, the constraint theory
must also be satisfaction complete, which means that every existentially closed
conjunction of constraints must be either entailed or disentailed by the constraint
theory.

Suppose the constraint theory is not satisfaction complete. For example con-
sider the same program:

q(X, d)← c(X, Z)

but a different constraint theory T3, which neither entails nor disentails c(e, f).
Writing P3 for the program completion, consistency requires that for every com-
puted answer A from the program, P3 ∪ T3 |= A. The query

← q(e, d)

fails against the above program, because it is not the case that T3 |= ∃Z.c(e, Z).
Negation as failure would therefore sanction the computed answer ¬q(e, d). How-
ever it is not the case that P3∪T3 |= ¬q(e, d), which is the condition for soundness
of computed answers.

This example shows that negation as failure cannot be soundly applied unless
the constraint theory is satisfaction complete.

3.3 Summary of Results

The main results relating the operational to the declarative semantics of the CLP
Scheme can be summarised as follows. Consider a program whose completion is
P over a constraint domain axiomatised by the satisfaction complete theory T .
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1. If the goal G has a successful derivation with answer constraint c, then
P ∪ T |= c→ G.

2. If the goalG has a finite computation tree, with answer constraints c1, . . . , cn,
then P ∪ T |= G↔ c1 ∨ . . . ∨ cn.

3. If P ∪ T |= c → G, then there are derivations for the goal G with answer
constraints c1, . . . , cn such that T |= c→ (c1 ∨ . . . ∨ cn).

4. If P ∪ T |= G ↔ c1 ∨ . . . ∨ cn then G has a computation tree with answer
constraints c′1, . . . , c

′
m (and possibly others) such that T |= c1 ∨ . . . ∨ cn ↔

c′1 ∨ . . . ∨ c′m.

These and many further results are presented in an excellent survey of con-
straint logic programming [39].

4 Constraint Handling

In this section we examine the definition of constraint handling agents and fa-
cilities for controlling their evaluation. The function of an agent (what result
it establishes) should be distinguished from its operational specification (how it
establishes the result). The definition of an agent’s function should be (as far as
possible) orthogonal to its control. This enables the programmer first to define
his agents correctly and then to experiment with the control of their behaviour
without touching their definitions.

Information Systems (extended to Constraint Systems by Saraswat et.al. [67])
provide suitable tools for formalising operational semantics. Therefore in the cur-
rent section we shall use Constraint Systems to formalise constraint propagation.

4.1 An Architecture for Constraint Handling in CLP

The set of constraints accumulated during a computation is termed the constraint
store. In the (narrow view of the) CLP Scheme outlined in the previous section,
the constraint store is tested for consistency each time a constraint is added.

Going beyond CLP Scheme, different kinds of constraint handling are possi-
ble, and indeed there may be multiple constraint stores holding different classes
of constraints.

Moreover, when we make explicit both the constraint handling process and
the traditional logic program computation by unfolding, it can be helpful to dis-
tinguish two execution modes for constraint programs. One mode is the execution
of the “host” logic program, where the control is program defined. Examples of
such control are sequential and parallel execution of commands, and search with
backtracking.

The other mode of execution is constraint-driven. This mode is used for
processes which become active as soon as the constraint store satisfies some con-
ditions, and may then become idle for a while before being reactivated again
when the constraint store satisfies further conditions. Guarded clauses in lan-
guages dating back to Parlog, Concurrent Prolog, GHC and ALPS [70] are early
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examples exhibiting this mode of execution. Consider, for example, the following
“Constraint Handling Rules” [28] as expressed in ECLiPSe [80].

plane(Distance,Capacity,Type) ==> Distance>=1000 |
long_haul(Capacity,Type).

long_haul(Capacity,Type) ==> Capacity >=200 | Type = jumbo.

Logically the constraints state that:
∀D, C, T : (plane(D, C, T ) ∧D ≥ 1000∧ C ≥ 200)→ T = jumbo.
Each constraint has three parts, the head, the guard and the body distinguished
by the syntax Head ==> Guard | Body. Let us describe the behaviour of these
constraints when executing the query ?- plane(D,C,T), D=1500, C=250.

1. To handle the first goal plane(D,C,T) the system simply sets up the con-
straint agent plane(D, C, T ). The agent checks its guard D ≥ 1000, to de-
termine whether it is entailed by the current constraint store. The store is
currently empty, so the guard is not entailed. Therefore the agent becomes
idle.

2. The second goal adds D = 1500 to the constraint store. As a consequence
the agent wakes up again and checks its guard. The guard is now entailed, so
the agent posts the new goal long_haul(C,T), and exits. The new goal sets
up the agent long haul(C, T ), which checks its guard C ≥ 200. This guard
is not entailed by the store, so the agent becomes idle.

3. The third goal adds C = 250 to the store. The agent long haul(C, T ) wakes
up, and checks its guard, which is now entailed, so it posts the goal T = jumbo
and exits. This goal adds T = jumbo to the store, and the execution is fin-
ished.

Constraint Handling Rules can be used to implement specific constraint solving
behaviour. For example, using rules with two literals on the left hand side, a
solver handling a strict partial ordering relation r can be implemented as follows:

r(X,Y1), r(Y2,Z) ==> Y1=Y2 | r(X,Z).
r(X1,X2) ==> X1=X2 | fail.

Constraint propagation in CSP [49] is another early example from quite a
different field of research. Each constraint is an agent, and its behaviour is to
tighten the domains of the variables. The behaviour of finite domain constraints
was described with an example in section 1.2 above.

Constraint propagation and guarded clauses have subsequently both been
captured in the single paradigm of Concurrent Constraint (cc) Programming.
We usually refer to commands when discussing host program execution, but
when discussing the parts of the program whose execution is constraint-driven
we talk about agents. An example of the embedding of agents in a host program
is cc(FD) where propagation constraints are embedded in logic programming
[78].
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4.2 Classes of Information

Constraint Systems Constraints have been very elegantly formalised in [66]
as information systems and extended to constraint systems [67].

Briefly a constraint system is defined by a set of tokens (denoting atomic
pieces of information) and an entailment relation which specifies when a token
is entailed by a finite set of tokens. An element of a constraint system is a set of
tokens which is closed under entailment. For the closure under entailment of a
set S of tokens we will write S.

Elements represent partial information and we can impose an ordering on
them based on how much information they contain. Under this partial ordering,
the elements form a complete algebraic lattice. The following introduction is a
simplification. For the purposes of this paper, we ignore the differences between
information systems and constraint systems.

Constraint Stores and Constraint Agents Let us formalise a constraint
store as an element E of a constraint system that is generated by finitely many
tokens, t1, . . . , tn. Thus E = [t1, . . . , tn]. We can formalise the behaviour of
constraint agents as operators on constraint systems.

Finite domain propagation is formalized as an operator on a special kind
of constraint system whose tokens are just variable domains. Thus X > Y , if
handled using propagation, maps the store [X ::1..3, Y ::1..3] to the store
[X ::2..3, Y ::1..2].

Constraint Handling Rules can also be formalized as an operator on an un-
derlying constraint system. For example the CHR
long_haul(C,T) ==> C>=200 | T = jumbo
maps [t1, . . . , tn] to [T = jumbo, t1, . . . , tn] iff2 [t1, . . . , tn] � C ≥ 200. Otherwise
the store is mapped to itself. The tokens in the underlying system represent the
class of primitive constraints, constraints belonging to the underlying constraint
domain, as described in section 3.3 above. In this example the underlying tokens
might be variable labellings, of the form V ar = val.

Closure Operators All constraint agents either map the store to itself, or they
add information to the store. Formalised as operators on the lattice of constraint
systems they are, accordingly, increasing. Moreover, and perhaps less obviously,
if the original store held more information, then the operator would also produce
a new store with at least as much (and possibly more) information. As operators
on the lattice of constraint systems they are, therefore, monotonic. Finally, since
an agent does not become idle until

– in the case of CHR’s, no guard is entailed, and
– in the case of propagation, no more domain tightenings are possible

2 The CHR’s described in this chapter do not remove the constraints in the head of
the rule when they fire, so in a finite computation each rule will eventually fire if its
guard is entailed. For Simplification rules [28], which replace their heads with their
bodies, the semantics are more awkward.
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the operator produces no more information if it is applied to its own output. The
operator is, therefore, idempotent. As an operation on lattices, then, constraint
agents can be formalised as closure operators. Closure operators are nice because
it is very easy to specify how they behave. The specification needs merely to list
their fixpoints. A fixpoint is any point which is mapped, by the operator, to
itself. Any other point is mapped by the closure operator to the least fixpoint
above it. (By monotonicity there cannot be two such fixpoints.)

With this abstraction we have an easy way to tell if two constraint agents
(which are logically equivalent) also have the same behaviour: we simply study
their fixpoints.

Two Constraint Systems: The Constraints Store and the Constraint
Agents Constraint systems also gives us a wonderful insight into constraint
behaviour, when we realise that the constraints themselves, viewed as logical
formulae, also form a constraint system. This constraint system is more expres-
sive than the one used to formalise the behaviour of the constraint agents. Every
token in the underlying constraint system belongs to this one, but this constraint
system has extra tokens: one for each constraint expressible in the language.

Taking finite domain propagation as an example, the underlying constraint
system has only tokens for domain constraints X ::[a, b, ..., k]. However the larger
constraint system has a token for all constraints, X − Y = Z and X > Y etc.

Simply fixing the class of tokens in the underlying constraint system may
severely limit the possible constraint behaviours that can be associated with a
constraint. The “best” possible behaviour is to extract from the constraint all
logical consequences that are expressible in the underlying constraint system.
This is achieved if the fixpoints are all, and only, those points in the underlying
lattice that are greatest lower bounds of the original constraint in the larger
lattice.

Indeed if the underlying constraint system has only finite domain constraints,
and if each constraint is encapsulated as a separate constraint agent, then the
most powerful behaviour possible is propagation to achieve arc-consistency. If
the underlying constraint system comprised binary inequations (X >= Y ), then
propagation would yield all the entailed binary inequations. Finally if the con-
straint system comprised all constraints expressible as a disjunction of conjunc-
tions of atoms in the language, then propagation would immediately yield all
solutions to any query.

Surprisingly it can be very hard to express quite simple behaviours using
CHR’s. For example let us express propagation to achieve arc-consistency for a
constraint defined by a list of tuples:

It is necessary to compile rules for each entry:

short_cons(X,N) ==> short_cons_abc_123(X,N).
short_cons_abc_123(X,N) ==> X\=c | short_cons_ab_123(X,N).
...
short_cons_ab_123(X,N) ==> N\=3 | X=a.
...
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a 1

a 2

b 3

c 2

Table 1. Constraint short cons

This is also very inefficient. More efficient encodings are possible, but they are
not easy to understand, and they cannot compete for performance with specific
implementations of finite domains propagation.

Generalised propagation [47] enables the user simply to state the class of
tokens in the underlying constraint system, and leave the implementation to
generate the most powerful behaviour.

Global Constraints There is a way to get much more powerful constraint
behaviour without using a larger class of tokens in the underlying constraint
system. This is by encapsulating larger parts of the problem as a single constraint
agent.

Consider, for example, the humble disequality constraint X �= Y . Finite
domain propagation cannot achieve much useful propagation on separate dise-
quations. Sadly propagation fails to detect the inconsistency of the constraints
[X, Y, Z]::[a, b], X �= Y, X �= Z, Y �= Z. However the conjunction of all three con-
straints X �= Y ∧X �= Z ∧ Y �= Z can be encoded as a single constraint agent.
Finite domain propagation on this agent will immediately detect the inconsis-
tency if the domains are reduced to [X, Y, Z]::[a, b].

In general it is not possible to turn any conjunction of disequations into an
efficiently implementable constraint agent (since the class of problems express-
ible with conjunctions of disequations is NP-complete). However it is possible to
efficiently handle cliques, where a disequation is imposed on every pair of vari-
ables in the clique. A constraint agent enforcing arc-consistency on the constraint
all different([X1, X2, . . . , Xn]) has been efficiently implemented [61].

This is termed a global constraint as it can constrain any number of variables.
It can be used in the modelling of any combinatorial problem which includes such
cliques. In particular it is very useful for resource allocation problems where
tasks which overlap in time cannot be performed by the same resource. Many
sophisticated algorithms devised by operations researchers have been captured as
global constraints and made available to the constraint programming community
[10].

The implementation of global constraints for scheduling has been the subject
of a long line of research [2, 14, 7, 45]. For routing and vehicle scheduling problems
the cycle constraint is very useful [10]. For rostering applications the sequence
constraint simplifies problem modelling and contributes to the efficiency of the
solver [8]. A wide variety of such global constraints have been designed and
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implemented and they are of tremendous practical importance. A tutorial on
the use of global constraints in problem modelling and solving is [74].

A global constraint incorporating a cost function was introduced in [61],
and the use of reduced cost fixing to integrate costs into global constraints was
presented in [25]. A recent survey of global constraints and their contribution
to hybridisation is [52]. A framework for developing and implementing global
constraints was recently introduced by Beldiceanu [9].

5 Current Directions

Constraint programming has spawned a variety of research areas, and new topics
are continually springing up. This section is a snapshot of just some of the current
exciting research.

5.1 Hybrid Algorithms

Motivation Constraint logic programming is making a major impact on two
communities: the operations research community who devise sophisticated al-
gorithms for handling particular classes of constraints, and the meta-heuristics
community who devise sophisticated search strategies which tune themselves to
the problem at hand.

CLP provides an environment in which these widely differing approaches can
be cleanly combined. The result is the emergence of a new class of hybridisa-
tion techniques, each of which can be used to build a wide variety of hybrid
algorithms.

A recent workshop on the integration of AI and OR techniques in constraint
programming for combinatorial optimisation problems attracted some 70 par-
ticipants from a wide variety of backgrounds (CP, and AI and OR) and many
different countries [30].

Combining Constructive and Local Search Logic programming has built-
in backtracking which makes it easy and natural to express a constructive search
algorithm, that explores a search space depth-first.

Constructive search can exploit the constraints very well to avoid exploring
irrelevant parts of the search space. However constructive search has a weak-
ness in addressing optimisation problems. The optimisation function typically
involves many variables and, until most of them are instantiated, little can be
deduced about the value of this function by constraint propagation.

Local search, by contrast, takes a complete labelling of all the problem vari-
ables and changes the value of one or more variables to improve it. Local search
focusses on optimisation but cannot easily be tuned to handle hard constraints.

By combining the two forms of search in a single algorithm the advantages
of each can be exploited, leading to a new kind of search.

An early, and influential, algorithm combining constructive and local search
is weak commitment search [83]. A technique for preserving completeness in the
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context of a “chaotic” exploration of the search space is recording nogoods [20].
Nogoods were used successfully in conjunction with dynamic backtracking by
[31], and in conjunction with weak commitment by [62].

Constructive search can be used within a local search algorithm to find the
best neighbour [58] and to find a high quality feasible neighbour in [71]. Local
search was used within a constructive search framework in [13].

A tutorial covering hybrid search techniques is [46].

Combined Search for Solving Optimisation Problems Large scale com-
binatorial optimisation problems involve a cost function, and for performance
reasons it is necessary to find solutions quickly that are not only feasible but
also of low cost. Usually these cost functions are linear, or can be approximated
by a linear or piecewise linear function. Linear programming offers efficient con-
straint solvers which can quickly return optimal solutions to problems whose cost
function and constraints can be expressed using only linear expressions. Conse-
quently most industrial LSCO problems involve one or more linear subproblems
which are addressed using linear programming as available in commercial prod-
ucts such as XPRESS [55] and CPLEX [36]).

Whilst global constraints classically return information excluding certain as-
signments from any possible solution, linear solvers classically return just a single
optimal solution. In contrast with global constraints, the information returned
by a linear solver for a subproblem does not necessarily remain true for any
larger problem in which it is embedded. Thus linear solvers cannot easily be
hybridised in the same way as global constraints.

Nevertheless several hybridisation forms have been developed for linear solv-
ers, based on the concept of a “master” problem, for which the optimal solution
is found, and other subproblems which interact with the master problem. At
each iteration the master problem is solved and this solution passed to the sub-
problems. Different forms of hybridisation sanction different responses.

If the reponse is to return a new set of constraints to the master problem,
this is called row generation. Unimodular probing [65] is an integration of a form
of row generation into constraint programming.

Another form of hybridisation is called column generation [4]. In this case,
each subproblem returns one or more solutions which have the potential to im-
prove on the current optimum for the master problem.

A number of applications of column generation have been reported in which
the subproblem is solved by constraint programming [40, 76].

Besides optimal solutions, linear solvers can return several kinds of informa-
tion about the solution. Reduced costs are the changes in the cost which would
result from changes in the values of specific variables. These are, in fact, un-
derestimates so if the reduced cost is “-10” the actual increase in cost will be
greater than or equal to 10. In case the variable has finite domain, these reduced
costs can be used to prune values from the domain in the usual style of a global
constraint. (A value is pruned from the domain if the associated reduced cost is
so bad it would produce a solution worse than the current optimum).
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In this way linear programming can be hybridised with other solvers in the
usual manner of constraint programming. Indeed the technique has been used
very successfully [25].

Finally subproblems can be handled by treating them as “soft” constraints
and associating a cost with their violation. Using the power of duality theory in
linear programming Langrangian relaxation is a technique that elicits an ideal
set of penalties [24]. With these penalties it is ensured that the optimal solution
to the relaxed problem is also guaranteed to be the optimal solution to the full
problem. Lagrangian relaxation has also been applied in constraint programming
[69].

5.2 Constraint Databases

Constraint databases represent a new paradigm in the area of database systems
[29, 43]. They unify and extend several distinct fields of research: relational,
object-oriented, spatial and temporal databases; geographical information sys-
tems (GIS) ; and constraint logic programming.

The expressive power of constraint query languages to ensure queries fall
into acceptable complexity classes has been a major motivator. Constraint search
trees have also been formalised as an extension of traditional tree-based indexing
methods [75]. Finally a number of implementations have been built [12] and the
field has already spun-off some commercial enterprises.

5.3 Languages for Modelling and Solving Problems

Constraint logic programming is a clean and powerful formalism, but applica-
tions of constraint technology have forced issues of problem modelling into a high
profile. For the different kinds of people involved, from end users, to application
developers, modelling needs are different.

The CHIC-2 project explored in some depth the issues that arise in trying
to solve industrial problems, and produced a methodology [15]. On the other
hand operations researchers find CLP too powerful, and seek a simpler weaker
formalism. One language addressing these needs is OPL [79]. For combinato-
rial problems search techniques are of fundamental importance, whilst CLP has
depth-first search and backtracking built-in. Some researchers are exploring dif-
ferent languages for expressing and controlling search [51, 44]. The constraint
programming language ECLiPSE supports hybrid search through its repair li-
brary [68].

Researchers from the AI community are now exploring ways of mapping
logical models of constraint problems (essentially CLP without recursion) auto-
matically to efficient algorithms. This endeavour may still be premature.

5.4 Constraint Graphics

Picture recognition was one of the first applications of constraint propagation.
Now it is graphical output rather than input that is motivating a great deal of
research.
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The use of constraints for implementing graphical user interfaces has made
it possible to write graphics that are highly flexible. The shape of the output
can adapt to accommodate itself to the size of the displaying medium. Diagrams
can be enlarged, shrunk or reshaped, but the constraints can ensure that they
still serve the same visual purpose [6, 32]

Constraint-based graphics will find more and more practical applications in
the near future.

5.5 Constraint Solving

Constraint solvers themselves are the topic of a great deal of research. Specific
solvers for sets, non-linear constraints, terminological constraints and many other
generic constraint domains are being developed and integrated. Indeed control
of constraint solvers is itself a research topic.

Many global constraints have been developed in the last decade, each one
separately. There is currently a move towards developing a toolset for building
a wide class of global constraints. It was observed that many global constraints
depend upon graph algorithms, and if appropriate data structures for represent-
ing and manipulating graphs were available, then new global constraints could
be built quickly and efficiently. Current graph algorithm libraries do not meet
the needs of constraint programming and so researchers are currently trying to
specify what those needs are and what functionality should be supported by
such a library [9].

6 Conclusion

Constraint logic programming is logic programming. It adds algorithms and new
forms of control to the logic programming paradigm, but it loses nothing from
Kowalski’s original vision.

This author believes it will not be long before the distinction between logic
programming and constraint logic programming disappears. Whilst the extra
choices offered by the different constraint solvers and propagation techniques in
CLP make CLP languages “bigger”, their alluring brevity, efficiency and elegance
more than compensate.

The collocation of the main international conference for constraint program-
ming and logic programming in 2001 cannot but encourage a closer integration
between the two communities.
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Abstract. Formal verification of security protocols has become a key
issue in computer security. Yet, it has proven to be a hard task often
error prone and discouraging for non-experts in formal methods.
In this paper we show how security protocols can be specified and verified
efficiently and effectively by embedding reasoning about actions into a
logic programming language.
In a nutshell, we view a protocol trace as a plan to achieve a goal, so that
protocol attacks are plans achieving goals that correspond to security
violations. Building on results from logic programming and planning, we
map the existence of an attack to a protocol into the existence of a model
for the protocol specification that satisfies the specification of an attack.
To streamline such way of modeling security protocols, we use a descrip-
tion language ALSP which makes it possible to describe protocols with
declarative ease and to search for attacks by relying on efficient model
finders (e.g. the smodels systems by Niemela and his group). This paper
shows how to use ALSP for modeling two significant case studies in pro-
tocol verification: the classical Needham-Schroeder public-key protocol,
and Aziz-Diffie Key agreement protocol for mobile communication.

1 Introduction

The design of secure communication protocols over an insecure medium such as
the internet is a daunting task. Notwithstanding the increasingly sophisticated
cryptographic primitives for digitally signing messages, encrypting documents,
getting notarized timestamps on files etc., most security protocols are often found
seriously flawed, even after they make their way up to become a standard.

Interestingly, most of the errors encountered in security protocols are logical
error, which do not depend on the strength of the underlying cryptographic
algorithms. For instance, if we receive a document digitally signed by Alice, we
may think that Alice actually signed this message and sent it to us. However,
depending on how the protocol is designed, it might well be that Alice never
intended to send that document to us, but rather to a certain Bob, who never
asked for it. It is just a malicious hacker who, by intercepting and subtly cutting
and pasting messages together, has made such an awkward situation possible.
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An interesting collection of examples can be found in the book by Schneider [36,
Chap. 3] or the classical articles by Abadi, Needham et al. [7,2].

This phenomenon is somehow surprising because security protocols are not
overly complex: academic protocols are seldom above 6 messages, whereas de-
ployed and widely used protocols such as Kerberos or TLS/SSL (the internet
secure payment protocol) hardly go beyond twenty ((see [36, Chap. 3] or [7,10]
for some characteristic examples), and even a “monster protocol” such the Secure
Electronic Transaction protocol (SET) by Visa and Mastercard is substantially
composed by 6 suites of “normal” protocols [32]. Nothing even comparable to
the intrinsic complexity of current CPU design with billion of gates.

The hardness of the design task can be explained by two different factors.
First, security protocols try to achieve difficult and sometimes unclear goals such
as entity authentication, confidentiality, proof of receipts etc.in a substantially
untrusted medium. It is often not clear what authentication means (see for in-
stance Gollmann [16] vs Lowe [21]).

Second, the medium itself allows for unsuspected interactions, parallelism
of actions and events that are difficult to foresee. Consider electronic payment
protocols. Even though we think in terms of Alice willing to buy something, and
Bob wishing to sell it, Alice and Bob are processes and not persons. Alice (the
person) cannot simultaneously go to the grocery and to the bakery. Bob, the
grocer, will hardly serve more than one person at a time. Alice cannot really
run away with few kilos of pasta to avoid paying Bob. In contrast Alice (the
shopping softbot of Alice) can practically simultaneously open a connection with
Bob, the web server of a DVD movies e-shop and Charlie, her CD supplier. Bob,
on his own, can have thousands of these connections who may all be in parallel
and ought to be served with minimum delay. He cannot run after Alice to
grab back his DVD if she “forgets” to pay. Moreover, their orders are channeled
through many intermediate untrusted nodes.

It is therefore not a surprise that formal methods have gained such a wide-
spread use in the analysis of security protocols [26,25]. Unfortunately, it turned
out that formal verification itself its quite an intensive task as to discourage
the application of a formal method by anybody else than the developer of the
method itself. As correctly pointed out by Brackin, Meadows and Millen in [6]:

It became evident that it was difficult for analysts other than the
developers of the various techniques to apply them. One reason for this
difficulty is that the protocols had to be re-specified formally for each
technique and it was not easy to transform the published description
of the protocol into the required formal system. Some tool developers
began work on translators or compilers that would perform the trans-
formation automatically. The input to any of such translators still re-
quires a formally-defined language, but it can be made similar to the
message-oriented protocol description that are typically published in ar-
ticles, books and protocol standard documents.

The research efforts resulted in languages such as CAPSL [6] and CASPER [22],
that are “front-ends” to formal systems, intermediate between formal specifica-
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tions and the language used in the published descriptions of protocols. Indeed,
these languages allow the operational specification of the protocol in terms of
messages sent and received, and in terms of the operations made.

Nevertheless, these languages tie the hand of the protocol analyst and bind
him to adopt the interpretations of protocol properties made by the designers
of the compiler, who usually coincide with the developers of the target formal
method. The security analyst must still buy, lock, stock and barrel, the definition
of authentication, secrecy, non-repudiation etc. which are hardwired in the tool.

Moreover, the intermediate language proved to be too weak for specifying
more complex protocols. For instance, in a public key infrastructure, each agent
may have a certificate for its public key, and certificates usually have expiration
dates. In the design of a security protocol, a designer may want to specify that
the validity period of a certificate must be appropriate: a server may reject a
document supposed to be valid for 10 years which is signed with a private key
expiring in a month. To overcome this modeling difficulty, front-ends allow the
specifiers to hack directly such constraints into the target formal language [22].

So, one would like to combine the best of two worlds: an operational descrip-
tion of a protocol and a declarative specification of its properties.

1.1 Our Contribution

We proposed ALSP (Action Language for Security Protocols, see [8,9]), an exe-
cutable specification language for representing security protocols, and checking
the possibility of attacks. The intuitions are the following:

– The operational description of a security protocol (what security designers
would like) can be quite naturally cast into the general framework of an AI
planning problem with simple actions such as sending and receiving. Checks
on the protocol actions (such as verifying expiration dates on certificates)
are naturally cast into action preconditions. Attacks are just plans to reach
security violations.

– The preconditions for the executions of protocol actions and the properties
of a protocol should be easily specifiable, as declaratively as possible.

– Modeling nonmonotonic behaviors is essential in this framework, as we may
want to say that if something is not specified then it is false by default.
Once we modeled the capability of an intruder and – with this capability –
no attack is found, then we would like to conclude that no attack exists.

– The number of objects and agents would potentially be unbounded; therefore
the language must allow for free variables and function symbols to describe
properties of objects, compound objects (such as concatenation of messages)
and agents, without forcing the analyst to hardwire each particular object
into a particular message of particular protocol steps.

– As soon as we set a bound on the number of objects and agents that are
around, it should be possible to check for attacks with fast state-of-the-art
systems in a automatic way (that is, debugging should be mostly automatic).
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– Decidability and expressiveness of the language matter more than complex-
ity, because we do not verify a protocol on-line (whereas a robot must move
in the real world), but we want to specify complex protocols without bit-
oriented programming in logic, process algebras or other formal languages.

For all the above reasons, logic programming stands out as an extremely nice
formalism upon which to build our specification language ALSP . However, for
our formalization of security protocols not everything of logic programming can
be bought; therefore ALSP borrows selected features from logic programming .
ALSP is based on logic programming with stable model semantics (LPSM )

[3,14]. This choice is motivated by three properties guaranteed by LPSM :

– if a fact is true in a stable model, there is a justification for it and no circular
justification is allowed;

– if something is not explicitly said, it is false by default;
– it is possible to say that some facts must be true in a stable model, and other

facts may be true in it.

This is particularly appropriate to represent actions and changes, which is needed
to model security. For example, consider modeling an intruder. If the intruder
decrypted some messages, we want a well-founded justification for the intruder
to know the key. Moreover, we want to say that the intruder may disrupt each
step of the protocol, but he is not obliged to; he may disrupt some steps and let
others remain unchanged.

Logic programming languages — hence ALSP — allow for a declarative for-
malization of the operational behavior of the protocol and the possible attacks of
an intruder. As mentioned, we borrow this formalization from robotic planning:
out of a declarative specification of the world, the proof of the existence of a
model for a goal state can be easily transformed into a plan (i.e. a sequence of
actions) to achieve it. Conversely, the non-existence of a plan can be checked as
an un-satisfiability problem. If no model for a goal state can be found, then we
have proven that there is no plan that achieves it.

To achieve decidability for bounded model checking we impose some restric-
tion on the form that free variables occurring in rules may have. Thus we obtain
domain restricted logic programs. When a bound on the protocol resources,
agents and time is set, we obtain a finite ground model of our specification.

Finally, we search for attacks on the finite ground representation using ef-
ficient model finders for the stable model semantics [30,31] which can handle
hundreds of thousands of rules in few seconds. This makes ALSP executable.

1.2 Plan of the Paper

In this paper we show how to model in ALSP two important case case studies:
the classical Needham-Schroeder public-key protocol [29,7] and the Aziz-Diffie
key agreement protocol for mobile communication [4,38].

Thus, we first introduce some background on the logic approach to planning
(Section 2). Then we shortly introduce the languageALSP (Section 3) and sketch
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how it can be used in practice (Section 4). Then we illustrate the formalization
in ALSP of the Needham-Schroeder protocol (Section 5) and the Aziz-Diffie key
agreement protocol (Section 6). We conclude the paper with a brief comparison
with related works (Section 7).

2 Logical Approach to Planning

Planning is a research area in AI aiming at the construction of algorithms —
called planners — that enable an agent (a robot or a “softbot”) to synthesize a
course of actions that will achieve its goals (see Weld [39] for a recent survey).

A planner has to be provided with a background theory, i.e. a description of
generally known properties about the world, and with a planning problem:

1. a description of the initial state of the world;
2. a description of the goal state the agent has to achieve;
3. a description of the possible actions that can be performed by the agent.

This is often called domain theory or action theory.

The solution of the problem (if one exists) is a plan, i.e. a sequence of actions
that, when executed in any world satisfying the initial state description, will
achieve the goal.

Actions may have preconditions, i.e. requirements to be satisfied in order for
the action to be executable. Actions modify the current status of the world;
this is described by stating the “causal laws”, i.e. how they affect the values of
predicates and functions, in the form of the so called effect axioms. In addition,
the “laws of inertia” for the domain are to be stated, i.e. which values are
unaffected by each action, so they persist through its execution.

A planning problem in the context of security protocols, where agents ex-
change messages and are subject to attacks by intruders, is the following:

1. the initial state is described in terms of the keys known to agents and the
messages already exchanged (typically none), at the time the protocol starts;

2. the goal state is an unwanted situation where some security violation has
occurred (e.g. A receives a message allegedly from B who actually never sent
it to A.);

3. actions are exchanges of messages among agents.

A solution of the planning problem, if any, is a sequence of actions leading to an
unwanted situation, and thus a plan is an attack to the security of the protocol.

The background theory, in this case, includes the description of how messages
are composed and decrypted by agents, the properties of keys, how knowledge
is attained by the agents participating in the protocol, etc.

Causal laws and laws of inertia can be cast as constraints on the possible sets
of predicates that are admissible for consecutive times t and t+1. For instance,
if the action predicate says(A, B, M, t) is true, then said(A, B, M, t + 1) is true.

In this way, the planning problem becomes the problem of finding a time
t such that Goal(t) holds, where Goal(t) is the conjunction of the (relevant)
formulas true at time t such that all constraints are satisfied.
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The relation between logic programming on the one side, and reasoning about
action and planning on the other side, has been studied quite extensively, e.g.
by Gelfond and Lifschitz [15], Denecker et al [11] in the context of the Event
Calculus, or Subrahmanian and Zaniolo [37]. Kautz and Selman in [17] proposed
to cast a planning problem as a model finding problem via an encoding of plans
as propositional formulas. We do not adopt their encoding, but share with their
proposal the idea that planning can be solved as model finding. Following ideas of
Nebel and coworkers [12] and Niemelä [30], our basic intuition is to limit the size
of plans (by considering plans whose length l is less than n for some fixed n) and
then encode the planning problem as a satisfiability problem of logic programs,
by encoding each causal and inertial constraint as a logic programming rule. If
we find a stable model for the goal and all formulae, then we have a plan.

Plans can be generated using logic programs with the stable model semantics
[14,3]. Stable models capture the two key properties of solution sets to logic
programs: they are minimal and grounded, i.e. each atom in a stable model
has a justification in terms of the program. Minimality and groundedness make
logic programming with stable model semantics (LPSM ) particularly suited to
modeling actions and change, in particular in security problems, where we want
to model exactly what happened (i.e. we do not want to leave room for unwanted
models), and where everything has a justification in the model. For example, if
an intruder has got a secret key, there is an explanation in the model in terms
of actions that he has performed, it cannot have happened for other reasons not
captured by the stable model itself.

Even though computing stable models has been proved NP-complete, the
techniques for computing stable models for ground programs have advanced and
there are systems that can cope with tens of thousands of rules. The system
smodels, developed by Niemelä and his group [30,31], is one of them.

In order to introduce it, we present some more notions. Logic programs with
variables can be given a semantics in terms of stable models. The stable models of
a normal logic program P with variables are those of its ground instantiations PH

with respect to its Herbrand universe. If logic programs are function free, then
an upper bound on the number of instantiations is rcv, where r is the number of
rules, c the number of the constants, and v the upper bound on the number of
distinct variables in each rule. Hence, to keep the Herbrand Universe of a logic
program finite, we need to restrict variables to range over finite domains.

Programs where variables are sorted are domain restricted to the domain
of the sort predicates. This property holds for the logic programming language
ALSP . Functions are allowed in ALSP programs, but domain restrictedness is
kept by imposing that arguments of functions range over finite domains.

Domain restrictedness is a limitation that still leaves logic programs with
expressive power to deal with interesting applications. At the same time, with
this limitation, the grounding problem and the search for stable models can be
solved efficiently, in particular if the domain is nonrecursive, i.e. D does not
contain predicates that are recursively defined in P . ALSP enjoys this property.
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smodels [31,30] is an implementation of LPSM , for range restricted function
free normal programs. It consists of two modules: the proper smodels, which
implements LPSM for ground programs and parse, the grounding procedure,
or better lparse a more efficient parsing module which works for domain re-
stricted programs with nonrecursive domains. lparse automatically detects do-
main predicates and deals with them very efficiently. In addition, it has some
built in arithmetic functions.

The stable model semantics for ground programs as implemented in smodels
is a bottom-up backtracking search, where only the negative atoms in the pro-
gram contribute to an increase of the search space, hence it is very efficient.

smodels offers the possibility of including a “choice” rule into logic programs:

{c} ←−a, b

It reads as: if a and b are both true, then c may be in the stable model, but this
is not mandatory. Actually, a program containing the choice rule can in fact be
translated into a normal program. The language ALSP borrows the choice rule
from smodels, as it is useful when representing security problems. For instance,
it allows us to easily represent the fact that an agent may send a message, but
he is not compelled to do it.

3 The Language ALSP

As already said, ALSP is logic programming with negation as failure and stable
model semantics. We here illustrate the primitives ALSP offers, i.e. the logic
programming rules common to the representation of (almost) all security proto-
cols. ALSP provides the user with basic sort predicates to characterize the basic
components of protocols’ specifications:

– ag(A) denotes that A is an agent
– nonce(N) denotes that N is a nonce1

– key(K) denotes that K is a key2

– timestamp(TS) denotes that TS is a timestamp.

ALSP provides the user with constructors for messages. Some “classical”
constructs are pairing, encryption, hashing, and exclusive-or, which we represent
in BAN-like notation [7]:

– {M}K is the encryption of M with the key K;
– M1||M2 is the concatenation of M1 with M2;
– h(M1) is the hash of message M1;
– M1 ⊕M2 is the bit-wise xor of M1 and M2.

1 Nonce is a security jargon for “Number Used Once”; typically, an unguessable ran-
dom number.

2 Wemay have different keys such as shared, private or agreement keys. We distinguish
them with additional predicates.
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A special sort predicate is msg(M), which denotes that M is a valid (sub)message
that may appear in a run of the protocol. The predicate msg(·) specifies how
messages are built with message constructors from basic components.

The direct approach would be using msg(·) and defining messages inductively
with constructors. For instance

msg(M1||M2)←−msg(M1), msg(M2)

could be a rule for inductively defining message concatenation. Unfortunately,
inductively defined predicates with function symbols have infinitely many ground
instances. In our application, we do not need inductive definitions for msg(·): it
is sufficient to use messages that may occur as submessages in a possible run
of a protocol. For instance, the concatenation of thousands of nonces will never
appear in the Needham-Schroeder public key protocol, and – if it does – it will be
ignored by all honest agents. In most protocols, even complex ones, the format
and number of valid messages is fixed3 and can be expressed by few applications
of the constructors to elements of the basic types (see [27]).

Therefore we impose two constraints:

Definition 1. A basic sort predicate is admissible for ALSP if it is not recur-
sively defined by logic programming rules.

Definition 2. A logic programming rule with the special sort predicate msg(·)
in the head is admissible for ALSP only if basic sort predicates alone occur in
the body of the rule.

If we have finitely many basic objects (agents, nonces, etc.), then we have finitely
many messages in ALSP and therefore we have finite models. This is the only
part of ALSP specifications in which we forbid inductively defined predicates.

The trade off is that the rules defining msg(·) depend on the particular pro-
tocol we are analyzing. We must define each submessage in terms of the atomic
components. This tedious part of ALSP specifications has been automated [18].
ALSP has predicates for defining properties of messages :

– part(M1, M) denotes that M1 is a submessage of M ;
– invKey(K, KI) denotes that KI is the inverse of K;
– symKey(K) denotes that K is a symmetric key;
– sharedKey(K, A, B) denotes that K is a (symmetric) key shared between A

and B;
– asymKeyPair(Kpriv, Kpub) denotes that Kpriv and Kpub are an asymmetric

key pair.

Other predicates may be introduced on demand.
Next, we have predicates for knowledge and ability to compose messages.

From now on we must introduce time as an additional argument.

3 The recursive protocol analyzed in [33,35] is an exception.
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– knows(A, M, T ) denotes that agent A knows message M at time T ;
– synth(A, M, T ) denotes that A can construct message M at time T .

Then we have predicates for actions :

– says(A, B, M, T ) denotes the attempt4 by A to send message M to B at
time T ;

– gets(B, M, T ) denotes the receipt5 of message M by B at time T ;
– notes(A, M, T ) denotes the storage of message M by A at time T .

These actions are present in the inductive theory of traces by Paulson and Bella
[33,5]. Together with the predicate knows(A, M, T ), they are the only predicates
typeset in italics, as they are the only ones whose truth value we need to know
for extracting attacks from stable models.

We use the predicates said(A, B, M, T ), got(B, M, T ), and noted(A, M, T ),
with the obvious meaning that they are true when the corresponding action
happened some time before T . We prefer this solution wrt the explicit temporal
operators as for instance proposed by Syverson and Meadows [38] because it
leads to simpler semantics and gives us the flexibility to explicitly axiomatize
when and how information about past runs of the protocol carries on into the
current run.

4 ALSP at Work

In order to verify the security of protocols, building on the above primitives, we
write specifications in ALSP , and then use the smodels systems, according to
the following steps:

– we use the ALSP specification of the general background and action theories;
– we write the ALSP specification of the protocol dependent part, with choice

rules for representing the correct execution of the protocol;
– we define a rule for the security property (attack) we want to check;
– we merge the three specifications, set the maximum execution time of the

protocol to tmax, and a bound on the number of basic objects (agents, nonces,
etc.);

– we use lparse to obtain the finite ground representation of ALSP specifica-
tions;

– we use smodels to look for a stable model of the ground system.

If no stable model exists, then the attack does not exist for all (possibly
parallel) interleaved runs of the protocol up to tmax.

If a stable model is found, then we look for the atoms representing actions
(says(A, B, M, T ), gets(B, M, T ), notes(A, M, T )) that are true in the model:
they give us the sequence of (parallel) actions that constitute the attack.
4 Attempt because the spy might intercept the message and the intended recipient
might never see it.

5 We only specify the recipient in the “get” action as the sender is unreliable. See also
[5,33] for a discussion of this modeling choice.
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If we are looking for confidentiality attacks, then we must gather the atoms
knows(spy, M, tmax) that are true in the model. They represent the knowledge
of the intruder at the end of the protocol.

To speed up the search, we may add extra constraints on the rules that
describe the protocol, for instance by limiting the possibility of agents to receive
or send messages etc.

In a nutshell, search can be constrained by adding more determinism to
the protocol description. Provided these constraints are reasonable and corre-
spond to the “natural” implementation of the protocol, they do not preclude the
possibility of finding attacks. Some of these optimizations are described in the
subsequent case studies.

5 Needham-Schroeder Public-Key

The Needham-Schroeder Public-Key protocol is a classical workbench for formal
analysis. It was introduced by Needham and Schroeder in the 70s and its aim is
to allow two agents to exchange two independent secret numbers.

The basic idea is simple: Alice wants to talk to Bob, but doesn’t know him
directly. So she contacts a trusted server to provide her with the public key of
Bob. Then, by using the protocol, Alice and Bob get hold of two shared secrets
in the form of nonces which can then be used for subsequent communication6.

The protocol is interesting because it has been formally analyzed using a
belief logic [7], but a substantial weakness7 has only been detected using model
checking within process algebra [19].

The intuitive description of the protocol is the following:

1. Alice contacts Sam, a trusted server, who knows the public key of Bob;
2. Sam replies by sending Bob’s public key signed with his private key;
3. Alice sends Bob a fresh nonce and her name encrypted with Bob’s public

key;
4. Bob reads the message and contacts Sam to get Alice’s public key;
5. Sam replies by sending Alice’s public key signed with his private key;
6. Then Bob creates a fresh nonce and sends it back to Alice together with her

own nonce, all encrypted with Alice’s public key;
7. Alice checks her nonce, and then sends back Bob’s nonce encrypted with his

public key, to show him that she has got hold of it.

6 To be precise, this goal has been ascribed to the protocols by Needham, Abadi and
Burrows in [7]. The original paper [29] uses the more vague term of authentication.

7 Given the rather vague terms used in the original paper, it has been a subject of an
intense debate whether Lowe’s “attack” is indeed an attack (see [16]).
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Formally, it corresponds to the following:

A−→S : A||B
S−→A : {pK(B)||B}sK(S)

A−→B : {Na||A}pK(B)

B−→S : B||A
S−→B : {pK(A)||A}sK(S)

B−→A : {Na||Nb}pK(A)

A−→B : {Nb}pK(B)

Leaving outside the steps involving Sam, which just distributed public keys, the
security of the protocol rests upon the following reasoning (borrowed from [7]):

– if Alice sent Bob a number (the nonce Na) that she has never used for
that purpose before, and if she receives from Bob something that depends
on knowing that number (the message {Na||Nb}pK(A)), then she ought to
believe that Bob’s message originated recently, in fact after hers.

– if Alice believes that pK(B) is Bob’s public key, then she should believe that
any message encrypted as pK(B) can only be decrypted by Bob;

– if Alice believes that her private key sK(A) has not been compromised then
any message encrypted with pK(A) can only be decrypted by her;

– thus, upon receiving {Na||Nb}pK(A), Alice can be assured that Bob is alive,
and only her and Bob know Na and Nb.

The same reasoning can be done for Bob, when he receives {Nb}pK(B).
Thus, “each principal knows the public key of the other, and has the knowl-

edge of a shared secret which he believes the other will accept as being shared
only by the two principals. [. . . ] From this point, A and B can continue to ex-
change messages using Na, Nb and public-key encryption. In this way they can
transfer data or other keys securely” [7].

As Lowe has shown [19], this is not exactly the case. There are runs of the
protocol where Bob believes that he has been running the protocol with Alice,
whereas Alice has been running the protocol with Charlie and has never heard
about Bob.

For simplicity sake, as in Lowe’s analysis, we omit messages to and from S.
The first step is the specification in ALSP of the valid messages of the pro-

tocol, to guarantee that the ALSP specification is admissible (see Definition 2
or [8,9] for further discussion). To this extent, we must define each sub-message
in terms of the atomic components:

msg({N ||A}K)←−key(K), isPubKey(K), nonce(N), ag(A)
msg({N ||N ′}K)←−key(K), isPubKey(K), nonce(N), nonce(N ′)
msg({N}K)←−key(K), isPubKey(K), nonce(N)
msg(N ||A)←−nonce(N), ag(A)
msg(N ||N ′)←−nonce(N), nonce(N ′)
msg(N)←−nonce(N)
msg(A)←−ag(A)
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This step is entirely mechanical and tedious. To avoid it, a translator from pro-
tocol descriptions in CASPER into ALSP has been recently implemented at the
Department of Informatica e Sistemistica [18] and a graphical interface is under
way.

Next, we need rules to model the ability of agents to manipulate messages.
We start by inductively defining the parts of a message on the basis of our
constructors:

part(M, M)←−msg(M)
part(M, M1||M2)←− msg(M), msg(M1), msg(M2),

part(M, M1)
part(M, M1||M2)←− msg(M), msg(M1), msg(M2),

part(M, M2)
part(M, {M1}K)←− msg(M), msg(M1), key(K),

part(M, M1)

In the sequel, for sake of readability, we omit all sort predicates and use the
convention that A, B, C, etc. stand for agents, N stands for nonces, T stands
for time, K stands for keys, and M stands for messages.

Keys have particular properties, which can be modeled provided the resulting
rules are admissible according to Definition 1. For instance, we need to state that

1. public and private keys go in pairs,

isPubKey(Kp)←−asymKeyPair(Ks, Kp)
isPrivKey(Ks)←−asymKeyPair(Ks, Kp)

2. each private key is the inverse of the corresponding public key, and vice
versa,

invKey(Ks, Kp)←−asymKeyPair(Ks, Kp)
invKey(Kp, Ks)←−asymKeyPair(Ks, Kp)

3. each agent has a public/private key pair.

asymKeyPair(sK(A), pK(A))←−ag(A)

Since Herbrand Equality (i.e. the unique name assumption) is implicit in our
model, we obtain that each agent’s public (private) key is different from all
other asymmetric keys. We can explicitly impose these constraints:

←−asymKeyPair(Ks, Kp), asymKeyPair(Ks, Kp′), Kp �= Kp′

←−asymKeyPair(Ks, Kp), asymKeyPair(Ks′, Kp), Ks �= Ks′

If the above rules are the only rules about asymmetric keys, by stable model
semantics we have that a public key cannot be another agent’s private key. This
constraint (which is not necessarily true for all crypto-systems, e.g. RSA [36])
can also be added:

←−asymKeyPair(Ks, Kp), asymKeyPair(Kp, Kp′)
←−asymKeyPair(Ks, Kp), asymKeyPair(Ks′, Ks)
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Shared keys can be modeled in a similar fashion (see [8,9]).
Next, we define what an agent can infer from other messages and how he can

construct messages; that is we model knowledge. Most of these rules are protocol
independent. The reader may find a comprehensive description in [8,9].

For instance, we may need to specify that if you get something then you
obviously know it.

knows(A, M, T )←−got(A, M, T )

Beside sending and receiving messages, we need rules to peel constructors off.
For the N-S protocol, we just need rules for concatenation and encryption:

knows(A, M1, T )←−knows(A, M1||M2, T )
knows(A, M2, T )←−knows(A, M1||M2, T )
knows(A, M, T )←− knows(A, {M}K , T ),

knows(A, KI , T ), invKey(K, KI)

In some cases concatenation is modeled as an associative operator. This can
be captured by the following rule:

knows(A, (M1||M2)||M3, T )←−knows(A, M1||(M2||M3), T )

In first-order logic programs, this rule may lead to non termination. We would
avoid this problem, as we use the ground representation for actual search.

However, we drop the rule altogether as it is not appropriate for modeling
well-implemented protocols: ISO Distinguished Encoding Rules (DER) distin-
guishes precisely between the concatenation A||(B||C) and the concatenation
(A||B)||C even from a bitwise point of view. Since the formal verification of
badly implemented protocols have little sense we decided to leave it out.

Then we can model message composition as follows:

synth(A, M, T )←−knows(A, M, T )
synth(A, {M}K , T )←− synth(A, M, T ),

knows(A, K, T )
synth(A, M1||M2, T )←− synth(A, M1, T ),

synth(A, M2, T )

Now we can build the first part of the protocol independent action theory in
ALSP . Again, some successor state axioms are identical for all protocols and we
refer to [8,9] for further details. For instance, we have axioms to model what
happens when a message is received:

got(B, M, T + 1)←−gets(B, M, T )
got(B, M, T + 1)←−got(B, M, T )

The first axiommodels a causal law (getting something now causes it to be got af-
terwards) and the second one models the law of inertia (once you got something,
you got it). We need identical axioms for the notes(A, M, T ), says(A, B, M, T ),
etc.
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We have not found the need for “forgetful” agents in the protocols we have
seen so far [10], thought there might be protocols for which we may need to
modify this law of inertia.

Next, we define the preconditions for getting and receiving messages that
are independent of the protocol that we want to analyze. For instance, message
reception:

{gets(B, M, T )} ←−says(A, B, M, T )

We use the choice rule (see Section 2) to specify that if A attempts to send
a message M to B at time T then B may receive it. There are stable models
where the message is delivered (the normal execution of the protocol) and stable
models where B does not receive the message. A possible interpretation is that
in these latter models, the intruder has intercepted the message, or that the
communication lines went down. Thus, we do not need to explicitly model the
action of message interception as done in [24,27,38].

Modeling the intruder according the classical Dolev-Yao model [13] is simple:
he may get any message in transit and he may say any message (but in both cases
he needs not to). We do not need to model the ability of intercepting messages
as we have already modeled faulty channels by specifying that messages may
not be delivered. Therefore, there will be stable models of the protocol where
the intruder does nothing (the correct runs) and stable models where he is busy.
Formally

{gets(spy, M, T )} ←−says(A, B, M, T )
{says(spy, B, M, T )} ←−synth(spy, M, T )

As we mentioned, we may add more constraints on the action preconditions to
cut meaningless attacks and cut the search in the verification stage. For instance,
we may strengthen the action preconditions:

{gets(spy, M, T )} ←−says(A, B, M, T ), A �= spy, B �= spy
{says(spy, B, M, T )} ←−synth(spy, M, T ), B �= spy

In security protocols the notion of freshness plays a key role. The whole
reasoning in the Needham-Schroeder protocol rests on the nonces being freshly
generated. To model freshness, we introduce at first a fluent used(N, T ) which
is true when message M has been used by somebody before time T . We use the
fluent usedPar(M, T ) when two agents try to use the same message in parallel,
or when an agent tries to send the same message to two different agents in
parallel. Out of these two axioms we have rules to denote when something is
fresh, i.e. when the fluent fresh(M, T ) holds. Since the treatment of freshness is
a bit subtle, we refer to [8,9] for further details.

Finally, we are left with the rules specifying the protocol’s action. We just
need to “copy” them from the protocol description making just explicit all fresh-
ness checks:
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{says(A, B, {Na||A}pK(B), T )} ←− fresh(Na, T )
{says(B, A, {Na||Nb}pK(A), T )} ←− got(B, {Na||A}pK(B), T ),

fresh(Nb, T )
{says(A, B, {Nb}pK(B), T )} ←− said(A, B, {Na||A}Kb

, T ),
got(A, {Na||Nb}pK(A), T )

As we have eliminated the exchanges with S, we have directly used the func-
tions pK(A) and pK(B) to identify the corresponding public keys. In the full
protocol, where agents do not know each other’s public keys in advance, the
check that the public key is appropriate must be made explicit:

{says(B, A, {Na||Nb}Ka , T )} ←− got(B, {Na||A}Kb
, T ),

isPubKey(Kb), invKey(Kb, sK(B))
isPubKey(Ka), got(B, {Ka||A}sK(S), T ),
fresh(Nb, T )

Once again, we can restrict the search by imposing further operation con-
straints on each action precondition. It is up to the security analyst to decide
which checks are reasonable, depending on the way he thinks the protocol will
be implemented. For instance, we can impose that an agent never knowingly
sends a message to himself by setting:

{says(A, B, . . . , T )} ←− . . . A �= B

for all the above rules.
This is a typical limitation common to all formal approaches to the verifi-

cation of security protocols. Obviously, Alice might be fooled into running the
protocol with herself (a classical “mirror attack”), but this typically happens
because she is running two protocol instances in parallel, one instance as initia-
tor and one instance as responder. So she sends her messages to Bob, but Bob
never sees them: the intruder intercepts the messages and feeds them back to
Alice, who might then believe that they come from Bob. These attacks are not
prevented by this optimization.

These additional constraints substantially reduce the size of the ground pro-
gram. Since each constraint eliminates some possible models from consideration,
its introduction must be evaluated on a case by case basis, to be sure that we
only eliminate models which do not correspond to meaningful attacks.

Last but not least, is the goal of the protocol. This depends on what the
security analyst is interested in verifying. The procedure to specify an attack to
a confidentiality or authentication goal is simple [8,9]:

1. we consider the view point of the agent for which the property must be
verified;

2. we list all messages that he has sent or received up to the point of the
protocol (typically the end) that we want to verify;

3. for authentication properties, we add the negation of the event(s) that we
expected to have happened if the protocol was correct (e.g. Bob should have
got some message but in reality has not);
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4. for confidentiality properties, we say that the spy knows the messages that
ought to have remained secret;

5. add additional checks that the security analyst may deem necessary (e.g.
constraints on time or on nonces).

We obtain a rule of the form attacks(T ) ←− . . . and we can finally ground
the specification and look for stable models where attack(tmax) is true (see
Section 4). The intuition behind this rule and indeed behind what an attack is
can be also explained in the vernacular:

1. Look at the problem from the perspective of an agent A wishing to securily
buy an item from a merchant B.

2. A has sent all appropriate messages to the network, allegedly to B or to
another bunch of trusted guys and has received all appropriate answers (and
thus we list all messages that he has sent or received up to now).

3. For sake of example, suppose that A wants to be sure that the message
about B’s bank coordinates did actually come from B, i.e. B’s message is
authentic. If the protocol is correct, there is no run (i.e. stable model) of the
protocol in which A could have run for so long without apparent errors and
without B actually issuing this message. So, to look for a an authentication
bug we add the negation of the event whose authenticity we wish to verify.
If there is a model for attack, then in this model B didn’t actually send his
bank coordinates, even though A received it, allegedly from B. Something
fishy is going on. . .

4. Looking for a secrecy bug is similar: in all our intended model the intruder is
not supposed to get A’s credit card number. So we should add the negation
of the event (not getting the credit card number) that we wish to verify.
Then, loosely speaking, we cancel double negation and just ask for a model
where the spy knows the secret.

5. Additional checks may be necessary to avoid attacks that the security anal-
ysist may deem uninteresting. For a secrecy attack we may want B to be
trusted (lousy merchants may well lose credit card numbers without need of
buggy protocols) whereas for authentication or non-repudiation attack we
may want the security of the protocol guaranteed within a certain temporal
interval (after which the low level connection may time-out or certificates be
no longer relevant.

Let’s exemplify this procedure in the Needham-Schroeder protocol. At first
we may consider the authentication guarantee that the protocol offers to Al-
ice, the initiator of the protocol: if Alice sent {Na||A}pK(B) to B, received
{Na||Nb}pK(A) and sent {Nb}pK(B), she can be sure that Bob actually sent
{Na||Nb}pK(A) to her.

attack(T )←−
said(A, B, {Na||A}pK(B), T ),
got(A, {Na||Nb}pK(A), T ),
said(A, B, {Nb}pK(B), T ),


 %The protocol is correct for A

not said(B, A, {Na||Nb}pK(A), T )%yet B didn’t participate
A �= spy, B �= spy %and all agents are honest
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The authentication guarantee from B’s viewpoint is stated in dual form:

attack(T )←−
got(B, {Na||A}pK(B), T ),
said(B, A, {Na||Nb}pK(A), T ),
got(B, {Nb}pK(B), T ),


 %The protocol is correct for B

not said(A, B, {Na||A}pK(B), T ),
not said(A, B, {Nb}pK(B), T )

}
%yet A didn’t participate at all

A �= spy, B �= spy %and all agents are honest

In some protocols we may also be worried about attacks in which only some
steps are missing. In other words, we may consider attacks in which A parteci-
pated only in a part of the protocol: e.g. in e-commerce protocol we want A to
get the goods and to pay them. Obvioulsy, we have an attack if B completed
the run successfully, apparently with A and A neither paid not got the goods;
but we also have an attack if A got the goods but “forgot” to pay.

In this example, we can weaken the attack, by eliminating either the literal
(i) not said(A, B, {Na||A}pK(B), T ) or the literal (ii) not said(A, B, {Nb}pK(B), T )
from the body of the rule. This means that we accept as valid attacks those in
which A indeed participated in the protocol but only in part.

Of course the meaning of the attacks that is possibly found is different:

1. if a model where attack(t) is found and both (i) and (ii) are true in the pre-
condition, it means that we have found an attack where A never participated
in the protocol at any stage. So A doesn’t know at all that B even exists.
This is indeed Lowe’s attack [19].

2. If no model is found with both (i) and (ii), but a model is found with (i) true,
it means that A actually never started the protocol run with B. However, for
some unfatomable reasons she sent the last message. Therefore she knows
Nb.

3. If no model is found with both (i) and (ii), but a model is found with (ii)
true, it means that A actually started the protocol run with B but didn’t
complete it (at least she didn’t completed it with B). Now we can only
conclude that she knows Na.

It is up to the security analyst to decide which attack is worth looking for.
However, notice that the analyst does not need to specify how the attack is
found by combining the protocol actions. He must only specify what should not
happen. It is the task of the model finder to find the appropriate model that
satisfies these declarative constraints.

Confidentiality properties can be equally well specified by imposing that the
protocol completed and yet the spy happened to get the messages that ought
to be secret. We can specify them either with respect to a particular agent (the
run completed correctly for one agent and yet the spy knows the secret) or for
all honest participants (the runs are correct for all participants, and yet the
spy knows the secret). Whereas the first case is usually coupled with a lack of
authentication (the spy grabbed some secret message because the protocol failed
for the other agent), the last case is an example of a total break of the protocol.
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In case of the Needham-Schroeder protocol, a confidentiality attack from the
viewpoint of B is the following:

attack←−
got(B, {Na||A}pK(B), T ),
said(B, A, {Na||Nb}pK(A), T ),
got(B, {Nb}pK(B), T ),


%The protocol is correct for B

knows(spy, Nb, T ) %yet spy knows Nb

A �= spy, B �= spy %and all agents are honest

We can formalize the protocol and this attack in ALSP and run smodels to
see what happens. Indeed, we have used the Casper2ALsp translator by Loren-
zon [18] to generate the ALSP specification of the protocol from the Casper
specification used by Lowe [20]. We have added some general rules for trimming
down useless steps (e.g. there is no sense for the intruder to send a message
to somebody if the intruder itself intercepts this very message, etc.), put some
restriction on freshness similar to those imposed by Lowe on its CSP encoding
and run smodels by setting a bound on time to 4, 5, and 6.

The result is shown in Figure 1. Each says(A, B, M, T ) action in the fi-
nal stable model corresponding to the attack is indicated by T. A --->B : M,
gets(A, M, T ) actions are indicated by T. -> A:M and the notes(A, M, T ) is indi-
cated by T. # A:M. The ellipsis indicates that we have eliminated some obviously
spurious messages8 that have been also sent by the intruder.

Since we have no control on smodels search heuristics, it is often the case
that the attack (i.e. the stable model) is not minimal and that there are some
spurious actions. In a nutshell, the attack found by smodels is still an attack
but the intruder might have wasted some time (i.e. the plan is not optimal).

A total break of the confidentiality of the protocol would be represented by

attack ←−
said(A, B, {Na||A}pK(B), T ),
got(B, {Na||A}pK(B), T ),
said(B, A, {Na||Nb}pK(A), T ),
got(A, {Na||Nb}pK(A), T ),
said(A, B, {Nb}pK(B), T ),
got(B, {Nb}pK(B), T ),



%The protocol is correct

for both A and B

knows(spy, A, Nb)T %yet spy knows Nb

A �= spy, B �= spy %and all agents are honest

6 Aziz-Diffie Key Agreement

The Aziz-Diffie key agreement protocol for mobile communication [4] as simpli-
fied by Meadows and Syverson [38] aims at establishing a shared key between a
mobile unit A and a base station B.
8 For instance, when the intruder sends to B a message encrypted with A’s public key
that B can’t obviously read.
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massacci{goldrake}: nice-filter.sh ns-pk-trial.lp domain.lp generic.lp 4

****** Model Checking ns-pk-trial.lp up to 4 steps **********

Pre-processing Domain

Original program has 41 rules

Ground program has 20924 rules

- Searching for attacks with smodels

******* NO attack found in 1.250 second (after 0 choices)*******

massacci{goldrake}: nice-filter.sh ns-pk-trial.lp domain.lp generic.lp 5

****** Model Checking ns-pk-trial.lp up to 5 steps **********

Pre-processing Domain

Original program has 41 rules

Ground program has 26129 rules

- Searching for attacks with smodels

******* NO attack found in 1.700 second (after 0 choices)*******

massacci{goldrake}: nice-filter.sh ns-pk-trial.lp domain.lp generic.lp 6

****** Model Checking ns-pk-trial.lp up to 6 steps **********

Pre-processing Domain

Original program has 41 rules

Ground program has 31334 rules

- Searching for attacks with smodels

******* ATTACK found in 4.140 second ******

with 108 choices of which 0 are wrong ones *******

1. A ---> I : {na,A}pk_I

1. -> I : {na,A}pk_I

...

2. I ---> B : {na,A}pk_B

2. -> B : {na,A}pk_I

...

3. B ---> A : {na,nb}pk_A

3. -> A : {na,nb}pk_A

...

4. A ---> I : {nb}pk_I

4. -> I : {nb}pk_I

...

5. I ---> B : {nb}pk_B

5. -> B : {nb}pk_B

...

6. # B : {nb}pk_B

...

******* The SPY Learned *******

na

nb

nm

Fig. 1. smodels running on Needham-Schröder
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This protocol is called key agreement protocol because both A and B “con-
tribute” to the generation of the key, and thus they have to agree on its value
(and hence the name of the protocol). The agreement is typically done by hav-
ing A and B each proposing a share of the key and the final key composed by
applying some function to the two shares. In this case, the function is simple
an exclusive-or of the two shares, but more complicated forms of key agreement
can be found in the literature [36, Cap.22].

The informal description of the protocol is the following:

1. The mobile unit Alice sends her certificate and a fresh nonce to the base
unit Bob.

2. Bob checks the certificate and replies with his certificate, a fresh share of
the agreement key KB (encrypted with Alice’s public key) and binds the
encrypted share and the nonce, by signing them with his private key.

3. Alice checks that everything is correct and generates her fresh share of the
agreement key KA, binds KA and KB together by signing the pair and sends
it to Bob.

If the protocol successfully completes, then Alice and Bob agree on the key
KA ⊕ KB for further communication. The first nonce is used by Alice as a
guarantee that Bob’s share of the key is fresh, under the obvious assumption
that Bob’s signature key has not been compromised. Bob’s share of the key
plays also the role of a nonce, guaranteeing that Alice’s share is fresh.

With respect to the original protocol, we have omitted the possibility of
choosing the encryption algorithm. From the viewpoint of the formal analysis
all algorithms are equivalent (as we abstract most of their details away), so this is
usually modeled with an extra message field which would just make the present
description more complex.

Formally, it boils down to three messages:

A−→B : CertA||N
B−→A : CertB ||{KB}pK(A)||SignBforA{KB, N}
A−→B : {KA}pK(B)||SignAforB{KA, KB}

where A is the mobile unit, B is the base unit, N a fresh nonce. The message
CertX is an abbreviation for {X, pK(X), Tnot−before, Tnot−after, . . .}sK(CA), a
certificate issued by a trusted certification authority CA. We also use the abbre-
viations

SignBforA{KB, N} .= {h({KB}pK(A)||N)}sK(B)

SignAforB{KA, KB} .= {h({KA}pK(B)||{KB}pK(A))}sK(A) .

The first step is always the modeling of the cryptographic primitives and the
theory of knowledge and messages. To this extent we borrow from Section 5 all
the corresponding rules and add more rules for modeling exclusive-or and the
hash function.
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The first rules about message composition are obvious:

part(M, M1 ⊕M2)←−msg(M), msg(M1), msg(M2), part(M, Mi)
part(M, h(M1))←−msg(M), msg(M1), part(M, M1)

Reasoning about knowledge is subtler, as it heavily exploits the stable model
semantics of logic programs:

knows(A, M1, T )←−knows(A, M1 ⊕M2, T ), knows(A, M2, T )
knows(A, M2, T )←−knows(A, M1 ⊕M2, T ), knows(A, M1, T )

First, we should notice that we only mention xor, and not the hash function.
Infact, we have no rule for knowing the content of a message out of its hash.
Thus, there is no way to derive knows(A, M, T ) from the sole knowledge of
knows(A, h(M), T ), as it should be.

Second, the stable model semantics rules out unwanted models of the xor-
rules that are very difficult to cope with when using monotonic logic formalisms.
Suppose that we asked for a model with the additional fact that knows(A, M1⊕
M2, T ). The correct interpretation is that A doesn’t know anything else. In
any monotonic logic we would have the model in which A knows also M1 and
M2. This knowledge would be self sustained: intuitively we will use the first
rule to derive that M1 is there because M2 is there and the second to rule
to conclude that M2 is there because M1 is there. Here, knows(A, M1, T ) and
knows(A, M2, T ) are not grounded in the premise knows(A, M1 ⊕M2, T ).

When using exclusive-or, it is useful to add some of its simplest algebraic
properties, as many attacks exploit them [35]. Commutativity is one of them
and the simplest way to cope with it is to add the axiom:

knows(A, M1 ⊕M2, T )←−knows(A, M2 ⊕M1, T )

It is convenient to use abbreviations in the actual ALSP code. To this
extent we can use a relational translation: in every rule where an abbrevi-
ation f(m1, . . . , mn) occurs as symbol (or where its use can make the rule
more readable), replace the abbreviation with a fresh variable M , add a new
atom is f(M, m1, . . . , mn), and then define is f appropriately. For instance for
SignAforB{KB, N} we can use the following:

is sign({h({KB}pK(A)||N)}sK(B), B, A, KB||N).
is sign({h({KA}pK(B)||{KB}pK(A))}sK(A), A, B, KA||KB).

The rules for sending and receiving actions are identical to the general case
described in [8,9] and sketched in Section 5. So we are only left with the axioms
for the protocol dependent parts.

Since we have an explicit notion of time, we can verify that certificates have
not expired when writing down action preconditions for the choice rules.

To this extent, we introduce a defined fluent validCert(A, B, KB, Cert, T )
which specifies whether at time T , the agent A considers Cert a valid certificate
for the public key KB of B.
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ALSP gives the security analyst the flexibility to specify the validity con-
ditions. For instance, certificates are emitted by a suitably trusted certification
authority, they must refer to a public key, and the current time should be within
the validity period of the certificate.

validCert(A, B, KB, {B||KB||Tnb||Tna}sK(CA), T )←−
trusts(A, CA), isPubKey(KB), Tnb ≤ T, T ≤ Tna

During the model-checking phase, the grounder lparse will directly compile
away the cases where the certificate is expired.

To start the protocol, A picks up a valid certificate for her public key and
generates a fresh nonce:

{says(A, B, CertA||N, T )} ←−mobile(A), base(B),
validCert(A, A, pK(A), CertA, T ),
fresh(N, T )

Notice that the certificate must be valid for A, as in principle A might trust
different certification authorities than B.

The agent B responds when the message he receives is valid, and has appro-
priately generated his fresh share of the key. He also attaches a valid certificate:

{says(B, A, CertB||{KB}pK(A)||{h({KB}pK(A))}sK(B), T )} ←−
mobile(A), base(B),
got(B, CertA||N, T )
validCert(B, A, pK(A), CertA, T )
validCert(B, B, pK(B), CertB , T )
fresh(KB, T )

The last step of the protocol is carried forward by A:

{says(A, B, {KA}pK(B)||{h({KA}pK(B)||{KB}pK(A))}sK(A), })←−
mobile(A), base(B),
said(A, B, CertA||N, T )
got(A, CertB ||{KB}pK(A)||{h({KB}pK(A))}sK(B), T )
validCert(A, A, pK(A), CertA, T )
validCert(A, B, pK(B), CertB , T )
fresh(KA, T )

Notice that by adding the fluent validCert(A, A, pK(A), CertA, T ) we impose
that A replies only if the certificate she sent to B is still valid at the time in
which the third message is issued.

Other checks can be encoded in different ways. For instance, a security analyst
may impose that a certificate is valid only if the timespan [Tnb, Tna] is not larger
than a predefined constant. It is rather straightforward to incorporate this check
into the definition of the validCert(A, B, K, C, T ) fluent.

Another analyst may impose tougher constraints on the timeliness of mes-
sages: A only replies to B if B’s message comes back within a certain time limit
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tlim from her initial request. In such a way the protocol implementation may
avoid checking the validity of A’s certificate a second time, by imposing that the
timespan must exceed tl.

validCert(A, B, KB, {B||KB||Tnb||Tna}sK(CA), T )←−
trusts(A, CA), isPubKey(KB), Tnb ≤ T, T + tlim ≤ Tna

Forcing these checks as preconditions on protocol actions is particularly tricky
in process algebras approaches which have only an indirect notion of time. In
our case it is rather simple to incorporate this check. We revise the action pre-
conditions by replacing “Said” with “Says” and adding the time constraints.

{says(A, B, {KA}pK(B)||{h({KA}pK(B)||{KB}pK(A))}sK(A), })←−
mobile(A), base(B),
says(A, B, CertA||N, Ti)
got(A, CertB ||{KB}pK(A)||{h({KB}pK(A))}sK(B), T )
validCert(A, B, pK(B), CertB , T )
Ti + tlim ≤ T,
fresh(KA, T )

These three rules are not sufficient to completely model the protocol. Indeed,
the protocol description specifies that B accepts the key only after having made
a number of additional checks. Thus, from the viewpoint of B the protocol can
be considered completed only after these extra checks have been made.

The final “agreement step” is formalized with an action notes(X, KAB, T )
that takes place after all messages are sent and checks made, to mark the event
that X noted the final agreement key for future use.

{notes(B, KA ⊕KB, T )} ←−mobile(A), base(B),
got(B, CertA||N, T ),
said(B, A, CertB ||{KB}pK(A)||{h({KB}pK(A))}sK(B), T ),
got(B, {KA}pK(B)||{h({KA}pK(B)||{KB}pK(A))}sK(A), T ).

We have used the messages exactly as they appear in the protocol description.
We could use a similar rule for A, which would however be redundant.

For this complex protocol, it makes sense to define events which compromise
the current value of the key agreement pair to see whether future runs of the
protocol can be compromised. This is done with an oops-rule following the tech-
nique introduced by Paulson [33]: we take all short term secrets, all nonces and
key which appear in the messages exchanged during a successful protocol run
and let the spy note their value.

{notes(spy, N ||KA||KB, T )} ←−
said(A, B, CertA||N, T ),
said(B, A, CertB ||{KB}pK(A)||{h({KB}pK(A))}sK(B), T ),
said(A, B, {KA}pK(B)||{h({KA}pK(B)||{KB}pK(A))}sK(A), T ),
noted(B, KA ⊕KB, T )
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The loss of old agreement keys is an additional event wrt the “normal” attacks
that the spy can perform on the protocol by just intercepting and manipulating
messages. When adding this rule, we want to test the robustness of the protocol
if past keys can be lost to the spy.

If we add the oops-rule we must slightly change the definition of attack, oth-
erwise trivial attacks will always be found during the verification phase: complete
a run of the protocol and then pipe all secret values to the spy with an oops
rule. In contrast, what really matters when checking an attack is the following:
suppose that the protocol run completed successfully, and the spy didn’t get the
secret value by means of an oops rule, were the value compromised nonetheless?

In this way, we only block the oops rule for the current run of the protocol, but
we do not forbid older protocol runs to be compromised and that compromised
runs might be used by the spy to compromise the current run.

attack←−mobile(A), base(B), A �= spy, B �= spy,
said(A, B, CertA||N, T ),
got(A, CertB ||{KB}pK(A)||SignBforKB,N{, }T ),
said(A, B, {KA}pK(B)||SignAforKA,KB{, }T ),
not noted(spy, N ||KA||KB, T ),
knows(spy, KA ⊕KB, T ).

The intuition is the following: we have an attack if we have completed a run of
the protocol, the current agreement keys have not been compromised by some
unfortunate oops-action and yet the spy knows the agreement key.

7 Discussion

Throughout the paper we have referred to the differences with some of the state-
of-the-art approaches for protocol verification which have been automated. Here
we just summarize the main differences.

We have already pointed out that there are many connections between our
proposal and Paulson’s inductive method [33,34,5]. Indeed, we have in common
the operational semantics for the specification of protocols. In the inductive
method one models a protocol as a set of traces and then uses interactive theo-
rem proving to prove that the protocol is secure, i.e. prove that all traces satisfy
a desired guarantee. The price to pay is that inductive theorem proving is inter-
active and requires expert knowledge, even if current tools substantially help in
shortening the verification efforts. Our approach is based on model finding and
thus we look for one trace that satisfies a given property, i.e. a security violation.
Thus, we can substantially automate the search for attacks.

The NRL Protocol Analyzer (NPA) shares with us the choice of the pro-
gramming paradigm, as we both use logic programs. A key difference is that we
use the logic programming language ALSP as specification language whereas,
Prolog is used as implementation language for the NPA [24,27]. The protocol
description and the specifications for the NPA are based on state variables and
rules for changing state variables with an explicit modeling of the words learned
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by the intruder. This aspect of NPA is closer to state exploration tools such
as Murphi [28]. Security specifications, whose violation may lead to an attack,
must be written in a different language either with temporal operators as done
by Syverson and Meadows [38] or by using the CAPSL intermediate language
[6]. Such specifications are declarative but not executable [38].

Our current formalization does not cope with an infinite search space, which
can be treated by NAP at the price of becoming interactive rather than fully
automatic. Infinite state space (such as an infinite number of agents or nonces)
can be modeled in our approach by minor modifications, but the price to pay is
that we would also lose decidability: we could use iterative deepening on tmax

and the number of basic objects, as this allows us to retain the benefits of the
bounded model checking completeness.

We believe that, wrt other model checking approaches, the use of a declar-
ative specification language greatly simplifies the presentation of actions and
events [20,21,27,28,38]. Indeed, ALSP is a good compromise between three con-
trasting needs: being close to the description of protocols as specified in the
security literature, specifying security properties at a high level of abstraction,
automating the analysis of the protocols and the search for bugs (i.e. security
attacks). Gollmann in [16, pag. 53] writes:

High level definitions of entity authentication may obscure the precise
goals an authentication protocol should achieve. On the other hand, a
low level description of the cryptographic mechanisms employed in the
protocol may obscure their intended purpose.

Our specification language ALSP is a step towards making these ends meet.
We plan to apply our verification methodology to more complex protocols

such as SET [23] and test to what extent, in terms of the size of specifications,
can we use only general purpose tools such as smodels for verifying ALSP speci-
fications. To ease comparison and integration with other approaches, a translator
from CASPER specifications [22] to ALSP specifications has been built [18].
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Abstract. We assume the requirements or desires of an agent are mod-
eled by a logic program. In a multi-agent setting, a joint decision of the
agents, reflecting a compromise of the various requirements, corresponds
to a suitable joint model of the respective logic programs. In this paper,
an appropriate semantics for selecting joint models representing compro-
mises is proposed: the joint fixpoint semantics. The intended joint models
are defined to be the (minimal) joint fixpoints of the agent programs. We
study computational properties of this new semantics showing that de-
termining whether two (or more) logic programs have a joint fixpoint is
NP complete. This remains true even for entirely positive logic programs.
We also study the complexity of skeptical and credulous reasoning under
the joint fixpoint semantics. The former is proven to be co-NP complete,
while the latter is ΣP

2 complete. We show how the joint fixpoints of a set
of logic programs can be computed as stable sets.

1 The Joint Fixpoint Semantics for Finding Compromises

Assume there are three agents, Mary, Larry, and Brenda, who discuss about
dinner. Mary and Larry care much about food. Brenda is very tolerant about
food. She is picky about drinks, however. Here are their respective requirements:

Mary: I would like to have soup. I’d like to have either meat or fish this evening.
I don’t like potatoes. Spinach is okay. Carrots are okay, too (but I don’t
necessarily care for any of those). Concerning drinks, I have no real preference
among beer, red wine, and white wine.

Larry: Soup is fine (but not a must). However, if we have soup, I want to eat
meat. Fish is okay. I’d like to have either spinach or potatoes. Carrots (in
addition) are okay for me, if somebody wants them. Every drink (among
beer, red or white wine) is fine.

Brenda: Whatever you decide about food is okay for me. However, I care much
about drinks. If we eat fish I insist on white wine, and if we eat meat, red
wine is okay (but not a must).

A.C. Kakas, F. Sadri (Eds.): Computat. Logic (Kowalski Festschrift), LNAI 2407, pp. 561–585, 2002.
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Requests and consents of the above form can be expressed in logic program-
ming with negation as failure (not), with an absurdity sign ⊥ and with an ad-
ditional modality okay(p), meaning that p is tolerated. Modal atoms okay(p)
can only appear in the head of a rule.1 This means that p is not requested, but
accepted if necessary in order to reach a compromise. A program written in this
enriched language is referred to as a Compromise Logic Program (COLP). The
desires and consents of Mary, Larry, and Brenda are represented by the following
COLPS Pm, Pl, and Pb, respectively:

Pm : Pl :
⊥ ← potatoes potatoes ← not spinach

okay(spinach) ← spinach ← not potatoes
okay(carrots) ← okay(soup) ←

soup ← meat ← soup
fish ← not meat okay(fish) ←
meat ← not fish okay(carrots) ←

okay(redwine) ← okay(redwine) ←
okay(whitewine) ← okay(whitewine) ←

okay(beer) ← okay(beer) ←

Pb :
okay(spinach)←
okay(carrots)←

okay(soup)←
okay(potatoes)←

okay(fish)←
okay(meat)←

okay(redwine)← meat
whitewine← fish
okay(beer)←

What we are looking for is a good semantics, which allows us to determine the
intuitively intended models representing the acceptable compromises satisfying
all requirements of the agents taking into account also their consents (i.e., the
okay statements). To this aim, let us first more or less informally specify some
desiderata of such a semantics.

Requirements:

1. Every intended model should be a model of each single agent’s program
(when okay-clauses are disregarded and ⊥ is interpreted as false).

2. For each agent COLP P , each intended model M , and each atom p ∈ M ,
one of the two following conditions should hold:

1 We make this restriction for simplicity here. Our semantics could be extended to
programs containing okay literals in rule bodies, too.
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(a) p is supported in the classical sense by M in P , i.e., there is at least one
rule of P with head p and body true in M ; or

(b) p is supported by some other agent, and okay(p) is supported by M in
P . (This is the case when the agent corresponding to P accepts p by
compromise.)

3. M should be as small as possible, i.e., no unnecessary atoms should be
contained in M .

4. For any agent program P , the body atoms of a clause of P whose head is ⊥
cannot be simultaneously satisfied by M .

It is easy to see that these requirements are not fulfilled, if we consider any
semantics that operates on the union of all agent programs (i.e., on the single
program obtained by putting together all agent programs). In fact, by performing
such a union, we would unite all okay statements and thus risk to be more liberal
than intended. Any satisfactory approach to fulfill the above requirements must
thus operate on the set of the agent programs and not on their union.

The first contribution of this paper is to present a semantics for “compro-
mise logic programming” that satisfies all the requirements and appears to be
extremely natural, intuitive, and clear-cut. This semantics is referred to as the
Joint Fixpoint Semantics (JFP Semantics). Interestingly, it completely relies on
the well-known fixpoint semantics for logic programs with negation [14]. The
JFP semantics, and, in particular, the new okay modality, is fully explained in
terms of classical logic program constructs.

We define a function σ mapping a COLP into a classical logic program as
follows.

– For each COLP P , we have:

σ(P ) = {σ(r) | r is a rule of P}.

– Each classical rule r (i.e., rule in whose head neither okay nor ⊥ appears) is
invariant under σ, i.e., σ(r) = r.

– For each modal rule r = okay(p) ← body , we have:
σ(r) = p← p, body.

– For each rule r = ⊥ ← body appearing in some agent program Pi, let absi
be a new atom occurring in no other program Pj , j �= i, and let σ(r) =
absi ← body .

A fixpoint of a (classical) LP P is a supported model of P . A formal definition
will be given in Section 2. Recall that each positive LP has a unique minimal
fixpoint. A program with negation in rule bodies may have several minimal
fixpoints. We denote by FP (Q) the set of all fixpoints of a LP Q.

If T = {Q1, . . . , Qn} is a set of (classical) LPs defined over the same set of
atoms, then JFP (T ) denotes the set of joint fixpoints of Q1 . . . , Qn:

JFP (T ) = JFP (Q1, Q2, . . . , Qn) = FP (Q1) ∩ FP (Q2) ∩ · · · ∩ FP (Qn).
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By MJFP (T ) or MJFP (Q1, . . . , Qn) we denote the set of all set-minimal ele-
ments of JFP (T ).

We are now ready for specifying the joint fixpoint semantics for COLPs. We
do this, by assigning to each set S = {P1, P2 . . . , Pn} of COLPs a set of intended
modelsM(S) by:

M(S) = MJFP (σ(S)) = MJFP (σ(P1), σ(P2), . . . , σ(Pn)).

The following proposition is easy to verify (we do not give a formal proof
here).

Proposition 1. The joint fixpoint semantics for COLPs satisfies all require-
ments 1− 4.

To illustrate the joint fixpoint semantics, consider the programs σ(Pm), σ(Pl),
and σ(Pb) of our example programs:

σ(Pm) : σ(Pl) :
absm ← potatoes potatoes ← not spinach

spinach ← spinach spinach ← not potatoes
carrots ← carrots soup ← soup

soup ← meat ← soup
fish ← not meat fish ← fish
meat ← not fish carrots ← carrots

redwine ← redwine redwine ← redwine
whitewine ← whitewine whitewine ← whitewine

beer ← beer beer ← beer

σ(Pb) :
spinach ← spinach
carrots ← carrots

soup ← soup
potatoes ← potatoes

fish ← fish
meat ← meat

redwine ← redwine, meat
whitewine ← fish

beer ← beer

It is easily verifiable that σ(Pm), σ(Pl) and σ(Pb) admit an unique minimal
joint fixpoint that is M = {soup, meat, spinach}.

Examples of joint fixpoints that are not minimal are M1 = {soup, meat,
spinach, carrots} and M1 = {soup, meat, spinach, redwine}.

Note that a set of COLPs can have multiple intended models. For example,
if we replace the rule ⊥ ← potatoes by the rule okay(potatoes) ← in the
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program Pm we obtain that the programs σ(Pm), σ(Pl) and σ(Pb) admit as
minimal joint fixpoint also the model M ′ = {soup, meat, potatoes} in addition
to M .

We have thus introduced a completely new semantics for describing compro-
mises of agents who declare their requirements and their consents. This semantics
is based on a new use of the classical machinery of fixpoints of logic programs,
in particular, all minimal joint fixpoints of the logic programs associated to the
given COLPs.

Note that our translation from COLPs to classical programs provides a new
meaning to clauses of the form p ← p. In the classical single-program fixpoint
semantics, such clauses have the somewhat questionable meaning “p can be opted
to be part of a fixpoint at any time”. In our multiagent context, such clauses
correspond to modal atoms okay(p) and have the following precise meaning: “if
p is required by another agent, then let it be”.

Here is another, slightly more involved example, where it is shown that realis-
tic constraints of members of a closed chat forum or net-meeting can be modeled
via COLP programs. Consider a chat forum involving a fixed set of users who all
know each other (this is called a “closed” forum). Suppose each user can specify
complex requirements concerning the presence of other users in the forum. The
goal is to find the possible scenarios compatible with all users requirements in
order to arrange electronic forum meetings. Each user can ask to enter in the
forum or simply declare that she/he is available to chat (if someone requires
her/him). Further, she/he can either require or accept the presence of other
users specifying also possible conditions under which such users are required or
accepted, respectively. Let Ann, Bob, Connie and Dan be four users. Here are
their respective requirements:

Ann: I want to enter in the forum. I accept the presence of Dan, but I do not
require him. I know that Bob and Connie are expert in soccer, but they
are fans of the two main competing teams, respectively. Thus, if soccer is a
subject of the forum, I accept the presence of Bob and Connie, but only if
they are both in the forum (to guarantee a fair discussion).

Bob: I do not require to enter in the forum, but I accept to do this if other users
want to contact me. I accept the presence of Ann, but if soccer or music are
subjects of the forum, I require her presence (due to her expertise in these
topics). I could accept Dan in the forum, but only on working days, to avoid
the interference of his unruly son. As for me, also Connie could enter, but
only if Dan is not in the forum: I hate their long lively discussions.

Connie: I require to enter in the forum only on Sundays. However, on the other
days I’m available to chat. I accept anyone in the forum, if the topic is soccer.

Dan: I’m available to chat in the forum and I accept the presence of all the
users. But, if I’m involved in the forum, I would like to meet Ann in it. I like
her very much.

Note that a new modality okay group appears in the COLP programs below.
A derived atom okay group(p1, ..., pn) expresses that the group of arguments
p1, ..., pn is tolerated without implying that p1, ..., pn are tolerated separately.
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However, rules with okay group head atoms can be equivalently expressed by use
of normal COLP rules, therefore the okay group modality can just be considered
a convenient abbreviation that does not require a proper extension of the COLP
semantics. In particular, each rule

okay group(p1, p2, . . . , pk) ← body

can be equivalently rewritten as the following set of regular COLP rules

okay(p1) ← p2, p3, . . . , pk, body
okay(p2) ← p1, p3, . . . , pk, body
. . .
okay(pk) ← p1, p2, p3, . . . , pk−1, body.

Therefore, the translation of a rule “okay group(p1, p2, . . . , pk) ← body” into
classical LP is as follows:

p1 ← p1, p2, p3, . . . , pk, body
p2 ← p1, p2, p3, . . . , pk, body
. . .
pk ← p1, p2, p3, . . . , pk, body.

The desires and consents of Ann, Bob, Connie and Dan are represented by
the following COLPS PAnn, PBob, PConnie and PDan, respectively.

PAnn :
in forum(Ann)←
okay(in forum(Dan))←
okay group(in forum(Bob), in forum(Connie))← subject(soccer)

PBob :
okay(in forum(Bob))←
okay(in forum(Ann))←
in forum(Ann)← in forum(Bob), subject(soccer)∨ subject(music)
okay(in forum(Dan))← not day(Sunday)
okay(in forum(Connie))← not in forum(Dan)

PConnie :
in forum(Connie)← day(Sunday)
okay(in forum(Connie))←
okay(in forum(X))← user(X), subject(soccer)

PDan :
okay(in forum(Dan))←
okay(in forum(X))← user(X)
in forum(Ann)← in forum(Dan)
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Note that we assume that a request of a user U to insert another user V in
the forum is active only if U is in the forum. This implies that the COLP rule
corresponding to the request of U of inserting V has the literal in forum(U) in
the body (as it happens for the 3th rule of PAnn and the 3th rule of the program
PDan).

The knowledge about each user is enriched by a common knowledge base,
defining the relations user, day and subject. Further the constraint that a chat
forum must contain at least two users is also included:

user(Ann)←
user(Bob)←
user(Connie)←
user(Dan)←
subject(soccer)←
day(Monday)←
⊥← not multiple chat
multiple chat← in forum(X), in forum(Y), X �= Y

The above COLP programs can be easily translated into classical logic programs.
As explained before, the rule of PAnn :
okay group(in forum(Bob), in forum(Connie))← subject(soccer)
is translated into the rules:

in forum(Bob)← in forum(Bob), in forum(Connie), subject(soccer)
in forum(Connie)← in forum(Bob), in forum(Connie), subject(soccer).

Classical logic programs obtained by translating PAnn, PBob, PConnie and PDan

are the following:

σ(PAnn) :
in forum(Ann)←
in forum(Dan)← in forum(Dan)
in forum(Bob)← in forum(Bob), in forum(Connie), subject(soccer)
in forum(Connie)← in forum(Bob), in forum(Connie), subject(soccer)

σ(PBob) :
in forum(Bob)← in forum(Bob)
in forum(Ann)← in forum(Ann)
in forum(Ann)← in forum(Bob), subject(soccer)
in forum(Ann)← in forum(Bob), subject(music)
in forum(Dan)← in forum(Dan), not day(Sunday)
in forum(Connie)← in forum(Connie), not in forum(Dan)
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σ(PConnie) :
in forum(Connie)← day(Sunday)
in forum(Connie)← in forum(Connie)
in forum(X)← in forum(X), user(X), subject(soccer)

σ(PDan) :
in forum(Dan)← in forum(Dan)
in forum(X)← in forum(X), user(X)
in forum(Ann)← in forum(Dan)

To each of the above programs consider added the rules obtained by trans-
lating the common knowledge base. On this knowledge base, it can be easily
verified that the minimal joint fixpoints of the above programs are CHAT1 =
{in forum(Ann), in forum(Dan)} and CHAT2 = {in forum(Ann), in forum(Bob),
in forum(Connie)} (where we have omitted atoms coming from the common
knowledge base) representing the two possible (alternative) populations of the
chat forum compatible with desires and consents of all the users.

The computationally interesting tasks associated with the joint fixpoint se-
mantics are the following:

1. Joint Fixpoint Existence. Determining whether a set of LPs has a joint
fixpoint (of course, there is a minimal JFP iff there is a JFP). This corre-
sponds to determining whether a set of agents can reach a compromise at
all.

2. Skeptical reasoning under the JFP semantics. This means determining
whether some atom p occurs in all minimal JFPs of some logic programs
P1, . . . , Pn. Note that this is equivalent to determining whether p occurs in
all JFPs of P1, . . . , Pn. In this case, any compromise will force all agents to
adopt p. This is of course an interesting information worth to be known.

3. Credulous Reasoning. This means, determining whether some atom p
occurs in at least one minimal JFP. In practice this means that a compromise
containing p may be chosen.

In Section 4 we study the complexity of these three problems. In particular,
we show that

– JFP existence is NP complete even for pairs P1, P2 of purely positive pro-
grams (in which neither the symbol not, nor the absurdity symbol appear).
This is rather astonishing, because each positive program has a unique least
fixpoint, and one could have thought that a joint fixpoint could be con-
structed from least fixpoints of P1 and P2.

– Skeptical JFP reasoning is co-NP complete and thus exactly as hard as
inferencing in classical propositional logic, or as reasoning under the stable
model semantics [9, 20, 21, 19].

– Credulous JFP reasoning is Σp
2 -complete, and thus exactly as hard as cred-

ulous reasoning in default logic [18, 8, 11], or as circumscriptive reason-
ing [16, 4, 11], or as disjunctive logic programs under the stable model se-
mantics [5].
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In Section 5 we construct a polynomial-time translation between the JFP
semantics and the stable model semantics for LPs with negation [9]. The advan-
tage of such a translation is that existing engines [7, 17] (that are rather efficient
in practice) for computing stable models can be used to compute joint fixpoints.
In particular, the tasks JFP existence and skeptical JFP reasoning can be easily
translated to analogous LP tasks according to the stable model semantics. This
enables the construction of simple frontends for JFP reasoning to systems such
as S-models [17], the dlv system [7], or others.

Before proceeding with our technical exposition, let us discuss related work.
To the best of our knowledge, we are not aware of similar approaches. The work
in the area of Belief-Desire-Intention is mainly based on various modal logics
[24, 25, 26]. Closest to our work is perhaps [22]. This approach is based on logic
programs too and considers diagnostic agents that need to reach a common
diagnosis. So the problem is similar to our setting but their methods to solve
it are not. There is also the CaseLP approach in [15] based on logic programs,
but the authors do not consider the problem to compute common conclusions
between the agents.

Various methods for giving semantics to logic programs with conflicting rules
have been defined in the literature (e.g. Ordered Logic Programming [2, 3],
the PARK model [10], or Courteous Logic Programming for prioritized conflict
handling [12]).

An interesting extension of logic programming to provide multi-agent func-
tionality is presented in [13]. This model is, however, very different from ours
and has completely different aims. Its goal is not to reach common conclusions
or compromises, but to achieve a ”thinking component” of an agent via a proof
proceedure the combines abductive backward reasoning with a forward reasoning
method that uses constraint checking methods in the style of Constraint Logic
Programming. An agend can observe changes as inputs and react to them under
time resource bounds, using an ”agent cycle” that alternates between thinking
operations, choices, and actions. In summary, this proof-theoretic model of dy-
namic agent interaction with time parameters cannot be reasonably compared
to our method of model-theoretically defining the concept of a compromise of
agent desires that are (statically) defined through a set of logic programs.

Finally, there is the IMPACT project [23], a multiagent framework the under-
lying semantics of which is also based on logic programs. Although the authors
do not consider explicitly the problem of reaching common conclusions, it seems
that their use of (flat) modalities might be used to encode some of the examples
considered in this paper.

But in all the above cases, our use of a joint fixpoint of a set of logic programs
is new and has not been considered before.

This paper is a short version of the full report [1], where more technical proof
details are given.
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2 Preliminaries on Logic Programming

This section recalls basic concepts of propositional logic programming.

2.1 Basic Definitions

A propositional logic program P is defined on a finite set of propositional vari-
ables V ar(P). An atom or positive literal of P is an element a ∈ V ar(P); a
negative literal is the negation not a of an atom.

A program clause or rule r is

a← b1∧ · · · ∧bk∧not bk+1∧ · · · ∧not bm m ≥ 0.

where a, b1, · · · , bk are positive literals and not bk+1, · · · , not bm are negative lit-
erals. a is called the head of r, while the conjunction b1∧ · · · ∧bk∧not bk+1∧
· · · ∧not bm is its body.

A (propositional) logic program P consists of a finite set of program clauses
whose propositional variables are all in V ar(P). (Note, however, that V ar(P)
may contain atoms that do not occur in P). We denote by V ar∗(P) the set of
atoms of V ar(P) appearing in P .

A logic program is positive if no negative literal occurs in it.
An (Herbrand) interpretation for a program P is a subset of V ar(P). A

positive literal a (resp. a negative literal not a) is true w.r.t. an interpretation I
if a ∈ I (resp. a /∈ I); otherwise it is false. A rule is satisfied (or is true) w.r.t. I
if its head is true or its body is false w.r.t. I. An interpretation I is a (Herbrand)
model of a program P if it satisfies all rules in P .

For each program P , the immediate consequence operator TP is a function
from 2V ar(P) to 2V ar(P) defined as follows. For each interpretation I ⊆ V ar(P),
TP(I) consists of the set of all heads of rules in P whose bodies evaluate to
true in I. Note that TP is well-defined also for programs with negations in rule
bodies.

An interpretation I is a fixpoint of a logic program P if I is a fixpoint of the
associated transformation TP , i.e., if TP(I) = I. Note that each fixpoint of P is
also a model of P , but the converse does not hold in general. For example the
program consisting of the single rule q ← p has as unique fixpoint the empty set;
however, the interpretation M = {p, q} is a model of P . The set of all fixpoints
of P is denoted by FP (P).

Let I be an interpretation of P and let a ∈ V ar(P) be an atom. We say that a
is supported by I (in P) if there is a rule of P with head a whose body evaluates
to true in I, i.e., if a ∈ TP(I). From the definition of fixpoint it immediately
follows that an interpretation I of P is a fixpoint of P iff I coincides with the
set of all atoms supported by I.

For any interpretation I ⊆ V ar(P), we define T 0
P(I) = I and for all i ≥ 0,

T i+1
P (I) = TP(T iP(I)). If P is a positive program, then TP is monotonic and thus
has a least fixpoint lfp(P) = T∞

P (∅). This least fixpoint coincides with the least
Herbrand model lm(P) of P , i.e.. lm(P) = lfp(P). For non-positive programs P ,
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TP is in general not monotonic, and P does not necessarily have a least fixpoint
(it may even have no fixpoint at all). It was shown in [14] that it is NP complete
to determine whether a non-positive logic program has a fixpoint.

2.2 Stable Models

In this section we recall the notion of stable models for propositional logic pro-
grams and we report some results from [6] that we shall use in the following.

Let P be a logic program and I ⊆ V ar(P) be an interpretation. The Gelfond-
Lifschitz transformation (or simply GL-transformation) of P w.r.t. I, denoted
by PI is the program obtained by P by removing all rules containing a negative
literal not b in the body such that b ∈ I, and by removing all negative literals
from the remaining rules.

Definition 1 ([9]). Given a logic program P and an interpretation M⊆V ar(P),
M is a stable model of P if M = T∞

PM (∅).

A logic program P admits in general a number (possibly zero) of stable models.
We denote by SM(P) the set of all stable models of the program P .

Example 1. Let P be the program consisting of the following set of clauses:
{a← not b, b← not a}. It easy to verify that P admits two stable models, that
are M1 = {a} and M2 = {b}. Indeed, PM1 = {a←} and PM2 = {b←}.

Definition 2 ([6]). Let P1 and P2 be programs. We say that P2 potentially
uses P1 (denoted P2 " P1) if each predicate that occurs in some rule head of P2

does not occur (positively or negatively) in P1.

Given a set of atoms M , the program of M is the set of rules {a ← | a ∈ M}.
With a little abuse of notation, when the context is clear, we denote the program
of a set of atoms M by the same symbol M .

Proposition 2 ([6]). Let P = P1 ∪ P2 be a program such that P2 " P1. Then:

SM(P) =
⋃

M∈SM(P1)

SM(M ∪ P2).

Proposition 3 ([6]). Let P = P1 ∪ P2 be a program such that V ar∗(P1) ∩
V ar∗(P2) = ∅.2 Then:

SM(P) =
⋃

M1∈SM(P1),M2∈SM(P2)

{M1 ∪M2}.

2 Recall that V ar∗(P) denotes the set of atoms actually appearing in P .



572 Francesco Buccafurri and Georg Gottlob

3 Joint Fixpoints

In this section we introduce the Joint Fixpoint Semantics for logic programs.
Let P1,P2, . . .Pn be logic programs such that V ar(P1) = V ar(P2) = · · ·

= V ar(Pn). We define the set JFP (P1,P2, . . . ,Pn) of joint fixpoints by:

JFP (P1,P2, . . . ,Pn) = FP (P1) ∩ FP (P2) ∩ · · · ∩ FP (Pn).
In words, JFP (P1,P2, . . . ,Pn) consists of all common fixpoints to the programs
P1, . . . ,Pn.

Moreover, we define the set MJFP (P1, . . . ,Pn) of minimal joint fixpoint as:

MJFP (P1, . . . ,Pn) = {F ∈ JFP (P1, . . . ,Pn) |
� ∃F ′ ∈ JFP (P1, . . . ,Pn)∧F ′ ⊂ F}.

MJFP (P1, . . . ,Pn) consists of all minimal common fixpoints to the programs
P1, . . . ,Pn.

Since, as mentioned, it is NP complete to determine whether a single non-
positive program has a fixpoint, determining whether a set of programs contain-
ing at least one non-positive program has a joint fixpoint is trivially NP hard.
Moreover, since this problem is easily seen to be in NP, it is NP complete.

In this paper we are also interested in joint fixpoints of positive programs. In
particular, we will investigate the issue whether a set of positive programs has a
minimal JFP and we will study different forms of reasoning with joint fixpoints.

The following example shows that a set of positive logic programs may have
zero, one, or more joint fixpoints.

Example 2.

– If P1 = {p←} and P2 = {q ←}, then JFP (P1,P2) = MJFP (P1,P2) = ∅.
– If P1 = {p← q} and P2 = {p← s}, then JFP (P1,P2) = MJFP (P1,P2) =
{∅}.

– If P1 = {p ←} and P2 = {p ← p}, then JFP (P1,P2) = MJFP (P1,P2) =
{{p}}.

– If P1 = {p ← p, q ← q} and P2 = {p ← q, q ← p}, then JFP (P1,P2) =
{∅, {p, q}} and MJFP (P1,P2) = {∅}.

We will also consider credulous and skeptical reasoning under joint fixpoints. Let
S = {P1, . . . ,Pn} be a set of logic programs over the same set of propositional
variables V ar. Let p be an atom in V ar.

– p is a credulous MJFP-consequence of S if for some minimal joint fixpoint
I ∈MJFP (P1, . . . ,Pn) it holds that p ∈ I.

– p is a skeptical MJFP-consequence of S if for all minimal joint fixpoints
I ∈MJFP (P1, . . . ,Pn) it holds that p ∈ I.

We define the following decision problems:

PROBLEM JFP (JFP existence):

Instance: A set of positive logic programs P1, . . . ,Pn defined over the same set
of propositional variables.
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Question: Is JFP (P1, . . .Pn) �= ∅, i.e., do the programs P1, . . . ,Pn have a joint
fixpoint?

The problem JFP2 is the restriction of JFP to instances consisting of two
positive programs:

PROBLEM JFP2 (JFP existence restricted to the case of two programs):

Instance: A pair of positive logic programs P1 and P2.
Question: Is JFP (P1,P2) �= ∅, i.e., do the programs P1 and P2 have a joint

fixpoint?

PROBLEM MJFPs (skeptical reasoning under the JFS semantics):

Instance A set of positive logic programs S = {P1, ...,Pn} defined over the
same set of propositional variables V ar and an atom p ∈ V ar.

Question Is p a skeptical MJFP-consequence of S?

PROBLEM MJFPc (credulous reasoning under the JFS semantics):

Instance A set of positive logic programs S = {P1, ...,Pn} defined over the
same set V ar of propositional variables and and an atom p ∈ V ar.

Question Is p a credulous MJFP-consequence of S?

Also in this case, we define the restrictions of MJFPs and MJFPc to the case
in which S contains only two programs. We denote such decision problems by
MJFPs2 and MJFP

c
2, respectively.

4 Complexity Results

Theorem 1. The problems JFP and JFP2 are NP complete.

Proof. 1.) Membership. It suffices to prove membership for the more general
problem JFP. To verify that a set S of positive logic programs on a set of
propositional variables V ar has a joint fixpoint, it suffices to guess an appropriate
interpretation I ⊆ V ar and check that TP(I) = I for each P ∈ S. The latter is
obviously feasible in polynomial time. The problem JFP is thus in NP.

2.) Hardness. It suffices to prove hardness for the less general problem JFP2.
We prove that JFP2 is NP hard by a reduction from 3SAT. Let φ be a 3DNF
formula over a set of atoms A = {a1, . . . , an} of the form: φ ≡ (q1

1∨q1
2∨q1

3)∧ ·
· · ∧(qm1 ∨qm2 ∨qm3 ), where qik, 1 ≤ k ≤ 3, 1 ≤ i ≤ m is a (positive or negative)
literal over A. We will transform φ into a pair of positive logic programs P1(φ)
and P2(φ) such that P1(φ) and P2(φ) have a joint fixpoint iff φ is satisfiable.
P1(φ) and P2(φ) are both defined over the following set V ar of propositional

variables:
V ar = A ∪ {a′|a ∈ A} ∪ {fail}.

For each atom a ∈ A, let τ(a) = a and let τ(¬a) = a′.
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Program P1(φ) consists of the following rules:

Program P1(φ): ci ← 1 ≤ i ≤ m
ai ← ai 1 ≤ i ≤ n
a′
i ← a′

i 1 ≤ i ≤ n
fail ← ai, a

′
i 1 ≤ i ≤ n

Program P2(φ) consists of the following rules:

Program P2(φ): ci ← τ(qij) 1 ≤ i ≤ m, 1 ≤ j ≤ 3
ai ← ai 1 ≤ i ≤ n
a′
i ← a′

i 1 ≤ i ≤ n

It is obvious that P1(φ) and P2(φ) can be computed in time polynomial in the
size of φ.

It can be seen that φ is satisfiable iff P1(φ) and P2(φ) have a joint fixpoint
(for a detailed proof see the full version of the paper). ��

Theorem 2. The problems MJFPs and MJFPs2 are co-NP complete.

Proof. 1.) Membership. It is sufficient to prove membership for the more gen-
eral problem MJFPs. We proceed by showing that the complementary problem
is in NP. Let S be a set of positive programs over the same set of propositional
variables V ar and denote by M̃ =

⋂
M∈MJFS(S) M the intersection of all the

minimal joint fixpoints of S. Since an atom p is a skeptical consequence of S iff
p ∈ M̃ , we have to prove that deciding whether p �∈ M̃ is in NP.

In order to check if p �∈ M̃ , it is sufficient to guess a set of atoms M ⊆ V ar
and verifying that:

– p �∈M , and
– M is a joint fixpoint of S.

Both the above items are clearly feasible in polynomial time. Thus, checking if
p �∈ M̃ is in NP. As a consequence, the problem MJFPs is in co-NP.

2.) Hardness. It suffices to prove hardness for the less general problem
MJFPs2. We prove that MJFP

s
2 is co-NP hard by a reduction from the comple-

ment of the problem JFP (joint fixpoint existence). Indeed, as stated in Theorem
1, the problem JFP is NP complete.

The complement of the problem JFP is the following decision problem. In-
stance: a set S = P1, . . .Pn of positive programs over the same set of propo-
sitional variables V ar. Question: Is JFP (S) = ∅? We reduce this problem to
MJFPs2. Let x be an atom not occurring in V ar and let V ar′ = V ar ∪ {x}.
Clearly, x is a skeptical MJFP-consequence of the programs P1, . . . ,Pn over the
set of propositional variables V ar′ if and only if JFP (P1, . . . ,Pn) = ∅. Thus,
the complement of the JFP problem is polynomially reducible to the MJFP2

problem. ��
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Now we analyze the complexity of the problems MJFPc and MJFPc2. First
we give some preliminary definition and results.

A positive propositional disjunctive logic program (DL+-program) is a posi-
tive propositional theory in DNF. We denote the i-th rule of a DL+-program
consisting of t > 0 rules by:

hi1∨ · · · ∨hini
← body(ri)

where ni > 0, body(ri) denotes a (possibly empty) conjunction of positive literals,
and ri is a label not occurring in V ar(P) identifying the rule i, for each 1 ≤ i ≤ t.

The models M(P) of the DL+-program P precisely coincide to classical
models of the program seen as positive propositional theory in DNF. The same
happens for the minimal models MM(P).
Definition 3. Let P be a DL+-program consisting of t > 0 rules. RP is a
(disjunction-free) program over the set of propositional variables V ar(P)∪{r1, ...,
rt} consisting of the following set rules:

RP = {ri ← hij | 1 ≤ i ≤ t∧1 ≤ j ≤ ni}.
Moreover, we define the DL+-program P∗ = P ∪RP .

Lemma 1. Let P be a DL+-program. Then:

MM(P∗) =
⋃

M∈MM(P)

MM(M ∪RP).

Proof. It follows from Proposition 2, since RP " P . ��
We recall that the minimal model semantics assigns to P the set MM(P)

of minimal models of P . A propositional formula φ is a credulous consequence
under the minimal model semantics of P if for some M ∈MM(P) it holds that
M |= φ. Observe that the problem of deciding whether a propositional formula
is a credulous consequence under the minimal model semantics of a positive
disjunctive program is ΣP

2 -complete [5, 6].

Lemma 2. Given a DL+-program P and an atom p ∈ V ar(P), p is a credulous
consequence under the minimal models semantics of P if and only if it is a
credulous consequence under the minimal models semantics of P∗.

Proof. It immediately follows from Lemma 1. ��

Definition 4. Let P be a DL+-program consisting of t > 0 rules. We define
the set JUST r(P∗) as the set of models M of P∗ such that each atom in M ∩
{r1, ..., rt} is supported by M (in P∗). JUST r(P∗) is said the set of rule-justified
models (or simply r-justified models) of P∗.

Moreover, we define the set MJUST r(P∗) of minimal r-justified models of
P∗ as:

MJUST r(P∗) = {M ∈ JUST r(P∗) | � ∃M ′ ∈ JUST r(P∗)∧M ′ ⊂M}.
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Lemma 3. Let P be a DL+-program. Then:

MM(P∗) = MJUST r(P∗).

Proof. Let t > 0 be the number of rules of the program P .
(⊆) By contradiction let M ∈ MM(P∗) and M /∈ MJUST r(P∗). Since M is a
model of P∗ it must holds that:

(i) either M /∈ JUST r(P∗), or
(ii) M ∈ JUST r(P∗) but it is not minimal.

Consider case (i). If M is not in JUST r(P∗), there exists an atom in M ∩
{r1, ..., rt}, say ri (1 ≤ i ≤ t), that is not supported by M . Thus, each rule of
P∗ with ri occurring in the head has body false in M . As a consequence, each of
such rules is satisfied in M \ {ri}. Moreover, any other rule of P∗ is satisfied in
M \ {ri} as well, since no rule of P∗ contains ri in the body and M is a model
of P∗. Hence M \ {ri} ⊂ M is a model of P∗. This contradicts the hypothesis
that M is a minimal model of P∗.

Consider now case (ii). SinceM is not minimal there existsM ′ ∈ JUST r(P∗)
such that M ′ ⊂M . Since M ′ is a model of P∗ and M is a minimal model of P∗,
we have reached a contradiction.

(⊇) By contradiction let M ∈ MJUST r(P∗) and M /∈ MM(P∗). Since M
is a model of P∗, M /∈MM(P∗) implies that there exits a model M ′ of P∗ such
that M ′ ⊂M . Clearly, it holds that:

(i) either M ′ ∈ JUST r(P∗), or
(ii) M ′ /∈ JUST r(P∗).

Case (i) contradicts hypothesis, since M is a minimal r-justified model of P∗

and M ′ ⊂M .
Consider now case (ii). Let R = {r1, ..., rt} ∩M ′. Since M ′ /∈ JUST r(P∗)

there exits some atom in R not supported by M ′.
Let R̄ be the set of all the atoms of R not supported by M ′. Clearly, R̄ �= ∅.

We claim that M ′ \ R̄ is a model of P∗. Indeed, each rule of P∗ with an atom
of R̄ occurring in the head has body false in M ′ (since R̄ is a set of atoms not
supported by M ′). Consequently, each of such rules is satisfied also in M ′ \ R̄.
On the other hand, any other rule of P∗ is satisfied in M ′ \ R̄, since M ′ is a
model of P∗ and no rule of P∗ contains atoms of R̄ in the body. Thus, M ′ \ R̄
is a model of P∗.

By definition of R̄, any atom in R′ = R\R̄ is supported byM ′. Further, since
atoms of {r1, ..., rt} do not occur in the body of the rules of P∗, any atom in R′

is supported by M ′ \ R̄ too. But R′ = {r1, ..., rt}∩ (M ′ \ R̄). Moreover, as proven
above,M ′\R̄ is a model of P∗. Therefore, by Definition 4, M ′\R̄ ∈ JUST r(P∗).
Since M ′ ⊂ M we have reached a contradiction, as M is a minimal r-justified
model of P∗. ��
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Definition 5. Let P be a DL+-program consisting of t > 0 rules. We define the
two programs Ph and Pb associated to the program P in the following way:
The program Ph is the union of the sets of rules S1

h and S2
h defined as follows:

S1
h = {ri ← hij | 1 ≤ i ≤ t ∧ 1 ≤ j ≤ ni}

S2
h = {x← x | x ∈ V ar(P)}

The program Pb is the union of the sets of rules S1
b and S2

b defined as follows:

S1
b = {ri ← body(ri) | 1 ≤ i ≤ t}

S2
b = {x← x | x ∈ V ar(P) ∪ {r1, ..., rt}}.

Lemma 4. Let P be a DL+-program. Then:

JFP (Ph,Pb) = JUST r(P∗).

Proof. Let t > 0 be the number of rules of the program P .
(⊆) We proceed by contradiction by supposing that M ∈ JFP (Ph,Pb) and
M /∈ JUST r(P∗). The latter implies that:

(i) either M is not model of P∗, or
(ii) M is a model of P∗ but there exists an atom in {r1, ..., rt}∩M not supported

by M .

Case (i). If M is not a model of P∗ there exits a rule of P∗ not satisfied in
M . Such a rule can belong either to P or to RP (see Definition 3).

In the former case (i.e., there is a rule not satisfied in M belonging to P),
let ri (for some 1 ≤ i ≤ t) be the identifier of a rule of P not satisfied in M .
Such a rule has body true in M and head false in M . Thus, hji is false in M , for
each 1 ≤ j ≤ ni and body(ri) is true in M . Since M is a fixpoint of Pb, due to
the rule ri ← body(ri) belonging to Pb, ri ∈ M . On the other hand, hji false in
M , for each 1 ≤ j ≤ ni, implies that each clause of Ph with head ri has body
false in M . Thus, the atom ri ∈ M is not supported by M in Ph. But this is
a contradiction, since M is a fixpoint of Ph and thus each atom in M must be
supported by M in Ph.

In the latter case (i.e., there is a rule not satisfied in M belonging to RP),
since RP coincide with the set of rules S1

h of Ph, M would not a model of Ph.
But this is a contradiction, since M is a fixpoint of Ph.

Consider now case (ii) above. Let x ∈ {r1, ..., rt} ∩M be an atom not sup-
ported by M in P∗. Since a rule with head x belongs to Ph if and only if it
belongs to P∗, x ∈ M is not supported by M in Ph too. This contradicts the
hypothesis that M is a fixpoint of Ph.

(⊇) We proceed by contradiction by supposing that M ∈ JUST r(P∗) and
M /∈ JFP (Ph,Pb). M /∈ JFP (Ph,Pb) implies that at least one of the following
items holds:
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(i) M is not fixpoint of Ph, or
(ii) M is not a fixpoint of Pb.

Both items can be shown to be contradictory (for details see the full version).
��

Corollary 1. Let P be a DL+-program. Then:

MJFP (Ph,Pb) = MJUST r(P∗).

Proof. It immediately follows from Lemma 4. ��
Lemma 5. Given a set of positive logic programs S over the same set of propo-
sitional variables V ar, and a set F ⊆ V ar, deciding whether F is a minimal
joint fixpoint of S is in co-NP.

Proof. We show that the complementary problem is in NP. To verify that F is
not a minimal joint fixpoint of S, we guess a set F ′ ⊆ V ar and check that:

1. either F ′ is a joint fixpoint of S and F ′ ⊂ F , or
2. F is not a joint fixpoint of S.

Both the above tasks are feasible in polynomial time. Thus, the statement im-
mediately follows. ��
Theorem 3. The problems MJFPc and MJFPc2 are ΣP

2 -complete.

Proof. 1.) Membership. It suffices to prove membership for the more general
problem MJFPc. Given a set of positive programs S on a set of propositional
variables V ar and an atom p ∈ V ar, to verify that p is a MJFP -credulous
consequence of S, we guess a subset F ⊆ V ar and check that:

(1) F is a minimal joint fixpoint of S, and
(2) p ∈ F .

By virtue of Lemma 5 the task (1) is in co-NP, while the task (2) is trivially
polynomial. Therefore MJFPc is in ΣP

2 and MJFPc2 is in ΣP
2 as well.

2.) Hardness. It suffices to prove hardness for the less general problem
MJFPc2.

First, consider the following decision problem. Instance: a positive program
P and an atom p ∈ V ar(P). Question: there exists a model M ∈MJUST r(P∗)
(i.e., a minimal r-justified model of P) such that p ∈M? By Lemma 3, since the
credulous reasoning under minimal model semantics is ΣP

2 -complete, the above
decision problem is ΣP

2 -complete too.
We prove ΣP

2 -hardness of MJFP
c
2 by reduction from the above decision prob-

lem.
From Corollary 1 it follows that given an atom p ∈ V ar(P) there exists a

model in MJUST r(P∗) containing p if and only if there exists a joint fixpoint
M ∈ {Pa,Pb} such that p ∈ M . The latter is clearly the problem MJFPc2 with
instance on the set of programs {Pa,Pb} and the atom p.

Thus, MJFPc2 is ΣP
2 -hard. Since MJFP

c
2 is a restriction of the problem

MJFPc, we conclude that MJFPc is ΣP
2 -hard as well. ��
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5 Joint Fixpoints and Stable Models

In this section we give the translation from Logic Programming under the Joint
Fixpoint Semantics to Logic Programming under Stable Model Semantics. First
we need some preliminary definitions and results.

Definition 6. Let P be a program and let M be a set of atoms in V ar(P). We
denote by [M ]P the set {aP | a ∈M}∪{a′

P | a ∈ V ar(P)\M}∪{saP | a ∈M}.

Definition 7. Let P be a positive program. We define the program Γ (P) over the
set of atoms V ar(Γ (P)) = {aP | a ∈ V ar(P)}∪{a′

P | a ∈ V ar(P)}∪{saP | a ∈
V ar(P)} ∪ {failP} as the union of the sets of rules S1, S2 and S3, defined as
follows:

S1 = {aP ← not a′
P | a ∈ V ar(P)} ∪ {a′

P ← not aP | a ∈ V ar(P)}

S2 = {saP ← b1
P , ..., bnP | a← b1, . . . bn ∈ P}

S3 = {failP ← not failP , saP , not aP | a ∈ V ar(P)}∪
{failP ← not failP , aP , not saP | a ∈ V ar(P)}.

Lemma 6. Let P be a program. Then:

SM(Γ (P)) =
⋃

F∈FP (P)

{[F ]P}.

Proof. (⊆) Let X be a stable model of Γ (P). We prove that there exists a set
of atoms F ⊆ V ar(P) such that:
(1) X = [F ]P , and
(2) F is a fixpoint of P (i.e., F ∈ FP (P)).
First we show that Item (1) holds. To this end we prove that:

(a) failP does not occur in X ,
(b) for any a ∈ V ar(P), either aP or a′

P occurs in X but not both, and
(c) aP ∈ X if and only if saP ∈ X , for any a ∈ V ar(P).

Item (a). The only rules with failP in the head are those of S3. If failP ∈ X ,
these rules do not belong to the GL-transformation Γ (P)X of Γ (P) w.r.t. X .
Hence X cannot be the least fixpoint of TΓ (P)X .

Item (b). We proceed by contradiction. Thus we suppose there exists an atom
a ∈ V ar(P) such that either:
– aP �∈ X and a′

P �∈ X , or
– aP ∈ X and a′

P ∈ X .
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In the former case (i.e., aP �∈ X and a′
P �∈ X) the rules aP ← and a′

P ←
belong to the GL-transformation Γ (P)X of Γ (P) w.r.t. X . Indeed, the rule
aP ← not a′

P belonging to S1 is transformed into the rule aP ← (since a′
P �∈ X)

and the rule a′
P ← not aP belonging to S1 is transformed into the rule a′

P ←
(since aP �∈ X). As a consequence, X is not a fixpoint of TΓ (P)X (contradiction).

In the latter case (i.e., aP ∈ X and a′
P ∈ X), the GL-transformation Γ (P)X

of Γ (P) w.r.t. X eliminates both rules aP ← not a′
P and a′

P ← not aP belonging
to S1. Indeed, their body is false w.r.t X . On the other hand, such rules are the
only rules occurring in Γ (P) with aP or a′

P in the head. Hence, Γ (P)X does
not contain any rule with aP or a′

P in the head. This contradicts the hypothesis
that X is a fixpoint of TΓ (P)X .

Item (c). Let P1 = S1 ∪ S2 and P2 = S3. Given a set of atoms M ⊆
V ar(Γ (P)), we say that M satisfies the fixpoint condition if the following holds:
for any a ∈ V ar(P), aP ∈ M if and only if saP ∈ M . Note that Item (c) states
that X satisfies the fixpoint condition.

The following claim can be proven (see the full version for details):
Claim 1. Let M ∈ SM(P1). Then, SM(M ∪ P2) = {M} if M satisfies the

fixpoint condition, SM(M ∪ P2) = ∅, otherwise 3.
Using the above claim, we prove now thatX satisfies the fixpoint condition (as

stated in Item (c)), that is aP ∈ X if and only if saP ∈ X , for any a ∈ V ar(P).
First observe that P2 " P1 (according to Definition 2) and, further, Γ (P) =

P1 ∪ P2. Thus, by Proposition 2, SM(Γ (P)) = ⋃
M∈SM(P1) SM(M ∪ P2).

Since X ∈ SM(Γ (P)), there exits a stable model Y ∈ SM(P1) such that
X ∈ SM(Y ∪ P2). Thus SM(Y ∪ P2) �= ∅. By Claim 1, it follows that both
SM(Y ∪P2) = {Y } and Y satisfies the fixpoint condition (otherwise SM(Y ∪P2)
would be ∅). This implies that X = Y and hence that X satisfies the fixpoint
condition. This concludes the proof of the Item(1).

We have thus proven that there exits a set of atoms F ⊆ V ar(P) such that
X = [F ]P . Now we prove that Item (2) holds, i.e., that F is a fixpoint of P .

Recall that F is a fixpoint of P if and only if it coincides with the set of all
atoms of V ar(P) supported by F (recall that an atom a is supported by F if
there exists a rule in P with head a and body true in F ).

Thus it suffices to prove that:

(i) if a belongs to F then a is supported by F in P and
(ii) if a ∈ V ar(P) is supported by F in P then a belongs to F .

The proof of these two items is given in the full version of the paper.
(⊇) Let F be a fixpoint of P . We have to show that [F ]P is a stable model of
the program Γ (P).

3 Note that M ∪ P2 denotes the set of rules {a← | a ∈M} ∪ P2.
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Let Π be the GL-transformation of Γ (P) w.r.t. [F ]P . It is immediately ver-
ifiable that Π is the union of the following sets of rules:

S′
1 = {aP ← | a ∈ F}

S′
2 = {a′

P ← | a ∈ V ar(P) \ F}
S′

3 = {saP ← b1
P , . . . , bnP | a← b1, . . . bn ∈ P}

S′
4 = {failP ← saP | a ∈ V ar(P) \ F}

S′
5 = {failP ← aP | a ∈ V ar(P) \ F}

We proceed by contradiction by supposing that [F ]P is not a stable model
of Γ (P).

[F ]P is not a stable model of Γ (P) if and only if T∞
Π (∅) �= [F ]P . This implies

that:
(i) either T∞

Π (∅) �⊆ [F ]P , or
(ii) T∞

Π (∅) ⊂ [F ]P .
In the full paper we show that both these cases are impossible. ��
An immediate consequence of the above lemma is that there is a one-to-one

correspondence between the set of fixpoints of a given program P and the set
SM(Γ (P)) of stable models of the program Γ (P).

Now suppose we have a set of positive programs P1, . . . ,Pn over the same set
of propositional variables. We find a program J(P1, . . . ,Pn) associated to the set
of programs P1, . . . ,Pn such that the stable models of J(P1, . . . ,Pn) correspond
to the joint fixpoints of P1, . . . ,Pn. J(P1, . . . ,Pn) is constructed by performing
the union of all the programs Γ (Pi), for 1 ≤ i ≤ n, with another program
C(P1, . . . ,Pn) that we next define. Informally, under stable model semantics,
rules of programs Γ (P1), Γ (P2), ... , Γ (Pn) have the effect of generating all
the fixpoints of P1, P2, ... , Pn, respectively, while rules of C(P1, . . . ,Pn) select
among these all fixpoints that are simultaneously fixpoints of P1, P2, ... , Pn.
Definition 8. Given a set of positive programs P1, . . . ,Pn over the same set of
atomic propositions V ar, C(P1, . . . ,Pn) is the program over V ar′=

⋃
1≤i≤n{aPi |

a ∈ V ar} ∪ {fail} defined as follows:

C(P1, . . . ,Pn) = {fail← not fail, aPi, not aPj | 1 ≤ i �= j ≤ n}.
Moreover, the program J(P1, . . . ,Pn) over

⋃
1≤i≤n V ar(Γ (Pi))∪{fail} is defined

as:
J(P1, . . . ,Pn) = Γ (P1) ∪ · · · ∪ Γ (Pn) ∪ C(P1, . . . ,Pn).

The next theorem states that there is a one-to-one correspondence between the
set of joint fixpoints of the programs P1, . . . ,Pn and the set of stable models of
the program J(P1, . . . ,Pn).
Theorem 4. Let P1, . . . ,Pn be positive logic programs over the same set of
atomic propositions V ar. Then:

SM(J(P1, . . . ,Pn)) =
⋃

F∈JFP (P1,...,Pn)

{∪1≤i≤n[F ]Pi}.

where JFP (P1, . . . ,Pn) is the set of the joint fixpoints of P1, . . . ,Pn.
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Proof. By virtue of Lemma 6 it holds that:

SM(Γ (Pi)) =
⋃

F∈FP (Pi)

{[F ]Pi}.

for each 1 ≤ i ≤ n. We denote by Pu =
⋃

1≤i≤n Γ (Pi). Since V ar∗(Γ (Pi)) ∩
V ar∗(Γ (Pj)) = ∅, for any 1 ≤ i �= j ≤ n, we can apply Proposition 3 obtaining
that:

SM(Pu) =
⋃

F1∈FP (P1),...,Fn∈FP (Pn)

{[F1]P1 ∪ · · · ∪ [Fn]Pn}. (1)

As C(P1 · · · Pn) " Pu holds (according to Definition 2), from Proposition 2 it
follows that:

SM(J(P1, . . . ,Pn)) =
⋃

M∈SM(Pu)

SM(M ∪ C(P1 · · · Pn)). (2)

Consider now a stable model M in SM(Pu). We say that M satisfies the join
condition if: aPi ∈ M implies aPj ∈ M , for any 1 ≤ j �= i ≤ n and for any
a ∈ V ar.

In the full version we prove the following claim:
Claim 2. Let M ∈ SM(Pu). SM(M ∪ C(P1 · · · Pn)) = {M} if M satisfies

the join condition. SM(M ∪C(P1 · · · Pn)) = ∅, otherwise.
By applying Claim 2, from (2) it follows that:

SM(J(P1, . . . ,Pn)) =
⋃

Mjc∈SMjc(Pu)

{M jc}. (3)

where SM jc(Pu) denotes stable models of SM(Pu) satisfying the join condition.
Consider now a stable model M jc ∈ SM jc(Pu). Since SM jc(Pu) ⊆ SM(Pu),

from (1) it follows that M jc = [F1]P1 ∪ · · · ∪ [Fn]Pn , for some F1 ∈ FP (P1), ...
, Fn ∈ FP (Pn). On the other hand, since M jc satisfies the join condition, it
follows that F1 = F2 = · · · = Fn. Thus, M jc = ∪1≤i≤n[F ]Pi , for some joint
fixpoint F ∈ JFP (P1, . . . ,Pn). Hence, (3) becomes:

SM(J(P1, . . . ,Pn)) =
⋃

F∈JFP (P1,...,Pn)

{∪1≤i≤n[F ]Pi}.

as stated in the theorem. ��

6 Conclusion and Future Work

In this paper we have introduced a new model-theoretic semantics for defining
compromises among desires and consents of agents represented by logic pro-
grams. Rather than joining the theories of different agents and considering mod-
els or fixpoints of a single joint logic program (possibly incorporating modalities),
we advocated that the right approach is most likely to consider joint fixpoints
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of separate logic programs. To our best knowledge, the idea of using joint fixed
points of logic programs is new and has never been explored by others. We think
that this is a quite appealing idea, which uses existing concepts and machinery
in a diverse rendering. The effectiveness of our method was demonstrated on
two small nontrivial examples. In this context, we also described a new way of
specifying requests and consents of agents by logic programs. A novel feature
is the okay modality and its translation into a self-implication of an atom in a
classical logic program.

Our new semantics for describing requests and consents of multiple agents
naturally induced us to study the computational properties of reasoning with
joint fixed points and with minimal joint fixed points. We proved the surpris-
ing result that determining whether two plain positive propositional logic pro-
grams have a joint fixpoint is already NP complete. Translated into our agent-
compromise framework this means that determining whether there exists a com-
promise between two agents whose requests and consents are formulated in the
simplest possible rule-based language (just definite propositional Horn clauses,
without negation or disjunction or similar constructs) is a hard problem. For
those who agree that our semantics can faithfully describe standpoints of agents,
this NP hardness result says something about determining compromises in the
real world. We also analyzed the complexity of credulous and skeptical reason-
ing under the minimal joint fixpoint semantics. We think that our complexity
studies and results are of independent interest, whether one agrees with our
interpretation of joint fixpoints as compromises or not.

While this paper offers a new approach of defining static agent compromises
and some related complexity studies, it does certainly not describe a framework
for defining agent dynamics, interaction, negotiation, and similar most relevant
issues. This was not our goal. We hope, however, that a full framework of agent
dynamics can be constructed on the top our very basic formalization of compro-
mise. Actually,we do not see any reason why this should not be possible. What
also seems to be feasible is the incorporation of our notion of compromise into
existing frameworks such as [23]. This is left for future research.
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Abstract The use of agents in today’s Internet world is expanding rapidly. Yet,
agent developers proceed largely under the optimistic assumption that agents
will be error-free. Errors may arise in agents for numerous reasons — agents
may share a workspace with other agents or humans and updates made by these
other entities may cause an agent to face a situation that it was not explicitly pro-
grammed to deal with. Likewise, errors in coding agents may lead to inconsistent
situations where it is unclear how the agent should act. In this paper, we define
an agent execution model that allows agents to continue acting “reasonably” even
when some errors of the above types occur. More importantly, in our framework,
agents take “repair” actions automatically when confronted with such situations,
but while taking such repair actions, they can often continue to engage in work
and/or interactions with other agents that are unaffected by repairs.

1 Introduction

Agents are a rapidly growing area of research in artificial intelligence and databases,
with an ever increasing range of applications, spanning e-commerce servers to web
search engines. Numerous paradigms for agents have been proposed in the AI literature
[11,30,27]. In past work, two of the authors have been working on a framework called
IMPACT (Interactive Maryland Platform for Agents Collaborating Together) [14,4,26]
in which they develop a theory by which existing legacy code bases and data sources
can be “agentized”. In their framework, each agent has a state (composed of whatever
resides in its data structures and message box). Whenever the agent’s state changes, the
agent must take actions in accordance with some clearly specified operating principles
so as to ensure that the resulting state satisfies some integrity constraints. Examples
of state changes include receipt of a message, a clock tick, a receipt of a service re-
quest, receipt of a response to a service request, update of a data source, and many
others. Eiter et al.[14] show strong connections between the agent theory they propose
with classical methods for logic programming, nonmonotonic reasoning. They further
show how Shoham’s AOP (“agent oriented programming”) system [24] can largely be
simulated within IMPACT, and that large parts of the well known belief, desires, and
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intentionality architecture (BDI) can be captured within their framework. Most of these
frameworks all agree on the fact that an agent decides on what to do in response to a
state change, and then does it. However, two major problems need to be addressed.

1. First, most agent frameworks (cf. [11,30,27]) including IMPACT assume that the
rules used are sufficient to appropriately respond to all requests that arrive. Unfor-
tunately, this assumption that the agent developer covered “all possibilities” is rather
optimistic and as unreasonable as an assumption that all programs in C (or any other
programming language) are bug-free. Hence, there is a question of what to do when an
agent is confronted with a situation for which it does not know how to act.
2. Second, in the case of legacy systems, we note that the legacy system’s existing GUI
and the agent both access and update the same data. Thus, the legacy GUI may alter the
agent’s state in ways that the agent may find unacceptable.

An agent is said to be corrupted if either (i) changes caused by external entities have
caused the agent’s current state to violate one or more integrity constraints, or (ii) the
agent is unable to find a “valid”1 set of actions to execute in its current state (which may,
perhaps, have been caused by a coding error). In this paper, we tackle the first problem
above — the second is considered only to the extent that nonexistence of a status set is
because of an integrity constraint violation.

This paper presents a theory, architecture and algorithms so that agents may exhibit
two important properties.

1. Recovery. Agents must be able to recover from being “corrupted” to being “uncor-
rupted.”
2. Continuity. Agents must continue to process some (though perhaps not all) requests
while continuing to recover. This is important when an agent is servicing lots of re-
quests.

The organization of this paper is as follows. In Section 2, we present a brief overview
of IMPACT’s agent architecture (see [14,4,26] for more details). To this architecture,
we add one component — an error recovery component whose architecture is described
in Section 3. In Section 3, we provide a formal set of definitions specifying what re-
quests are affected (or may be affected) when an agent is known to be corrupted in a
certain way. Unaffected requests may continue to be processed by a corrupted agent,
even while the corrupted agent attempts to recover. Then, in Section 4, we describe
special repair data structures and repair actions which are to be used by the recovery
component. The latter may be selected from a repair action library, which provides a
host of different realizations for repair. In Section 5, we discuss how an agent can, using
the results and tools of the previous section, recover from an error. We not only show
how IMPACT agents may use our recovery methods, but also present a modification
of the Kowalski-Sadri agent cycle [20] as in [14,26] which incorporates the desired
properties of recovery and continuity. In section 6, we discuss how our work may be
applied to three different agent frameworks out there in the literature: Kowalski and

1 With respect to the semantics of the agent. In this paper, we will assume that either the feasible,
rational or reasonable status set semantics of agents [14,26] is used.
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Sadri’s framework, the BDI (Belief, Desires, Intentionality) framework, and the work
of Wooldridge. Other related work is discussed in Section 7. Directions for future work
are discussed in Section 8.

2 IMPACT Preliminaries

As different application programs reason with different types of data, and even pro-
grams dealing with the same types of data often manipulate them in a variety of ways,
it is critical that any notion of agenthood be applicable to arbitrary software programs.
Agent developers should be able to select data structures that best suit the application
functions desired by users of the application they are building. Figure 1 shows the archi-
tecture of a full-fledged IMPACT software agent. It is important to note that all agents
have the same architecture and hence the same components, but the content of these
components can be different, leading to different behaviors and capabilities offered by
different agents.

Legacy Data

Function Calls

Meta-Kn

Action Policy

Security

Action
Base

Constr.
Integrity

Action
Constr.

Messages
       In

Messages
      Out 

AGENT

Fig. 1. Basic Architecture of IMPACT Agents

Agent Data Structures. As all agents are built “on top” of some existing body of code,
we first need an abstract definition of what that body of code looks like.

• First, we need a specification of the data types or data structures, T , that the agent
manipulates. As usual, each data type has an associated domain which is the space of
objects of that type. For example, the data type countries may be an enumerated
type containing names of all countries. At any given point, the instantiation or content
of a data type is some subset of the space of the data-objects associated with that type.
• The above set of data structures is manipulated by a set of functions, F , that are
callable by external programs. Such functions constitute the application programmer
interface or API of the package on top of which the agent is being built. An agent



Error-Tolerant Agents 589

includes a specification of all signatures of these API function calls (i.e., types of the
inputs to such function calls and types of the output of such function calls).

We use a unified language to query software packages by leveraging from T and F .
If f ∈ F is an n-ary function defined in that package, and t1, . . . , tn are terms (either
values, i.e., constants, or variables) of appropriate types, then S : f(t1, . . . , tn) is a
code call. This code call says “Execute function f as defined in package S on the stated
list of arguments.” For evaluation, the code call must be ground, i.e., all arguments ti
must be values. We assume that it returns, as output, a set of objects— if a single object
is returned, it can be coerced into a set anyway.

A code call atom is an expression cca of the form in(t, cc) or notin(t, cc), where
t is a term and cc is a code call. For ground t, cca succeeds (i.e., has answer true) if t
is in (resp., not in) the set of values returned by cc, and it fails (i.e., has answer false)
otherwise. If t is a variable X, then cca returns each value from the result of cc, i.e., its
answer is the set of ground substitutions θ for X such that ccaθ returns true. A uniform
view of ground and non-ground case identifies the answer true with the set {∅} of the
void substitution and the answer false with the empty set of substitutions.

For each code call atom cca, we denote by ∼cca the logically negated code call
atom, i.e., ∼in(t, cc) = notin(t, cc) and ∼notin(t, cc) = in(t, cc). We extend
this naturally to sets X of code call atoms by ∼X = {∼cca | cca ∈ X}.

A code call condition is a conjunction of code call atoms and constraint atoms,
which may involve decomposition operations. An example of a constraint atom is V.x >
25, where V.x accesses the x field of a variable V ranging over records that have an x
field. It checks whether the stated condition is true; in general, constraint atoms are of
the form t1 op t2 where op is any of =, �=, <, ≤, >, ≥ and t1, t2 are terms.

Code call conditions provide a simple, but powerful syntax to access heterogeneous
data structures. For example, the code call condition

in(X, oracle : select(emp, sal, >, 100000))&
in(Y, image : select(imdb, X.name))& in(“Mary”, imagedb : findpeople(Y))

is a complex condition that joins data across Oracle and an image database. It first se-
lects all people who make over 100K from an Oracle database and for each such person,
finds a picture containing that person with another person called Mary. It generalizes
the notion of join in relational databases to a join across a relational and image database.

Each agent is also assumed to have access to a message box data structure, together
with some API function calls to access it. Details of the message box in IMPACT may
be found in [14,26].

At any given point in time, the actual set of objects in the data structures (and mes-
sage box) managed by the agent constitutes the state of the agent. We shall identify a
state O with the set of ground code calls which are true in it.

Actions. The agent has a set of actions α(X1, . . . , Xn), where X1, . . . , Xn are vari-
ables for parameters, that can change its state. Such actions may include reading a
message from the message box, responding to a message, executing a request, cloning
a copy of the agent and moving it to a remote host, updating the agent data structures,
etc. Even doing nothing may be an action. Expressions α(t), where t is a list terms of
appropriate types, are action atoms. They represent the sets of (ground) actions which
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result if all variables in t are instantiated by values. Only such actions may be executed
by an agent. Every action α has a precondition Pre(α) (which is a code call condition),
a set of effects (given by an add list Add(α) and a delete list Del(α) of code call atoms)
that describe how the agent state changes when the action is executed, and an execution
method (which can be implemented in any programming language or scripting language
that the user deems appropriate) consisting of a body of physical code that implements
the action.

Notion of Concurrency. The agent has an associated body of code implementing a
notion of concurrency conc(AS,O). Intuitively, it takes a set of actions AS and the
current agent state O as input, and returns a single action (which “combines” the input
actions together) as output. Various possible notions of concurrency are described in
[14,26]. They all have the property that the changes to the state O are restricted to the
code call atoms occurring in the add and delete lists of the actions in AS. We make the
same assumption in this paper.

Action Constraints. Each agent has a finite set of action constraints which are rules
of the form “If the state satisfies some code call condition, then actions {α1, . . . , αn}
cannot be concurrently executed.” In the present paper, we disregard actions constraints,
sine they can be easily eliminated (see [14]).

Integrity Constraints. Each agent has a finite set IC of integrity constraints ic that
states O of the agent must satisfy (written O |= ic resp. O |= IC), of the form ψ ⇒
χa where ψ is a code call condition, and χa is a code call atom or constraint atom.
Informally, ic has the meaning of the universal statement “If ψ is true, then χa must
be true.”2 For example, a functional dependency A1 A2 → B on a relation r in some
database package db can be expressed as an integrity constraint

in(T1 , db : all(r))&in(T2 , db : all(r))&(T1.A1=T2.A1)&(T1.A2=T2.A2)⇒ T1.B=T2.B

where all(r) returns all tuples in the relation r. Throughout this paper, we assume
that the integrity constraints are consistent, i.e., there exists at least one agent state
O0 which satisfies all integrity constraints in IC . It may happen, though, that a set of
integrity constraints is not consistent. Determining such an inconsistency is, in general,
an undecidable problem, and thus can not be done by an automated check. However,
a software agent usually has a legal initial state O0 when it is deployed, and this state
is known (or, it might be one out of a collection of possible states). The state O0 must
satisfy all integrity constraints. Thus, in the specification of integrity constraints, only
those may be accepted which hold on O0.
Agent Program. Each agent has a set of rules called the agent program specifying the
principles under which the agent is operating. These rules specify, using deontic modal-
ities, what the agent may do, must do, may not do, etc. Expressions Oα(t), Pα(t),
Fα(t), Doα(t), and Wα(t), where α(t) is an action atom, are called action status
atoms. These action status atoms are read (respectively) as α(t) is obligatory, permit-
ted, forbidden, done, and the obligation to do α(t) is waived. If A is an action status
atom, then A and ¬A are called action status literals. An agent program P is a finite
set of rules of the form:

2 For simplicity, we omit here and in other places safety aspects (see Appendix B and [14,26]
for details).
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A ← χ&L1 & · · · &Ln (1)

where A is an action status atom, χ is a code call condition, and L1, . . . , Ln are action
status literals. Due to space constraints, we do not repeat the semantics of agent pro-
grams here. A brief overview is given in Appendix A, while comprehensive details are
given in [14,26].

3 Architecture and Formal Definitions

In this section, we discuss how to extend the architecture in Fig. 1 to handle the cases
where agent errors cause, due to violated integrity constraints, non-existence of valid
status sets, and where an agent’s state can be autonomously updated by a third party.

3.1 Architecture

We assume that there is some mechanism that notifies the agent when its state has been
changed by a third party. Thus, we may assume in abstraction that every agent a receives
messages of the following forms:

1. ask(b, cca), where agent b is asking agent a the answer to a code call atom cca =
in(t, cc) resp. cca = notin(t, cc), where t is a term and cc is ground.
2. tell(b, cca,ans), where agent b is telling agent a the answer ans to a code call
atom cca of the previous form.
3. done(cca,ans+,ans−), where cca is a code call atom and ans+,ans− are sets of
ground substitutions. Its meaning is that a third party (which may not be an agent) has
updated agent a’s state so that the answer to cca has changed — the new answer is the
old one minus the substitutions in ans− plus the substitutions in ans+.

Errors occur in the agent in one of two situations. In the first, incoming messages
of the form ask(·) or tell(·) trigger errors as there is no valid status set associated with
the incoming message.3 In the second, another entity sends the agent a message of the
form done(·) and the update violates the integrity constraints of the agent, leaving it in
a state which is invalid.

We deal with these two situations as follows. When an agent developer builds an
IMPACT agent, she needs to perform the following tasks in order to specify how her
IMPACT agents must recover when corrupted. She must specify

3 The reader may wonder why an ask(·) message can cause an error. All incoming messages
to an agent cause a change in the agent’s state because the message updates the agent’s mes-
sage box. No “sensible” integrity constraint should be violated because of an ask(·) message.
However, it is possible for an agent developer to write patently absurd integrity constraints.
For instance, the syntax of ICs allows an agent developer to write rules such as “If the message
box contains a message from agent B, then Fa” as well as “If the message box contains a
message from agent B, then Pa”. This causes an agent to become corrupt whenever a message
from agent B arrives. The problem can be avoided by adding restrictions to the syntax of agent
programs (e.g. certain types of regular agent programs introduced in [15] avoid this problem).
In addition, requiring that ICs not mention code call atoms involving ask(·) messages would
also help alleviate this problem.
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1. a set RA of repair actions having some properties (see Section 3); and,
2. an objective function (to be maximized) used to evaluate the cost of a state. The
idea is that the agent code’s repair component will automatically use repair actions to
compute a state (which satisfies the integrity constraints or generates a valid status set).

Once the user specifies the various components of an agent as described in Section 2 and
specifies the above parameters, the IMPACT Agent Development Environment should
automatically convert the agent components plus the repair components into an exe-
cutable body of Java bytecode which may then be deployed.

The continuity property of agents may be preserved by requiring that whenever
an agent’s state is corrupted by the actions of an external agent, the agent continues
to process requests for its services as long as those requests are not “affected” by the
ongoing repairs to the corrupted part. For example, an agent managing 30 relations in
a relational database may find that external changes have corrupted one relation. In this
case, queries that do not access that one relation may be processed by the agent while
the corrupted relation is being repaired.

We proceed as follows. In Section 3.2, we address the problem of specifying, given
an agent a and a “corrupted”4 code call atom cca resp. a set of such code call atoms,
what other code call atoms may be potentially corrupted. The method we apply is based
on a syntactic analysis of the agent’s integrity constraints. We then introduce in Sec-
tion 3.3 the notion of “suspiciousness” for code call atoms. Using this notion, we are
able to determine which decisions that an agent tries to make are affected by these
potentially corrupted code calls. This will be central for recovery in Section 5.

3.2 Corrupted Code Call Atoms

When a set X of code call atoms is known to be corrupted, we would like to know what
other code call atoms and integrity constraints are affected by this. In this section, we
define a procedure called corrcca(X) that takes X as input, and returns, as output, the
set of code call atoms in integrity constraints which are (potentially) corrupted by X .
We first need some preliminary definitions. The first introduces the notion of subsump-
tion for code call atoms.

Definition 3.1 (Code Call Subsumption). A set of code call atoms X is subsumed by
a set of code call atoms Y , written X � Y , if each cca ∈ X is an instance of some
cca′ ∈ Y or its complement, i.e., cca = cca′θ or cca = ∼cca′θ for some substitution
θ. If X (resp., Y ) is a singleton set {cca}, we omit parentheses and write cca�Y (resp.,
X � cca).

Here, and in the rest of the paper, we implicitly assume that code call atoms are
standardized apart before unification.

4 By “corrupted” we mean that the current result of the code call atom may lead to an incon-
sistency in one or more integrity constraints. A code call atom could turn out to be corrupted
either because an external entity has modified the state in an “uncontrolled” way, or due to a
“propagation” of corruptedness, as described in Section 3.2.
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Example 3.1 (Subsumption). The code call atoms in(a, cc1) and notin(Y,cc1), where
cc1 is ground, are both subsumed by in(X, cc1). Thus, {in(a, cc1), notin(Y, cc1)} �
{in(X, cc1), notin(a, cc2)}.

We next define how to associate with any code call condition χ, a set CCA(χ) of code
call atoms. Informally, CCA(χ) is the set of code call atoms occurring somewhere in χ.

Definition 3.2 (Code-Call Atoms Set (CCA(χ))). For any code call condition χ, the
code call atom set CCA(χ) is inductively defined as follows:

CCA(χ) =




{cca}, if χ is a code call atom cca;
∅, if χ is a constraint atom;
CCA(χ1) ∪ CCA(χ2), if χ is a code call condition χ1 &χ2.

For any integrity constraint ic : ψ ⇒ χa, define CCA(ic) = CCA(ψ) ∪ CCA(χa).

Corr(ic, cca) defined below describes the set of potentially corrupted code call atoms
given that code call atom cca is corrupted.

Definition 3.3 (Corr(ic, cca)). For any integrity constraint ic and code call atom cca,

Corr(ic, cca) =
⋃ {

CCA(icθ)
∣∣∣ cca and some cca′ ∈ CCA(ic) ∪ ∼CCA(ic)

unify with most general unifier (mgu) θ

}
.

If cca is considered corrupted, then each code call atom occurring in icθ is considered
corrupted as well. Notice that unifiers and most general unifiers (mgu’s) θ are easily
computed, since there are no nested terms.

Example 3.2 (Corruptedness). Let us consider the integrity constraint

ic : in(X, cc1)& in(X, cc2) ⇒ in(X, cc3).

Then we have CCA(ic) = {in(X, cc1), in(X, cc2), in(X, cc3)} and, furthermore,
Corr(ic, in(p, cc1)) = {in(p, cc1), in(p, cc2), in(p, cc3)}.

We may now define the procedure corrcca(X) which computes, given a set X of
code call atoms considered corrupted, the set of all code call atoms considered corrupted
as follows.

proc corrcca(X : set of code call atoms) : set of code call atoms;

1. old := ∅; new := X ;
2. while new �= old do
3. old := new;
4. for each ic ∈ IC , cca ∈ old do
5. new := new ∪ Corr(ic, cca);
6. endwhile;
7. return old.

end proc
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Notice that corrcca implements a monotone, inflationary operator over the set of
code call atoms, and terminates on finite input X . Furthermore, the output can be com-
pacted by removing subsumed code call atoms from new.

The reason why we have to iteratively apply the Corr operator in the above pro-
cedure is because errors might be masked. For illustration, consider the following four
integrity constraints:

ic1 : in(X, cc1)& in(Y, cc2) ⇒ X = Y,
ic2 : in(W, cc3)& W = c ⇒ in(a, cc1),
ic3 : in(Z, cc4) ⇒ Z > 8,
ic4 : in(Z, cc4)& in(J, cc5) ⇒ Z < J.

Suppose that in the current state all and only the following code call atoms are true:

in(a, cc1), in(b, cc2), in(c, cc3), in(10, cc4), and in(20, cc5).

In the current state ic1 is violated. Then, both in(a, cc1) and in(b, cc2) are potentially
corrupted, since their evaluation returns a result which causes a violation of an integrity
constraint; at least one of them reflects a condition on the current state which is not
coherent with the agent’s setting. The other integrity constraints are not violated in the
current state. As we know that in(a, cc1) is potentially corrupted, its correct evaluation
may well have been false rather than true (though this is not necessary !). If in fact
in(a, cc1)’s correct evaluation should have been false, then it may well be the case
that in(c, cc3) is also corrupted. This is because in(c, cc3) should evaluate to false
in order to satisfy ic2.

We do not know whether in(a, cc1) or in(b, cc2) is the cause of the violation.
Hence, we cannot exclude the possibility that the problem is with in(a, cc1) and that
it propagates to in(c, cc3). Thus, to be on the safe side, we consider an integrity con-
straint (potentially) corrupted whenever it contains a potentially corrupted code call.

The integrity constraints ic3 and ic4 are not violated in the current state, and there
is no reason to suspect that the code call atoms appearing in them are corrupted. This is
because they are completely unrelated to the corrupted atoms.

The soundness of this approach is expressed by the following proposition which
states that a coherent state can be reached from an incoherent one only by changing the
return values of (some) corrupted code call atoms, and by maintaining the return values
of the uncorrupted ones.

For any agent state O, let VGI(O) be the set of ground instances of integrity con-
straints from IC which are violated in the state O, and let CGI(O)=

⋃
ic∈VGI CCA(ic)

be the set of code call atoms in VGI(O).

Proposition 3.1. Let Y be any set of code call atoms such that corrcca(CGI(O)) � Y .
Then, there exists an agent state O′ such that O′ |= IC and, for any ground code call
atom cca, O and O′ differ on cca only if cca � Y .

This means that O can be turned into O′ by modifying the return result for some cor-
rupted code call atoms, and without changing the results of non-corrupted code call
atoms.
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Proof. We define a suitable O′ as follows. Recall that at least one agent state exists
which satisfies all integrity constraints, and let O0 be an arbitrary such agent state. For
any ground code call atom cca, we define

O′ |= cca ⇔
{O0 |= cca, if cca � Y ;

O |= cca, otherwise.

Notice that O′ is well-defined, and differs from O only on ground cca’s which are
subsumed by Y . Let ic be any ground instance of some integrity constraint in IC.
Then, one of the following two cases applies:
(1) There exists some cca ∈ CCA(ic) such that cca�Y . Then, by definition of corrcca,
CCA(ic)�Y holds. Hence, for each cca ∈ CCA(ic), we have O′ |= cca iff O0 |= cca.
Since O0 |= ic, it follows O′ |= ic.
(2) For no cca ∈ CCA(ic) it holds that cca � Y . This implies CGI(O)∩ CCA(ic) = ∅;
hence, O |= ic. Similarly, we conclude that O′ |= cca iff O |= cca. It follows O′ |= ic.

Hence, in both cases O′ |= ic. Therefore, O′ |= IC, which proves the result.

To continue the previous example, let us consider the state where the code call atoms

in(a, cc1), in(c, cc3), in(10, cc4), and in(20, cc5)

are true and all the other code call atoms are false. This is a consistent state, and we can
reach it by simply changing the return value of cc2 so that in(b, cc2) becomes false.

The implementation of corrcca(X) which we have described is cautious and con-
siders, in general, a larger set of code call atoms corrupted than may be semantically
necessary. By applying a case by case distinction, we could get a refined picture in
which a minimal set of code calls is identified as (potentially) corrupted. In the example
above, in(c, cc3) is viewed as corrupted, as well as in(a, cc1), but we were able to
reach a coherent state without changing the values of all these code call atoms. Unfor-
tunately, computing a minimal set of code call atoms which need to be changed leads
to intractability, which is the gist of the following result.

Theorem 3.1. Given the sets GI and VGI(O) of ground and violated ground integrity
constraints in the current agent state O, respectively, and a ground code call atom cca,
deciding whether cca is in some smallest (w.r.t. inclusion) set of ground cca’s X such
that, by changing values of cca’s in X only, a consistent state O′ results is NP-hard.

Proof. (Sketch) A variant of the satisfiability problem can be reduced to this problem.
Suppose C = {C1, . . . , Cm} is a set of clauses Ci = Li,1 ∨ Li,2 ∨ Li,3 where each
Li,j is a propositional atom a or its negation ¬a. The software package S maintains
truth assignments to propositional atoms, and the API tvars() returns all variables set
to true. Suppose a0 is a distinguished atom such that an assignment in which a0 is true
satisfies C iff all other atoms are false. Now let O be the agent state in which all atoms
are true, and set up for each clause Ci an integrity constraint ∼τ(Li,1)&∼τ(Li,2) ⇒
τ(Li,3) where τ(Li,j) = in(a, tvars()) if Li,j = a and τ(Li,j) = notin(a, tvars())
if Li,j = ¬a. Then, some of these integrity constraints are violated by O. The cca
in(a0, tvars()) belongs to some smallest change of ground code call atoms X that



596 Thomas Eiter, Viviana Mascardi, and V.S. Subrahmanian

turns O into a consistent state O′ iff C has a satisfying assignment in which a0 is false.
Since deciding the latter, under the above assumption, is NP-hard, and since GI and
VGI(O) are easily constructed in polynomial time, the result follows.

3.3 Suspicious Code Call Atoms

Changing an appropriate subset of the ground instances of corrupted code call atoms
will recover the agent to an “uncorrupted” state. This will be done in the agent cycle by a
repair procedure. However, while this repair is going on, some message(s) might arrive.
Rather than simply queuing the message(s) until the agent has recovered, it should:

1. find out whether processing the message interferes with the repair process, and
2. proceed with handling it if this is not the case.

For this purpose, we introduce the notion of “affected” action atom and rule, and
the notion of “suspicious” code calls. Informally, the evaluation of an action atom is
affected by a repair if it accesses a code call atom which is possibly changed by the
repair process. The deontic status (is it permitted? forbidden? to be done? etc) of an
action atom might change after the repair is completed. This also might have an impact
on other action atoms whose deontic status is determined by running the agent program.
In particular, a rule in the program that involves an affected action atom or a corrupted
code call atom might propagate affectedness to other action atoms. The code call atoms
in the body of such a rule are considered “suspicious” because they allow an affected
rule to fire.

If we treat at least all corrupted code calls as being suspicious, then any unsuspi-
cious code call may be safely evaluated in the current agent state. This is because (i)
it is not affected by whatever corrupted the state and (ii) it will not be affected by any
attempt to repair the corrupted part of the state. Hence, unsuspicious atoms may be
safely evaluated even during the repair process. In particular, if the agent processes a
message ask(b, cca), say, during which it naturally evaluates the code call atom cca,
then the processing of this message does not interfere with the repair of the state as
long as cca is unsuspicious. On the other hand, if cca is suspicious, then processing of
a message should be delayed to avoid potentially incorrect results. A similar rationale
applies when processing messages of the form tell(b, cca,ans).

As in the case of corrupted code call atoms, we determine suspicious code call atoms
by a syntactic analysis of the agent program. We define a procedure suscca(X) which
takes as input, a set X of code call atoms which subsumes all corrupted ground code
call atoms of agent a and returns, as output, a set of suspicious code call atoms. The
procedure operates in two phases. In the first phase, it determines what code call atoms
are corrupted. In the second phase, it backward propagates possible integrity constraint
violations that may arise after the completed repair.

We first define direct affectedness of an action atom by a code call atom.

Definition 3.4 (Directly Affected Action Atom). An action atom α(t) is directly θ-
affected by some code call atom cca, if there exists a cca′ ∈ CCA(Pre(α(t))) ∪
∼CCA(Pre(α(t))) which unifies with cca via mgu θ. We say that α(t) is directly af-
fected if it is directly θ-affected for some θ.
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Informally,α(t) is directly θ-affected, if the status evaluation of its ground instances
involves overlaps with the ground instances of the code call atom cca. If cca is cor-
rupted, the value of the precondition of α(t) might change by the repair.

We next define affectedness of action atoms from a rule, given sets of affected action
and code call atoms.

Definition 3.5 (Affected Rule and Action Atom). Let

r : A ← χ&L1 & · · · &Ln

be a rule, and let AC(r) be the set of all action atoms occurring in r. Let X and Y be
sets of action and code call atoms, respectively. Then r is θ-affected by X,Y if either

1. some cca ∈ CCA(χ) ∪ ∼CCA(χ) unifies with some cca′ ∈ Y with mgu θ, or
2. α(t) ∈ AC(r) is directly θ-affected by some cca′ ∈ Y , or
3. α(t) ∈ AC(r) unifies with some α′(t′) ∈ X with mgu θ.

The set ΘAFF(r,X, Y ) is the union of all AC(rθ) such that r is θ-affected by X,Y .
The set ΘCCA(r,X, Y ) is the union of all CCA(rθ) such that r is θ-affected by X,Y .
The rule r is affected by X,Y , if it is θ-affected for some θ. We define AFF(r,X, Y ) =
AC(r) if such a θ exists and AFF(r,X, Y ) = ∅ otherwise.

Informally, the affectedness set ΘAFF(r,X, Y ) contains the actions atoms into
which the affectedness of the actions atoms in X propagates, assuming that the code
call atoms in Y are corrupted. Clearly, AFF(r,X, Y ) subsumes ΘAFF(r,X, Y ) and
takes a coarser view in which more ground atoms are affected, which we may choose
for simplicity or efficiency.

We remark that by taking the particular semantics applied to an agent program into
account, the definition of ΘAFF(r,X, Y ) may be further refined. For instance, in the
case of reasonable status set semantics [26], only the action atom of Aθ needs to be
added to ΘAFF(r,X, Y ) if α(t) is from the body of r.

Example 3.3 (Affectedness). Consider an agent which manages the advertisement pol-
icy of a department store by classifying customers as high, medium or low spenders.
The classification may be used to send appropriate advertisements to customers (clearly,
in practice more sophisticated classifications could be applied). A rule in the agent pro-
gram could be:

r : Do (high spender(C)) ← in(C, oracle : select(person, sal, >, 100000))&
Do (new customer(C))

This rule says that when a new customer is entered into the database, she is assumed
to be a high-spender customer if she has a high salary. The pre, add, and del lists of
new customer are

Pre(new customer(P)) = notin(P,oracle:all(customers)),
Add(new customer(P)) = in(P, oracle:all(customers)),
Del(new customer(P)) = ∅.
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Some examples of θ-affectedness of r for pairs X,Y are:

1. 〈∅, {in(mary, oracle :select(person, sal, >, 100000))}〉: The code call atom
in Y unifies with in(C, oracle :select(person, sal, >, 100000)) under mgu
θ = {C = mary}.

2. 〈∅, {in(george, oracle : all(customers))}〉: α(t) = new customer(C) is di-
rectly θ-affected by Y since its code call atom unifies with ∼CCA(Pre(α(t))) =
{in(C, oracle :all(customers))} under mgu θ = {C = george}.

3. 〈{high spender(steve)}, ∅〉: the action atom unifies with the one in the head of
r under mgu θ = {C = steve}.

The above notions help us to determine which action atoms may be affected when
building the status set of the agent. Depending on the semantics applied, however, there
are different ways to include an action status atom into a status set:

– Under rational and reasonable status set semantics, an action status atom Op(α)
may only belong to a status set S if it occurs in a rule, or if it is derived by some
action or deontic closure rule (cf. Def. A.3 in the appendix);

– under feasible status set semantics, any Op(α) may be included (even in some cases
where it occurs in no rule).

We respect this by assuming that in the latter case, the program P contains dummy
rules P(α(X)) ← P(α(X)) for every action name α. Such rules can easily be added
without changing the semantics of the program. We are now in a position to define how
to compute a set of suspicious code call atoms from a given set of code call atoms
known to be suspicious — the procedure suscca(X) defined in Table 1 does this.

Informally, suspicious code call atoms are determined as follows. In Phase 1 of the
procedure, we iteratively determine which code call atoms are affected by syntactically
examining the rules of the agent program and starting with the knowledge that the code
call atoms in the input to the algorithm are known to be corrupted. The code call atoms
in the body of each rule which is found to be affected become suspicious. At the end
of Phase 1, all code call atoms possibly affected by the corrupted code call atoms are
determined — as this might lead to the agent taking actions which vary dramatically
from what the agent developer originally intended, these code call atoms may have
unintended consequences that need to be addressed. Specifically, these corrupted code
call conditions might trigger unintended actions and this needs to be taken care of.

We further have to take into account the fact that such an action α might interfere
with some other (yet unconsidered) action β through an integrity constraint, i.e., some
effects of α and β occur together in an integrity constraint. In such a case, the joint
execution of α and β might not be possible. If, on the corrupted state, β were executed,
then on the repaired state β could no longer be executed if α must be executed in it.

We illustrate this by an example. Suppose the add list of α contains the code call
atom in(a, cca1), while the add list of β contains in(b, cca2), and there is an integrity
constraint ic : in(a, cca1) ⇒ notin(b, cca2). Assume that in the current (corrupted)
state, both in(a, cca1) and in(b, cca2) are false, and that α is not executed but β is,
where ic is not an incriminated integrity constraint involving corrupted code call atoms.
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proc suscca(X: set of code call atoms) : set of code call atoms;
/* X subsumes all corrupted ground code call atoms */

/* Phase 1: propagation of corruptedness */
1. old := ∅; S := X; A := ∅;
2. while S ∪A �= old do
3. old := S ∪A;
4. for each r ∈ P do
5. if ΘAFF(r, A, X) �= ∅ then
6. begin S := S ∪ ΘCCA(r,A, X);
7. A := A ∪ ΘAFF(r, A,X);
8. end;
9. endwhile;

/* Find action atoms which may cause troubles with IC */
10. B := ∅;
11. for each α(t) ∈ A do

12. C :=
S�

CCA(icθ)
��� ic ∈ IC, some cca ∈ CCA(Add(α)& Del(α)) and
cca′ ∈ CCA(ic) ∪ ∼CCA(ic) unify with mgu θ

�
;

13. B := B ∪
�

β(Xθ)
��� some cca ∈ CCA(Add(β(X)) &Del(β(X)))

and cca′ ∈ C ∪ ∼C unify with mgu θ

�
;

14. endfor;
/* Phase 2: back propagate poss. IC-violation by atoms B */

15. old := S;
16. while S ∪B �= old do
17. old := S ∪B;
18. for each r ∈ P do
19. if ΘAFF(r, B, ∅) �= ∅ then
20. begin S := S ∪ ΘCCA(r,B, ∅);
21. B := B ∪ΘAFF(r,B, ∅);
22. end;
23. endwhile;

/* return S plus precond’s of affected action atoms in B */
24. return S ∪ {cca | cca ∈ CCA(Pre(α(t))) ∧ α(t) ∈ B}.
end proc

Table 1. Procedure suscca

Furthermore, suppose that in the repaired agent state, α is executed. Then β could not
be executed simultaneously unless ic is violated. Hence, in the repaired state, the agent
would compute a status set according to which β is not executed. But this means that
as for the status of in(b, cca2), the action taken by the agent on the corrupted state is
(possibly) different from the one taken on the repaired state, which is undesired.

To eliminate such cases, the procedure suscca computes action atoms β(Xθ) which
could lead to this problem. In Phase 2, it then computes action atoms which may be used
in a derivation of these action atoms. This is done by analyzing in which rules of the
program such atoms occur. Here ΘAFF(r,B, ∅) means that some α(t) ∈ B unifies
with some action atom β(t′) in the body of rule r. No suspicious code call atoms in the
rule body need to be considered since in this analysis, the effects of possible changes of
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the result of a code call atom are not relevant (they have already been considered earlier
in Phase 1). Nonetheless, as in Phase 1, the code call atoms in affected rules become
suspicious, since their value might contribute to deriving a problematic action atom.

After the back propagation, we take care of the fact that for an action atom α(t) ∈ B
the code calls in Pre(α) might be evaluated when computing the status set. Thus, all
these code calls are also considered to be suspicious if α was found to be affected.

Example 3.4 (Suspiciousness). Let us consider a simple agent s ag that has the in-
tegrity constraint ic from Example 3.2. Suppose the agent program consists of the fol-
lowing rules, and rational status semantics is applied:

r1 : Do (a1(X)) ← in(X, cc1)& X �= q&F(a2(q)),
r2 : F(a2(q)) ← P(a1(q)),
r3 : F(a2(s)) ← in(s, cc3)&¬Do (a3),
r4 : Do (a4) ← notin(q, cc3).

Let Pre(ai(X)) = {in(X, cci)}, Add(ai(X)) = {in(q, cci)}, and Del(ai(X)) =
{in(X, cci)}, for i ∈ {1, 2}, and furthermore Pre(aj) = {in(q, ccj)}, Add(aj) = ∅,
and Del(aj) = {in(q, ccj)}, for j ∈ {3, 4}.

Suppose we are told that in(p, cc1) is corrupted, and we want to find out the suspi-
cious code call atoms given this information. As already seen, Corr(ic, in(p, cc1)) =
{in(p, cc1), in(p, cc2), in(p, cc3)}.

Let us call suscca(X) with X = Corr(ic, in(p, cc1)). We iteratively augment the
initial sets S := Corr(ic, in(p, cc1)) and A := ∅ until we reach a fixpoint.

1. In the first iteration, rule r1 is θ-affected for θ = {X = p}, and we add to A the
action atoms a1(p) and a2(q). The set S remains unchanged, since code call atom
in(X, cc1)θ = in(p, cc1) from the body of r1θ already occurs in S. Rule r2 is now
affected since because a2(q) from A occurs in its head; thus, the action atom a1(q)
is added to A, while S remains unchanged. Rules r3 and r4 are not affected.

2. In the second iteration, rule r1 is newly affected for θ = ∅, because a2(q) from S
occurs in its body, and for θ = {X = q}, since a1(q) unifies with the atom in its
head. As a consequence, a1(X) is newly added to A, and in(X, cc1) and in(q, cc1)
are added to S. Rule r2 is not newly affected, and no further rule is affected.

A further iteration brings now change, and phase 1 of suscca(X) terminates. We
have S = {in(p, cc1), in(p, cc2), in(p, cc3), in(X, cc1), in(q, cc1)} and, further-
more, A = { a1(X), a1(p), a1(q), a2(q) }.

In computing B, we have C := CCA(ic) for α(t) = a1(X), since a1(X)’s delete
list contains in(X, cc1), which occurs in ic. Thus, B is set to { a1(X), a2(X), a3 } on
the next line. The further actions in A only add subsumed actions to B; we obtain
B = { a1(X), a1(p), a1(q), a2(X), a2(p), a2(q), a3 }.

Phase 2 of suscca(X) then looks for the rules which are affected by (B, ∅). Note
that the only way for a rule to be affected by (B, ∅) is to contain an action status atom
unifying with an action status atom in B.

1. r1 is affected by (B, ∅), but nothing new is added to S and B.
2. Also r2 is affected by (B, ∅), but nothing new is added to S and B.
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3. r3 is affected by (B, ∅), because a2(X) unifies with its head for θ = {X = s}.
Thus, in(s, cc3) is added to S and a2(s) is added to B.

4. r4 is not affected by (B, ∅).
The while loop terminates; we have S = { in(p, cc1), in(p, cc2), in(p, cc3),

in(X, cc1), in(q, cc1), in(s, cc3)}. The return value of S, evaluated adding the pre-
conditions of action status atoms in B, is S = { in(p, cc1), in(p, cc2), in(p, cc3),
in(X, cc1), in(q, cc1), in(s, cc3), in(q, cc2), in(q, cc3), in(X, cc2), in(s, cc2) }.
Omitting subsumed code call atoms, the result is the following set of code call atoms:
S = { in(X, cc1), in(X, cc2), in(p, cc3), in(q, cc3), in(s, cc3) }.

The following theorem states that the procedure suscca(X) — where X is an input
set of code call atoms — returns, as output, a set Y of code call atoms having the fol-
lowing property: If an arbitrary code call atom cca (or its complement) is not unifiable
with any code call atom in Y , then decisions based on cca are not affected by ongoing
attempts to repair the code call atoms in X . That is, action decisions and resulting state
changes that involve cca are isolated from the corrupted code call atoms, and would be
the same if the state were repaired before running the agent program.

For example, if agent a should reply to a message ask(b, in(jeff, db : persons))
querying a table persons, it might do so if the corrupted code call atoms are restricted
to in(X, db : cars) where cars is a different table which is currently being repaired,
provided that answering this message doesn’t refer to cars.

We need some preliminary definitions. For a (fixed) agent program P and a given
ground code call atom cca, the influence set IS of cca is the smallest set of (ground)
actions that contains (1) all actions directly affected by cca and (2) all actions in AC(r)
where r : A ← χ& L1& . . .&Ln is any ground instance of a rule in P such that either
cca ∈ CCA(χ) or AC(r) ∩ IS �= ∅. The influence set of an arbitrary code call atom,
denoted IS(cca), is the union of all IS(cca′) where cca′ is a ground instance of cca.

Theorem 3.2. Let O be an agent state and let Or be a repair of O. Let X be any set of
code call atoms such that corrcca(CGI(O)) � X . Suppose cca is a code call atom not
unifiable with any cca′ ∈ suscca(X) nor ∼cca′, and suppose S is a valid status set on
O disregarding VGI(O). Then there exists a valid status set S′ w.r.t. Or and IC such
that Op(α) ∈ S′ iff Op(α) ∈ S holds for all modalities Op and α ∈ IS(cca).

Proof. By our assumption, some status set S′ exists on O′, leading to a state O′
r =

conc(Do (S′),Or). It holds that no action α(t) ∈ IS(cca) belongs to IS(cca′) for
any ground code call cca′ on which O and Or are different. Otherwise, since cca′

must be a corrupted code call atom, cca′ is subsumed by X , and by virtue of Phase 1
of suscca, it follows that cca would have an instance which is subsumed by suscca(X).
This is in contradiction to the hypothesis on cca. Thus, the value of a status atom
Op(α(t)) in the status sets S and S′ is computable by accessing only (1) ground code
call atoms on which O and Or coincide, and (2) using only other action status atoms
Op′(α′(t′)) such that α′(t′) /∈ IS(cca′) for every ground code call atom cca′ on which
O and Or are different.

Let AF be the set of all (ground) actions which instantiate action atoms in the sets
A and B computed by suscca(X). We define the status set S′′ by

S′′ := {Op(α) ∈ S′ | α ∈ AF ) ∪ {Op(α) ∈ S | α /∈ AF}.
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That is, for affected actions we take the status from S′ and for non-affected actions from
S. We show that S′′ is a Sem-status set on Or, leading to O′′

r = conc(Do (S′′),Or).
Since it coincides with S on the IS(cca), the result follows.

We first show that S′′ is a feasible status set, i.e., satisfies conditions (S1)–(S4) of
Def. A.4. The key fact is that every ground instance r of a rule in P satisfies either
AC(r) ⊆ AF or AC(r) ∩ AF = ∅

Since S and S′ satisfies all rules of P , it is thus clear that also S′′ satisfies each
rule of P . Hence, condition (S1) is satisfied. Since, for any ground action α, all action
status atom Op(α) in S′′ belong either to S or to S′ and S, S′ are feasible status sets, it
is clear that S′′ satisfies the conditions (S2) and (S3).

As for (S4), a case analysis yields that every ground instance ic of an integrity con-
straint in IC is satisfied by O′′

r : (i) Assume first that CCA(ic) contains some corrupted
code call. Then all code calls in ic are corrupted, and only actions α where in α ∈ AF
may change the value of any these code calls. Thus, for no such action Do (α) can
belong to S \ S′. Since O′

r |= ic, it follows that also O′′
r |= ic. (ii) Assume next that

no code call in ic is corrupted, but some action α ∈ AF specifies a change of some
code call in ic. Then, by Phase 2 in procedure suscca(X), we have β ∈ AF for every
action β that specifies a change of some code call atom in ic. Again, since O′

r |= ic it
follows that O′′

r |= ic. (iii) If neither (i) nor (ii) applies, then every code call atom in ic
is uncorrupted and may be changed only by actions α /∈ AF . Since (i) does not apply,
ic is not violated in state O, and thus conc(Do (S),O) |= ic. It follows that O′′

r |= ic.
Summarizing, we have that ic is satisfied in the state O′′

r . Hence, O′′
r |= IC , and thus

condition (S4) is satisfied. This shows that S′′ is a feasible status set w.r.t. Or.
If Sem is rational status set semantics, we must further show that S′′ is grounded,

i.e., no proper subset T ′′ ⊂ S′′ satisfies (S1–S3). Suppose such a T ′′ exists; we shall
derive a contradiction. Assume first that T ′′ is smaller than S′′ on the action status
atoms set over actions α /∈ AF . Then,

T := {Op(α) ∈ S | α ∈ AF} ∪ {Op(α) ∈ T ′′ | α /∈ AF}

is a smaller status set T ⊂ S which satisfies (S1)–(S3) on state O: Indeed, note that
each ground instance of rule satisfies either AC(r) ⊆ AF or AC(r) ∩ AF = ∅, and
obviously T is deontically and action consistent and action closed. This would mean
that S is not a rational status set on O (disregarding VGI(O)), which is a contradiction
to the hypothesis. Hence, T ′′ must coincide with S′′ w.r.t. the status of actions not in
AF , and thus T ′′ is smaller w.r.t. AF . Then, the status set

T ′ := {Op(α) ∈ T ′′ | α ∈ AF} ∪ {Op(α) ∈ S′ | α /∈ AF}

is a smaller status set T ′ ⊂ S′ which satisfies, by similar arguments, (S1)–(S3) on state
Or. This means that S′ is not a rational status set on Or, which is a contradiction. Thus,
such a T ′′ can not exist, which proves that S′′ is indeed a rational status set.

If Sem is reasonable status set semantics, we must show that S′′ is a rational status
set of the reduct P ′ = redS

′′
(P ,O′). In fact, since every reasonable status set is also

rational, S′′ is w.r.t. Or a feasible status set for P and thus also for P ′. Observe that the
reduct preserves the key property that either AC(r) ⊆ AF or AC(r) ∩ AF = ∅. By
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similar arguments as above, we thus obtain that S′′ is grounded for P ′. Consequently,
S′′ is a reasonable status set of P w.r.t. Or.

In particular, this formal result assures us that in case an agent program admits a
single status set in each state (which, e.g., is true for the IMPACT target class of regular
agent programs [15]), then the actions taken in reply to a message must also be taken if
the corrupted state were repaired before.

4 Agent State Repair

Recall that an agent’s state is characterized by the contents of its data structures. In
order for an agent to automatically handle integrity constraint violations (or lack of a
status set), we will add a special set of data structures to each agent called repair data
structures. These data structures will have their own specialized API function calls.

4.1 The repair Data Structures

The repair data structures contain:

1. A buffer waitbuf consisting of messages that are waiting to be serviced because
they involve accesses to part of the agent state that is “corrupted.”

2. A buffer repbuf consisting of corrupted code call atoms.
3. A buffer icbuf consisting of (instances of) integrity constraints that are currently

undergoing repairs.
4. An auxiliary buffer susbuf which contains the suspicious code call atoms.
5. A set cons state consisting of all ground code call atoms true in a distinguished

consistent state.
6. A set curr state consisting of all ground code call atoms true in the current state.

The repair data structures support the following API functions:

suspicious(cca) : This function takes a code call atom cca as input, and returns true
if cca is implied by the set of code call atoms contained in repbuf under a notion
of inference fixed by the concrete implementation of the function. There are many
ways to implement suspicious(cca). For example, it may:
1. check whether cca is physically present in repbuf or
2. check whether cca is an instance of a code call atom in repbuf, or
3. check whether cca is implied by repbuf using some set of axioms and some

set of implication rules.
suscca(X): This is the procedure defined in Section 3.3.
add repbuf(cca) : This function “inserts” the code call atoms corrupted by cca into

the repair buffer, such that after insertion, suspicious(cca′) returns true if cca′

is from suscca(repbuf), and returns false otherwise. Its implementation depends
on the one of suspicious(cca), and different possibilities exist (see Section 5.1).

It is important to note that the repair data structures and API calls can be included
as part of the IMPACT agent development environment (see [15,26]) and do not need
to be programmed over and over again for each agent by the agent developer.
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4.2 Repair Action Library

In addition to the repair data structures, we augment the agent with a set of “repair”
actions. Each agent has a set of actions that may be used to “repair” the agent state.
The repair actions can be implemented as a straightforward extensible dynamic linked
library (DLL) provided by the IMPACT agent development environment.

Definition 4.1. Suppose a is an agent and O,O′ are two states of agent a. Let RA be
the repair action library of agent a. Then O′ is said to be:

1. RA0-reachable from O iff O = O′,
2. RAi+1-reachable from O, i ≥ 0, iff there is a state O′′ such that O′′ is RAi-

reachable from O and there is an action α in RA which is executable in O′′ and
the execution yields O′.

State O′ is RA-reachable from O iff O′ is RAi-reachable from O, for some i ≥ 0.

Intuitively, when we say a state O′ is RA reachable from a given state O, this means
that there is a sequence of repair actions which allow O to be transformed into O′. The
following example illustrates this.

Example 4.1 (Simple Grid Scenario). Let us consider a simple scenario where a grid
agent manages three robots moving on an n×n grid, n ≥ 2. The repair actions RAgrid

are composed of the actions for moving a robot in one direction (north, south, east,
west). We describe the go north action; the others are similar. We assume that the
underlying software has a Pos(Robot) API function which may returns the position of
the specified robot at the time the function call is made.

Name: go north
Schema: (Robot)
Pre(go north) = in(P, grid : Pos(Robot))& P.y �= n
Add(go north) = in(P′, grid : Pos(Robot))& P′.x = P′.x& P′.y = P.y + 1
Del(go north) = in(P, grid : Pos(Robot))

Let O be the state

O = {in((0, 0), grid : Pos(r1)), in((0, 0), grid : Pos(r2)), in((0, 0), grid : Pos(r3))}.
Then

O′ = {in((0, 1), grid : Pos(r1)), in((0, 0), grid : Pos(r2)), in((0, 0), grid : Pos(r3))}
is RA1-reachable from O, while

O′′ = {in((0, 1), grid : Pos(r1)), in((0, 0), grid : Pos(r2)), in((1, 1), grid : Pos(r3))}

is RA3-reachable from O. Both O′ and O′′ are RA-reachable from O.

Definition 4.2. A set RA of repair actions is said to be complete w.r.t. an agent state
O iff there exists an RA-reachable state O′ such that O′ |= IC . Furthermore, RA is
said to be complete w.r.t. an agent a, iff RA is complete w.r.t. O for every state O of a.
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Intuitively, RA is complete for an agent iff whatever possible state the agent is in,
there is always some way of executing repair actions so that a consistent (w.r.t. integrity
constraints) agent state is obtained. When an agent developer specifies his or her repair
actions, it is critical that they be complete w.r.t. the rest of the agent.

Example 4.2 (Grid Scenario Continued). Suppose that in the previous scenario an in-
tegrity constraint exists stating that a position can be occupied by at most one robot.

RAgrid is complete w.r.t. O, since there exists a state (O′′) which is RAgrid-
reachable from O and satisfies the integrity constraints. RAgrid is also complete w.r.t.
agent grid, it is alway possible to move, in any agent state, the robots in such a way that
they occupy three different positions.

The set of repair actions in the grid example is domain-dependent. In order to pro-
vide the system developer with already defined strategies, we propose some domain-
independent sets of repair actions which can be adopted whatever the context is. They
use the repair data structures introduced in Section 4.1.

Example 4.3 (Initialized State Repair Actions RAinit). We assume that an agent a is in
an initial state Oinit at the time of deployment. Oinit is assumed to satisfy the integrity
constraints. We may then set cons state-set = Oinit. Then RA = {ra} is complete
w.r.t. Oinit if we define action ra to be defined as follows:

Name: ra
Schema: ()
Pre(ra) = {in(O, repair : curr state())& in(I, repair : cons state())}
Add(ra) = {in(I, repair : curr state())}
Del(ra) = {in(O, repair : curr state())}

Here, two functions curr state() and cons state() are used which are provided by
the repair package. The former returns, as output, the set of all ground code call atoms
which are true in the current state, and the latter the set of all ground code call atoms
true in a distinguished state O0 that satisfies the integrity constraints (see Section 2).

The action ra can be applied in any state: we assume that the ground code call atoms
characterizing the current state (in(O, repair :curr state())) and the consistent state
O0 (in(I, repair :cons state())) can always be retrieved. Then, the current state is
changed to O0.

Example 4.4 (Preferred State Repair Actions RApref ). Preferred state repair actions
are exactly like the above except that the agent developer initializes the cons state-set
with a state Opref which is known to satisfy the integrity constraints.

Example 4.5 (Rollback Repair Actions RAroll). In rollback-based repair, at any given
instant t of time, the agent tracks its last known consistent state Olk and sets cons state-
set equal to Olk. This is done by the mkrepair function which identifies the proper repair
actions to perform for reaching a consistent state, and updates cons state accordingly.
When integrity constraints are violated, repairs cause the agent state to be reset to the
last known consistent state. Thus, the set of repair actions consists of the single action
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ra, which is exactly like that in Examples 4.3 and 4.4. What is different, though, is the
content of cons state, which dynamically changes during the agent’s life cycle. This
strategy is usable only when actions are reversible (e.g., an agent that executes a fax
action will probably find it impossible to recall the fax).

Example 4.6 (IC-Oriented Repair RAic). This repair strategy can be applied under
the condition that each integrity constraint with a comparison atom in the head has at
least one code call atom in its body. Suppose a is an agent having integrity constraints
ici : ψi ⇒ χi, where i ∈ {1, . . . , n}. We now construct repair actions rai for them:

Name: rai
Schema: ()
Pre(rai) = ∅
Add(rai) = {χi}, if χi is a code call atom, and Add(rai) = ∅ otherwise.
Del(rai) = ∅, if χi is a code call atom, and Del(rai) = {cca}, for some cca ∈
CCA(ψi) otherwise.

Example 4.7 (IC-Repair with Protected Atoms RAicp). A slight variant of the preced-
ing strategy, called RAicp, may include a list of “protected” code call atoms. The repair
actions rai are similar except that rai’s delete list may contain only non-protected code
call atoms if χi is a comparison atom. Prior to deployment of an agent, the system must
check that each integrity constraint with a comparison atom in the head has at least one
non-protected code call atom in its body.

The following results give us some idea about the difficulty of checking complete-
ness. For concrete statements about complexity, we need some assumptions about the
complexity of evaluating code calls and the domains of different data types. The as-
sumptions we make are similar to those in the comprehensive analysis of the complex-
ity of agent programs in [13], and request that the size of an agent state is bounded by a
polynomial in the size of the problem input (e.g., this can be ensured by assuming that
the number of arguments in code calls is bounded by a constant, and that the number
of values is polynomial in the input size), and that each code call to an agent state can
be evaluated in polynomial time. For further ramifying assumptions concerning state
changes, we refer to [13].

Theorem 4.1. 1. Checking the completeness of a given set of repair actions RA w.r.t.
a given agent state O is PSPACE-complete under the above assumptions and un-
decidable in general.

2. Checking completeness of a given set of repair actions RA w.r.t. a given agent a is
PSPACE-complete under the above assumptions and undecidable in general.

Proof. (Sketch) The PSPACE upper bound is a consequence of the fact that the size of
the agent state is bounded by a polynomial. The PSPACE lower bounds are explained
by the fact that Turing machines with polynomial work space can be easily encoded to
this problem. However, checking completeness of a set of repair actions with respect to
an agent is harder than checking w.r.t. an agent state. Even if the latter is polynomial, the
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completeness test w.r.t. an agent might be undecidable. This can be shown by reducing
to this problem e.g. the one of deciding whether a given SQL-query returns true over
all possible instances of a relational database, which is undecidable (cf. [1]).

An extensible library of complete sets of repair actions may easily be incorporated
within IMPACT. The agent developer - once she has specified her agent’s integrity
constraints, agent program, etc., can automatically select RAinit,RAroll,RAic repair
action strategies. In this case, the relevant repair actions may automatically be computed
and filled in for the agent by the IMPACT Agent Development Environment.

5 Error Tolerant Agent Cycle

In this section, we specify a solution to the problem of how an agent can recover from
corrupted states while continuing to process requests that are unaffected by ongoing
repairs. Note that at any point in time, the agent’s state may be under repair or not.

If it is not under repair and a message of the form ask(·) or tell(·) arrives, then we
attempt to process the request as usual (nothing needs to be done to account for the
repairs). Two possibilities now arise. Either the message yields a valid status set, or not.
In the first case, we are done. Otherwise, we need to add the message to waitbuf and
start repairing the state.

If, on the other hand, the agent’s state is being repaired, we need to check whether
ongoing repairs will interfere with processing of the current request. This can be done
by checking whether the code call atom in the message is affected by the ongoing
repairs. If so, we must add the message to the waitbuf buffer. Otherwise we can process
it, secure in the knowledge that repairs being made to the agent state are not going to
affect decisions depending on the current value of code call atom. Note that the two
cases where the state is not under repair, and the state is under repair without affecting
the incoming message, are both captured by the condition suspicious(ccaθ) = false.
In fact, if the state is not under repair, repbuf is empty, and nothing can be “derived”
from it (in particular, ccaθ cannot be derived). Otherwise, repbuf is not empty but again
ccaθ cannot be “derived” since it is not involved with the ongoing repairs. These two
cases are dealt with uniformly. We need a few simple definitions.

Definition 5.1 (Sem- and Sem-Sem-Compatible Update). Let P be an agent pro-
gram. Then, an agent state O is Sem-compatible with P , if a has a Sem-status set
w.r.t. O. Furthermore, O is Semi-Sem-compatible with P , if it is not Sem-compatible
but P has a status set w.r.t. O modulo condition (S4) of a feasible status set (cf. Defi-
nition A.4 in Appendix A).

We now show how the agent decision cycle given in [14,26] may be modified so
as to handle the requirements of recovery and continuity. The modified decision cycle,
et agent cycle (“et” stands for error tolerant), defined in Table 2 uses a special proce-
dure mkrepair that takes, as input, an agent state as well as repbuf, icbuf, waitbuf, and
(i) assembles a list of ground action status atoms whose serial execution is guaranteed
to change the agent state to one satisfying all integrity constraints and (ii) executes this
list and causes that waitbuf is flushed, i.e., all buffered messages are handled.
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proc et agent cycle(a:agent; O:agent-state; msg:message);

1. if msg = ask(b, cca) or msg = tell(b, cca,ans) then
2. if msg = ask(b, cca) then ans := {id}

/* take identity as dummy substitution: ccaθ = cca if θ = id */
3. if suspicious(ccaθ) = true for some θ ∈ ans then insert(waitbuf, msg);

/* add affected msg to waitbuf (state is under repair) */
4. else /* no state repair or doesn’t affect msg */
5. if some Sem-status set S w.r.t. IC � icbuf exists on O + msg then
6. execute the action conc({α | Do (α) ∈ S},O + msg)

7. else /* no status set exists - error condition */
8. if some Semi-Sem-status set S′ exists on O + msg then

begin /* switch to new (corrupted) state; needs repair */
9. O′ := conc({α | Do (α) ∈ S′},O + msg);
10. icbuf := ∅; repbuf := ∅; /* reinitialize buffers */
11. for each instance ic′ of an ic ∈ IC s.t. O′ �|= ic′ do
12. insert(icbuf, ic′); /* add int.cons. requiring repair */
13. for each cca′ ∈ CCA(ic′) do add repbuf(cca′);

/* add poss. corrupted cc-atoms in ic′ to repbuf */
14. insert(waitbuf, msg);
15. mkrepair(O′, repbuf, icbuf, waitbuf)

16. end
17. else /* msg = done(b, cca,ans+,ans−) */
18. begin X := {ic | ic ∈ IC � icbuf and O + msg �|= ic};
19. if X �= ∅ or no Sem-status set for O + msg w.r.t. IC � icbuf exists then
20. begin add repbuf(cca);
21. for each ic ∈ X do insert(icbuf, ic);
22. mkrepair(O, repbuf, icbuf, waitbuf)

23. end
24. else compute a Sem-status set S for O + msg w.r.t. IC � icbuf and

execute the action conc({α | Do (α) ∈ S},O + msg)

25. end

end proc

Table 2. Modified agent decision cycle

Here, icbuf contains instances of violated integrity constraints, repbuf represents
(perhaps a superset) of the set of corrupted code calls, and waitbuf contains messages
which need to be serviced/handled. The expression IC % icbuf denotes the set of all
integrity constraints which are ground instances of some integrity constraint in IC but
not in icbuf. Note that they can be described at the non-ground level. Furthermore,
O + msg describes the agent state that updates the state O with the message msg.

Let us see how the above algorithm captures our requirements of Recovery and Con-
tinuity. Recovery is supported via (i) Steps 8-16 and (ii) Steps 19-23 of the algorithm,
where (i) handles the case when a message that yields no valid status set is encountered,
and (ii) is used when an external update causes integrity constraint violations.
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Continuity is supported as well. In Step 6, execution of actions according to S can be
safely done by Theorem 3.2, even though possible repairs are going on. In two cases,
however, processing the message is deferred: In Step 3, when it is realized that the
current state repair might interfere with the processing of the message, and in Step 12,
after it is realized that the agent program per se violates some integrity constraints, and
thus the state needs repair.

When the state has been repaired, the messages are flushed from the waitbuf buffer.
That is, they are processed one by one and new status sets are computed.

5.1 Different Methods to Implement suspicious and add repbuf

In this section, we propose a couple of alternative ways of implementing the functions
suspicious and add repbuf.

A First Implementation As mentioned earlier, there are many ways to implement
add repbuf and suspicious. One simple way is given below. It is important to note that
add repbuf and suspicious must be mutually compatible.

proc suspicious1(cca)
if cca � susbuf then return true
else return false.

end proc

proc add repbuf1(cca)
repbuf := repbuf ∪ corrcca(cca)
susbuf := suscca(repbuf)

end proc

When inserting a message’s code call atom into repbuf , we compute all other corrupted
code call atoms (using the function corrcca defined in Section 3.3) and add them to
repbuf. Starting from repbuf we also evaluate the suspicious code call atoms and put
them in an auxiliary buffer, susbuf.

This procedure has the advantage that when evaluating suspicious1, all that is needed
is a simple subsumption check which is executable in time proportional to the product
of the length of the table and the longest code call atom stored in it. However, it has
the disadvantage that whenever a message is to be inserted, all corrupted and suspicious
code calls must be computed. Hence, insertion is an expensive and space consuming op-
eration. The use of suspicious1 and add repbuf1 is appropriate if we expect the agent’s
state to be corrupted infrequently in comparison to the number of messages that can be
processed without being concerned about corruption of the agent state.

A Second Implementation Another implementation of suspicious and add repbuf
would work as follows. When a code call atom (in a message) causes problems, then we
insert the code call atoms corrupted by it into repbuf without computing the suspicious
code call atoms. Later, when a new message is received, we explicitly determine if it is
affected using the suscca function.

proc suspicious2(cca)
if cca � suscca(repbuf) then

return true
else return false.

end proc

proc add repbuf2(cca)
if not(cca � repbuf) then

repbuf := repbuf ∪ corrcca(cca)
end proc
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Unlike the first implementation, this one spends minor effort when inserting code call
atoms into repbuf. However, for each arriving request, it attempts to check if that request
is affected by the ongoing repairs. Thus, in using this application, we may find that
repbuf is large (as lots of things are inserted into it) and hence the time for checking if
a given request is affected by the ongoing repairs as in repbuf can be significant. Thus,
this method is worth using if the number of repairs is large and there are few requests.

5.2 Implementing mkrepair

The mkrepair procedure (it is a procedure rather than a function in programming lan-
guage terminology as it has side effects) takes as input, a current agent state O and
values of repbuf, icbuf, and waitbuf. The procedure does the following:

1. It finds a state Onew that satisfies all the agent’s integrity constraints (and in partic-
ular repairs those in icbuf).

2. It resets icbuf and repbuf to ∅ as the integrity constraints are now repaired and as
the code calls causing problems are now no longer causing problems.

3. It then iteratively reinvokes et agent cycle with the messages in waitbuf (they will
no longer trigger errors as the repairs that caused them to originally be placed in
waitbuf are now fixed).

4. It resets waitbuf to ∅ as the waiting messages are now handled.

Steps (2)–(4) above are simple to handle and understand, and hence, in the rest of this
section, we focus on step (1).

It is easy to see that Step (1) may be formulated as a classical AI planning problem.
Specifically, we have a current state and a set of goal states (those where IC is satisfied)
and a set RA of repair actions — we wish to find a sequence of (some) appropriate
actions in RA that yield a goal state. When RA is a complete set of actions, it is
possible that there are multiple consistent states that the agent can transition to. In this
situation, the agent should transition to a “best” repair state w.r.t. some state evaluation
function. This again is a classical AI planning problem [21]. Hence, in this section, we
confine ourselves to specify how such a cost function to evaluate states may be set up.
Solutions already proposed in the AI literature [21] may be easily adopted to actually
find a “best” state w.r.t. such a cost function.

Definition 5.2. A state evaluation function, sefa(O), associated with agent a is one
that takes as input, an agent state O, and provides as output, an integer.

Definition 5.3. A state O′ of an agent a is optimal w.r.t. an agent state O iff

1. O′ |= IC,
2. O′ is RA-reachable from O, and
3. there is no other agent state O� satisfying 1 and 2 such that sefa(O′) < sefa(O�).
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Example 5.1 (Optimal Agent State). Let us reconsider Example 4.1. We may set sef(O)
to be the sum of the Hamming distances between the positions of the three robots. Sup-
pose we have an API function “hdist(P1, P2)” which computes the Hamming distance
between two points P1, P2 in the integer plane. Then we can formally set

sef(O) = hdist(R1, R2) + hdist(R2, R3) + hdist(R3, R1).

The results of the code call atoms in(R1, grid : Pos(r1)), in(R2, grid : Pos(r2)),
and in(R3, grid : Pos(r3)) describe the agent state. Assume a 5 × 5 grid and suppose
the current agent state is

O = {in((0, 1), grid : Pos(r1)), in((0, 0), grid : Pos(r2)), in((1, 1), grid : Pos(r3))}.
Then,

O′ = {in((0, 4), grid : Pos(r1)), in((0, 0), grid : Pos(r2)), in((4, 4), grid : Pos(r3))}
is an optimal state w.r.t. O as it satisfies grid’s integrity constraint, it can be reached

from O through a series of actions from { go north, go south, go east, go west }
and, as the robots are located on three corners of the grid, the sum of their Hamming
distances is maximal. Note that more than one state may be optimal. For example,

O′′ = {in((4, 0), grid : Pos(r1)), in((4, 4), grid : Pos(r2)), in((0, 0), grid : Pos(r3))}
is another optimal state w.r.t. O.

The goal of mkrepair is to take a state O that violates the agent’s integrity con-
straints, and to find a sequence of repair actions which yields an optimal state O′.

This is easily seen to be an AI planning problem. However, there is one major
difference. Whereas in AI planning problems, the cost of a plan is typically taken to
be the sum of the costs (or some monotonic function of the costs) of the actions in the
plan, in this case, the repair actions are not being assessed any cost. Instead, each state
has an associated “value” captured by the state evaluation function, and we want to find
a reachable state satisfying the integrity constraints that has the maximal value.

We now specify how we may define the value of a state.

Definition 5.4 (Variable Specification). Suppose χ is a code call condition involving
an integer variable X . Then X : χ is a variable specification.

We assume the existence of a specialized package math which supports a number of
standard arithmetic functions, including a binary “sum” operation on integers and a
binary “hdist” function on points (pairs of integers).

Example 5.2 (Variable Specification). The expression

HDR1R2 : in(R1, grid :Pos(r1)) & in(R2, grid :Pos(r2)) & in(HDR1R2, math :hdist(R1 , R2))

is a variable specification of HDR1R2, while

V : in(Res1, math :sum(HDR1R2, HDR2R3)) & in(V, math :sum(Res1, HDR3R1))

is a variable specification of V. Their intended meaning is to specify the Hamming dis-
tance between Robot R1, R2 and the sum of the three Hamming distances, respectively.
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Definition 5.5 (Math Code Call Conditions and Specifications). A math code call
condition with input variables X = X1, . . . , Xn and output variable X is a code call
condition which is safe modulo X,5 contains X and involves only code call atoms ac-
cessing math. A math variable specification with input variables X and output variable
X is a variable specification whose associated code call condition is a math code call
condition with input variables X and output variable X .

Example 5.3. The variable specification

V : in(Res1, math : sum(HDR1R2, HDR2R3)) & in(V, math : sum(Res1, HDR3R1))

is a math variable specification with input variables HDR1R2, HDR2R3, HDR3R1 and out-
put variable V .

Definition 5.6 (Objective Function Specification). An objective function specifica-
tion is a pair 〈X : χmath, {V S1, . . . , V Sn}〉 where:

1. each V Si is a variable specification of the form Xi : χi, and
2. X : χmath is a math variable specification with input variables X1, . . . , Xn and

output variable X .

Example 5.4 (Objective Function Specification). We continue the grid example and
describe an objective function which assigns higher values to states where the three
robots are further apart. Such an objective function specification may look like 〈V :
χmath〉, {VS1, VS2, VS3}, where

χmath = in(Res1, math :sum(HDR1R2, HDR2R3))& in(V, math :sum(Res1, HDR3R1))

VS1 = HDR1R2 : in(R1, grid :Pos(r1)) & in(R2, grid :Pos(r2)) &
in(HDR1R2, math :hdist(R1, R2)),

VS2 = HDR2R3 : in(R2, grid :Pos(r2)) & in(R3, grid :Pos(r3)) &
in(HDR2R3, math :hdist(R2, R3)),

VS3 = HDR3R1 : in(R3, grid :Pos(r3)) & in(R1, grid :Pos(r1)) &
in(HDR3R1, math :hdist(R3, R1)).

Intuitively, an objective function specification measures the value of agent state O′ by

1. setting vi = max{Xiθ | χiθ is ground and O′ |= χiθ};
2. grounding out the values of the Xi’s in χmath and setting v = Xγθ |χiγθ is ground

and is true w.r.t. O′, where γ = {Xi = vi | 1 ≤ i ≤ n};
3. returning v.

Example 5.5 (Value of the Objective Function). We continue Example 5.1 by consider-
ing O, O′ and O′′. Then, for O we have that v1 = 1, v2 = 2, v3 = 1 and thus v = 4.
For O′, instead, we have that v1 = 4, v2 = 8, v3 = 4 and thus v = 16. The value of O′′

is also 16 since v1 = 4, v2 = 8, v3 = 4.
5 Informally, this means that after assigning X1, . . . , Xn values, the code call condition can be

reordered so that an evaluation from left to right is possible (see Appendix B and [14,26]).
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6 Relevance to Other Agent Frameworks

In this paper, we have shown how to define an “error tolerant” agent decision cycle
that can apply to IMPACT agents when they are corrupted. This decision cycle allows
the agent to continue processing unaffected requests and conditions, while repairing the
state so that affected requests may be processed effectively. A natural question to ask is
how the results of this paper may be applied to other agent frameworks. In this section,
we show how this may be done in the context of the following three agent frameworks:
the Kowalski-Sadri agent framework [18,20], the Belief-Desires-Intentionality frame-
work due to Rao and Georgeff [22] and the rational agent framework due to Wooldridge
[29]. For further frameworks, this is briefly discussed in Section 7.2.

6.1 Kowalski and Sadri’s Unified Agent Architecture

Kowalski and Sadri [18,19] analyze the similarities and differences between rational
and reactive agent architectures and propose a unified architecture which aims to cap-
ture both as special cases. An agent’s reasoning is captured via a proof procedure and a
logic programming style search engine is used to reduce goals to subgoals in a “ratio-
nal” manner. The complete proof reduction procedure given in the papers is based on
the observation that in many cases it is possible to replace a goal G by an equivalent set
of condition-action rules R. The problem of controlling the reasoning process so that it
works correctly with bounded resources is also addressed.

The resulting cycle governing the architecture is the following:

1. observe any input coming from the environment at time T ;
2. record all input;
3. resume the execution of proof procedure (applied to the current goal statement) by

first propagating the input6;
4. continue applying the proof procedure for a total of n inference steps;
5. select an atomic action respecting time constraints;
6. execute any such action and record the results.

The extension of such a cycle to take error-tolerance into account may appear complex
at first glance because integrity constraints dynamically evolve during the execution
of the cycle itself: goal reduction replaces goal statements with simpler goal statements
which have the form of integrity constraints. In the case of IMPACT agents, the integrity
constraints are established once for all, and we made the same assumption for our error-
tolerant extension of the BDI architecture.

Fortunately, despite the use of the same phrase (“integrity constraint”) Kowalski
and Sadri’s integrity constraints have a different meaning than ours: they just represent
a condition to be checked on the current state, but they do not need to be necessarily
satisfied. As shown in various examples from [18] and [19], the proof procedure con-
tinues to execute when their integrity constraints are not satisfied, leading to a new goal
which takes the unsatisfied integrity constraints into account.

6 The propagation of input replaces the current goal statement with a simpler one, taking into
account the observed input and the integrity constraints characterizing the agent’s behavior.
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Thus, to avoid confusion, let us suppose that a set of Static Integrity Constraints
are included in the knowledge base of Kowalski and Sadri’s agents, and let us suppose
that these Static Integrity Constraints have the same meaning as IMPACT’s Integrity
Constraints: they are established once and for all, and if they are violated, a repair
procedure must immediately start.

The Unified Agent Architecture cycle may now be modified as outlined below.

1. observe any input coming from the environment at time T ;
2. record all input;
3. check if the new inputs cause some violation to the Static Integrity Constraints: if

they are violated then start a repair procedure as a concurrent thread;
4. evaluate if resuming the proof procedure of the current goal statement leads to

some conflict with the current repair procedure; if at least one error-tolerant atomic
action (namely, an action which is unrelated to the current repairs) turns out to be
executable
(a) continue applying the proof procedure for a total of n inference steps;
(b) select any error-tolerant atomic action respecting time constraints;
(c) execute any such action and record the results.
else,
(a) interrupt processing inputs and complete the repair procedure.

The key obstacle in applying this definition is to determine what it means for a “conflict”
to occur between the proof procedure and a repair procedure. This can be addressed in
many ways. One way is to determine which atoms are affected by the repair procedure
and which ones are affected by the proof procedure and if there is an intersection be-
tween the two sets, then declaring a conflict. A notion of affectedness similar to that
in our paper can be used. An alternative solution is to simulate in advance what should
occur by going on with the proof procedure and using some syntactic check.

6.2 Rao and Georgeff’s BDI Architecture

The BDI architecture [22] is based on the notion of agents as intentional systems [12];
for an excellent introduction, see [30]. The architecture is characterized by the following
structures, as depicted in Figure 2:

Beliefs Plan
Library

BDI
Engine

Goals Intentions

ActionsEvents

Fig. 2. The BDI Architecture
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– beliefs, which represent the knowledge of the agents;
– goals, which are beliefs, or conjunctions and disjunctions of beliefs, which must be

achieved or tested in the current state;
– plans, which contain the procedural knowledge of agents. They are characterized

by a trigger, a context, a body; a maintenance condition, a set of “success actions”
and a set of “failure actions”; and

– intentions, which are partially instantiated plans.

A typical BDI engine is characterized by the following cycle

1. observe the world and the agent’s internal state, and subsequently update the event
queue;

2. generate possible new plans whose trigger event matches an event in the event
queue and whose context is satisfied;

3. select one from this set of matching plans for execution;
4. push the selected plan onto an existing or new intention stack, according to whether

or not the event is a (sub)goal;
5. select an intention stack, take the topmost plan and execute the next step of this

current plan: if the step is an action, perform it, otherwise, if it is a subgoal, post it
on the event queue.

In order to extend this agent cycle to handle error-tolerance, we must modify steps 2, 3
and 5 of the above cycle. In particular, we must choose an event from the event queue
only if it is safe to process it. Likewise, we must select a plan for execution only if it
is safe to execute it, and we must select an intention stack only if the next step in its
topmost plan can be safely executed.

Let us suppose that some integrity constraints hold while some other integrity con-
straints are currently violated, and a repair is being done on the current state to recover
to a correct state. In this case, we may modify steps 2,3, and 5 of the BDI agent cycle
as follows:

Step 2: When is it safe to choose an event from the event queue? We say that an event
is error-tolerant if there is at least one error-tolerant plan (see definition below) among
the plans whose trigger event matches the chosen event and whose context is satisfied.
Step 3: When is it safe to select a plan for execution? In order to decide if a plan is
error-tolerant (namely, it can be safely executed without leading to inconsistencies due
to the repairs which are being made on the state), it is necessary to evaluate the conse-
quences of executing it (before actually executing it). If pushing the selected plan onto
an existing (resp. new) intention stack, and selecting this newly modified (resp. created)
stack7 leads to executing an action which could be affected by some repair, the plan is
not error-tolerant. Giving details of which kind of actions are affected by a repair is out
of the scope of this paper. However, the good news is that our definitions of affectedness
and corruptedness may be adapted (with some work) to the BDI framework.

Even if an error-tolerant plan is chosen in step 3, it is possible that an unsafe in-
tention stack is chosen in step 5. This may causes problems because the action to be

7 We can ignore the other intention stacks at this point, since they will be analyzed in step 5 of
the cycle.
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performed may interfere current repairs. Thus, it is also necessary to consider error-
tolerance of intention stacks.
Step 5: When is it safe to select an intention stack? As in the previous case, here too, it
is necessary to evaluate the consequences of executing the next step of the topmost plan
in the stack (before actually doing so). If the action to execute is potentially affected by
some repair, the intention stack cannot be selected (it is not error-tolerant). If at least
one plan can be selected for execution in step 3, then there is at least one error-tolerant
intention stack to chose (the one modified in step 3).

If at a certain moment there are no error-tolerant events in the event queue, the exe-
cution cycle must stop until the repairs have been completed. If no repairs are currently
made, all the events in the event queue are error-tolerant. Given the definitions above,
the “error-tolerant” BDI cycle is outlined below:

1. observe the world and the agent’s internal state, and subsequently update the event
queue. if some violation of the integrity constraints occurs, start a repair procedure
as a concurrent thread;

2. if at least one error-tolerant event exists in the event queue
(a) choose an error-tolerant event from the event queue;
(b) generate possible new plans whose trigger event matches the chosen event and

whose context is satisfied;
(c) select one from this set of matching plans for execution, provided that the plan

is error-tolerant;
(d) push the selected plan onto an existing or new intention stack, according to

whether or not the event is a (sub)goal;
(e) select an error-tolerant intention stack, take the topmost plan and execute the

next step of this current plan: if the step is an action, perform it, otherwise, if it
is a subgoal, post it on the event queue.

3. else interrupt processing events and complete the repair procedure.

6.3 Wooldridge’s Computational Multi-agent System

In chapter 4 of his PhD thesis, Wooldridge [29] gives a formal model intended to capture
diverse aspects of a variety of agent systems. It is based on some assumptions:

– agents have significant but finite computational resources;
– agents have a set of explicitly represented beliefs and are able to reason about these

beliefs in accordance with the computational resources afforded to them;
– beliefs are expressed in some logical language;
– in addition to being believers, agents can act: in particular, they are capable of

communicative actions;
– finally, agents are able to revise their beliefs by means of a belief revision function.

Each agent in the system continuously executes the following cycle:

1. interpret any message received;
2. update beliefs according to previous action and message interpretation;
3. derive deductive closure of belief set;



Error-Tolerant Agents 617

4. derive set of possible messages, choose one and send it;
5. derive set of possible actions, choose one and apply it.

Wooldridge defines two execution models for multi-agent systems: a synchronous
model, and an asynchronous one. All agents in the synchronous model begin and end
an execution cycle together. In the more realistic asynchronous model, where execution
is interleaved, at most one agent is allowed to act at any fixed point of time.

A naive error-tolerant extension of his agent cycle may be defined as follows:

1. interpret any message received;
2. update beliefs according to previous action and message interpretation;
3. check if the new beliefs violate the agent’s integrity constraints: if they are violated

then start a repair procedure as a concurrent thread;
4. derive deductive closure of belief set: if the deductive closure does not contain

beliefs which interfere with the integrity constraints under repair, then
(a) derive set of error-tolerant messages, choose one and send it;
(b) derive set of error-tolerant actions, choose one and apply it;

5. else interrupt processing received messages and complete the repair procedure.

As usual, we are assuming that each agent has a set of static integrity constraints to be
satisfied in any state. By error-tolerant messages and actions we mean those messages
and actions which do not interfere with the current repair procedure. Determining when
a belief “interferes” with an ongoing repair may be defined by adapting the notion of
affectedness given in our paper to the case of Wooldridge’s syntax.

7 Related Work

To our knowledge, there has been no work on error tolerance in agent systems. As a
consequence, we compare our work with related work in other areas. In the previous
section, we have already shown how many of the ideas proposed in this paper for IM-
PACT agents also apply to other agent systems.

7.1 Inconsistency in Databases

Sources of information and services are often required to satisfy integrity constraints
(ICs). When the ICs are not satisfied, the source is in an inconsistent state and no inter-
action between the source and its users should take place until recovery from inconsis-
tency has been completed. Though it is clear that excluding users from interacting with
the “consistent part” of an inconsistent data source is beneficial in practice, research on
providing consistent services over inconsistent data sources has not been as widespread.

Reasoning about inconsistent databases has been studied extensively in the context
of “paraconsistent” databases, and in the cases of reasoning with multiple knowledge
bases [6,25,5]. However, there was no notion of an agent decision cycle – for an agent
that is a continuously running process to steadily execute requests even while corrupted,
the decision cycle must be modified so that error tolerant processing methods can be
incorporated into the decision cycle. This is one of the key contributions of this paper.
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An important effort to deal with consistent query answering in information systems
with inconsistent ICs was done by Bry [8]. He proposed an approach which makes it
possible to recognize whether an answer to a query has been derived from possibly cor-
rupted data. He exploits a notion of local inconsistency, formalized in terms of minimal
logic8. Data which cause an IC violation is considered potentially corrupted. An an-
swer which cannot be established (i.e., which is not derivable in minimal logic) without
using some potentially corrupted data is called inconsistent. Conversely, an answer is
consistent if it can be computed without using data involved in IC violation. He shows
that minimal logic suffices as a foundation of query answering in positive, definite or
disjunctive, deductive databases. However, the problem is not addressed in the context
of an agent system that accesses external data sources via code calls and where rules in-
volve actions and deontic modalities. Also, the way consistent and inconsistent answers
should be computed is not addressed. This represents a significant difference between
Bry’s approach and ours, as we have provided algorithms to evaluate corrupted and af-
fected items, and formally proved that these items correspond to the intuitive notion of
“corruptedness” and “suspiciousness” resp. “affectedness”.

Arenas, Bertossi, and Chomicki [2] provide a logical characterization of consistent
query answering in relational databases that may be inconsistent with the given ICs. An
answer to a query posed to a database that violates the ICs is “consistent,” if it is the
same as that obtained from any minimally repaired version of the database. A method
for computing such answers and an analysis of their properties is provided: on the basis
of a query Q, the method computes, using an iterative procedure, a new query Tω(Q)
whose evaluation in an arbitrary database (consistent or inconsistent) state returns the
set of consistent answers to the original query Q. Tω(Q) is based on the notion of
residue in the context of semantic query optimization. The soundness of the approach
is proven, as well as its completeness for particular ICs (binary ICs). Termination of
computing Tω is also guaranteed under proper conditions. A variant of the Tω operator
is described in [9], which is proven to be sound, terminating and complete for some
classes of ICs extending those in [2]. In [3] the Annotated Predicate Calculus (APC)
is adopted, a logic where inconsistent information does not unravel logical inference
and where causes of inconsistencies can be reasoned about. The inconsistent database
is embedded in APC which is then used to define database repairs and query answers.
This approach has been used to help understand the results of [2] and to provide a
more general algorithm that covers classes of queries beyond [2]. The main difference
between the approach in [2] and ours is the way how consistent answers are evaluated.
In fact, [2] rewrites a query so as to take into account the ICs, and then evaluates the
answers of the rewritten query, which are proved to be consistent answers of the original
one. What we do, instead, is to evaluate whether processing the incoming message
involves “unsafe” data: if not, we process the message as it is (as shown, this yields in
this case the same results as if the ICs would not be violated), otherwise we defer it. A
further complication in our work is that when an external request is made of an agent,
the agent state may get modified while the repairs are going on.

8 Minimal logic is a constructivistic weakening of classical logic defined in terms of the natural
deduction proof system by Gentzen, deprived of the absurdity rule.
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As for repair of constraint violations, an interesting approach has been proposed in
[16], where basic concepts from model-based diagnosis are adopted to discover mini-
mal sets of simultaneous reasons for violations of (different) constraints. These reasons
indicate possible repair actions that guarantee elimination of violations. The adopted
repair actions depend on the “repair strategy” which the user can choose. The proposed
strategies are domain independent and range from minimal undo or consistent comple-
tion of a violating transaction up to user interaction with the repair process. A sound
and complete algorithm for enumerating possible minimal repair transactions for an in-
consistent database is also proposed. Our repair strategies are similar to those of [16] in
that they allow the user to choose the strategy which is most suitable for her application
from an application independent library of strategies, eventually specifying priorities
or preferences for use during the repair. The interaction between the user and the re-
pair process is briefly sketched in [16], assuming that a suitable environment exists. We
believe that IMPACTcan be such an environment as user interaction with the repair
process can be easily performed in IMPACT’s multi-agent setting.

7.2 Agent Frameworks

The problems tackled and solved in this paper, namely how to let an agent go on work-
ing even when its state is corrupted, and how to ensure that an agent recovers from a
corrupted state to an uncorrupted state, are critical for the agent community. Agents
find application in domains such as telecommunication [28], process control (e.g. [10]),
electronic commerce and many others (see http://agents.umbc.edu/) where
the reliability of a multiagent system is a key issue. In these domains, as well as many
others, continuity and recovery properties should be supported so as to guarantee a
high-quality service. Error tolerance is a must. We are not aware of any research on
agent architectures, environments or formalisms which allow the development of error-
tolerant agents. However, we believe that this is an important aspect in the endeavor
of building rational agents, which should make good (but not necessarily perfect) de-
cisions about what to do in any given situation [30]. In particular, if it turns out that
there is an inconsistency, then the agent should still be able to go ahead and take deci-
sions and actions which seem to make sense. Of course, there must be some underlying
assumptions – for example, that the integrity constraints are correct. We could imag-
ine that some integrity constraint is not correct, and withdrawal or modification of that
integrity constraint could remedy the situation. However, if the agent has the choice
between modifying, on the one hand, the agent state and, on the other hand, its integrity
constraints, which are part of its specification, given that other agents or entities might
have unprevented access to its state, the former seems to be more plausible to us. How-
ever, the agent designer could be informed of violations of the integrity constraints, and
decide whether a change of the integrity constraints is needed.

Our notions of corruptedness and affectedness are auxiliary technical concepts which
helped to formalize the intuition that actions which are unrelated to errors may be still
executed; the peculiarities of the framework, however, make this a nontrivial task.

Fortunately, the results of the preceding section show how our techniques for error-
tolerance may be adapted to different types of agent architectures. In addition, there
are many other works in the agent community that are related to that proposed here.

http://agents.umbc.edu/
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Shoham [24] was perhaps the first to propose an explicit programming language for
agents, based on object oriented concepts, and based on the concept of an agent state.
Shoham [24, Section 3] states that a complete AOP (“agent oriented programming”)
system will have three components.

1. a restricted formal language for describing mental state;
2. an interpreted agent programming language with primitive commands such as RE-

QUEST and INFORM; and,
3. an “agentifier”.

We have already shown, in [14], that IMPACT agents can express most of Shoham’s
AOP framework. Hence, the results of this paper may be applied to Shoham’s AOP
framework in this way.

Hindriks et al. [17] have developed a deontically based agent programming frame-
work. In their framework, an agent’s mental state consists of a set of goals and a set of
beliefs. An agent program in their framework consists of a quadruple (T , Π0, σ0, Γ )
where T is a transition function specifying the effects of basic actions, Π0 is an initial
set of goals, σ0 is an initial set of beliefs, and Γ is a set of rules of the form

Head ← Guard | Body.

In general, Head is a (potentially) complex formula describing a goal. The syntax of
goals supported by Hindriks et al.[17] allows goals to be elementary actions, but also in-
cludes sequential compositions of actions, disjunctive goals, and/or conjunctive goals.
The Guard is a logical formula, while the Body has the same structure as the head.
While not everything in Hindriks et al. [17] can be expressed in IMPACT (and vice
versa), their agent decision cycle is very similar to ours, and hence, the results on error
tolerance may be applied to their agent decision cycle in much the same way as it is
applied in this paper to IMPACT’s agent cycle. This is also the case for agent decision
making frameworks such as the initial frameworks of Rosenschein [23] who was per-
haps the first to say that agents act according to states, and which actions they take are
determined by rules of the form “When P is true of the state of the environment, then
the agent should take action A.” Their decision cycle too, is similar to ours. When a
state change occurs, determine what to do based on the rules involved. Hence, in such
a decision cycle, our notions of affectedness can be directly used to only allow rules in-
volving unaffected atoms to be used to process requests and the same repair mechanism
proposed by us may be used to conduct repairs to the agent state. This also applies to
the IRMA system by Bratman et al. [7], where the agent generates different possible
courses of actions (Plans) based on the agent’s intentions. These plans are then evalu-
ated to determine which ones are consistent and optimal with respect to achieving these
intentions. A cycle similar to ours may be used there - in particular, only plans that
involve “unaffected” atoms may be used.

8 Conclusion

Software agents provide a powerful new paradigm for distributed, collaborative, and
mobile applications. Software agent systems that build on top of legacy software in
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a principled way, and that support automatic coupling of simple and complex actions
to changes in their environment, have a wide variety of applications in e-commerce.
Nonetheless, it is dangerous to assume that just because agents are prototyped using a
declarative language such as in IMPACT, they will be free of errors. Prolog programs
over the years have not been error-free. The history of programming has shown that
bugs in code must always be accounted for.

In an IMPACT based agent system, and for that matter, in any agent system that
builds on top of legacy code, bugs may arise for one of several reasons. First, the agent
developer may have written rules that do not account for all possible states of the agent
that arise. Second, the agent may not be in full control of its state — this is true in legacy
applications where the agent is just one vehicle to access the legacy application’s state.
Third, the legacy code on top of which the agent is being built may itself have bugs,
causing unexpected agent states to arise.

In this paper, we have taken a modest first step toward addressing this extraordinar-
ily difficult problem. Specifically, we have proposed for the first time (to our knowledge)
an agent decision algorithm that has two good features. First, it incorporates a method
for the agent to recover from a “corrupted” state to an “uncorrupted” one. Second, it
allows the agent to continue processing requests during such a recovery/repair process,
as long as such requests are unaffected by the ongoing repairs.

Our work may be seen as a contribution in the endeavor of building rational agents
[30]. We have shown how our methods may be applied to various agent frameworks,
and in particular to the BDI model. An important aspect is reasoning about the behav-
ior of agents, which for the BDI model has been amply discussed and demonstrated
by Wooldridge using LORA (Logic Of Rational Agents) [30]. It remains an interest-
ing issue to see how error-tolerance can be modeled in LORA, or which extension is
needed for that. Observe that LORA builds on top of classical logic; thus, if the agent
state and integrity constraints would be modeled as sets of classical facts and axioms,
from a violation of an integrity constraint we could conclude everything; this may be
avoided using methods from paraconsistent logic or suitable belief operators.

Our contribution in this paper is admittedly not a panacea for all problems involving
bugs in agent programs. It handles the case when agent’s don’t have status sets due to
violation of integrity constraints. Such violations may occur because third parties are
manipulating the agent’s state without the agent having any veto on such updates. It also
arises when the agent’s rules are not adequate to deal with such IC violations. However,
these scenarios only represent a small microcosm of the space of errors that can arise
when agents are programmed. This forms a rich avenue for future research.

The results of this paper may be extended in future work in many different ways.
For instance, rather than considering action atoms as affected, we could view action
status atoms as affected, and determine suspicious code call atoms on the basis of a
syntactic analysis of the agent programs similar as described in the this paper. Due
to the interplay of the various semantics components of feasible status sets including
deontic consistency, action closure and integrity constraints, this would provide a more
refined approach. However, its study would also be substantially more complex.
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A Appendix: Feasible, Rational, and Reasonable Status Sets

This appendix provides in succinct form the definition of various concepts of status sets
from [14,26], to which the reader is referred for more information.

Definition A.1 (Status Set). A status set is any set S of ground action status atoms over
the values from the type domains of a software package S. For any operator Op ∈ {P,
Do , F, O, W}, we denote by Op(S) the set Op(S) = {α | Op(α) ∈ S}.

Definition A.2 (Operator AppP,OS (S)). Let P be an agent program and O be an
agent state. Then, AppP,OS (S) = {Head(rθ) | r ∈ P , R(r, θ, S) is true on O},
where the predicate R(r, θ, S) is true iff (1) rθ : A ← χ&L1 & · · · &Ln is a ground
rule, (2) O |= χ, (3) if Li = Op(α) then Op(α) ∈ S, and (4) if Li = ¬Op(α) then
Op(α) /∈ S, for all i ∈ {1, . . . , n}.

Definition A.3 (A-Cl(S)). A status set S is deontic and action closed, if for every
ground action α, it is the case that (DC1) Oα ∈ S implies Pα ∈ S, (AC1) Oα ∈ S
implies Doα ∈ S, and (AC2) Doα ∈ S implies Pα ∈ S.

For any status set S, we denote by A-Cl(S) the smallest set S′ ⊇ S such that S′ is
closed under (AC1) and (AC2), i.e., action closed.

Definition A.4 (Feasible Status Set). Let P be an agent program and let O be an agent
state. Then, a status set S is a feasible status set for P on O, if (S1)-(S4) hold:

(S1) AppP,OS (S) ⊆ S;
(S2) For any ground action α, the following holds: Oα ∈ S implies Wα /∈ S, and

Pα ∈ S implies Fα /∈ S.
(S3) S = A-Cl(S), i.e., S is action closed;
(S4) The state O′ = conc(Do (S),O) which results from O after executing (accord-

ing to some execution strategy conc) the actions in Do (S) satisfies the integrity
constraints, i.e., O′ |= IC.

Definition A.5 (Groundedness; Rational Status Set). A status set S is grounded, if
no status set S′ �= S exists such that S′ ⊆ S and S′ satisfies conditions (S1)–(S3) of a
feasible status set. A status set S is a rational status set, if S is a feasible status set and
S is grounded.
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Definition A.6 (Reasonable Status Set). Let P be an agent program, let O be an agent
state, and let S be a status set. Then:

1. If P is positive, i.e., no negated action status atoms occur in it, then S is a reason-
able status set for P on O, iff S is a rational status set for P on O.

2. The reduct of P w.r.t. S and O, denoted by redS(P ,O), is the program which is
obtained from the ground instances of the rules in P over O as follows.
(a) Remove every rule r such that Op(α) ∈ S for some ¬Op(α) in the body of r;
(b) remove all negative literals ¬Op(α) from the remaining rules.
Then S is a reasonable status set for P w.r.t. O, if it is a reasonable status set of the
program redS(P ,O) with respect to O.

B Appendix: Safety

A variable is a root variable, if it does not involve deconstruction of an object. Given
any variable Y (possibly involving deconstruction), its root root(Y) is the variable which
refers to the non-decomposed object.

Definition B.1 (Safe Code Call (Condition)). A code call S : f(d1, . . . , dn) is safe iff
each di is ground. A code call condition χ1 & . . .&χn, n ≥ 1, is safe iff there exists a
permutation π of χ1, . . . , χn such that for every i = 1, . . . , n the following holds:

1. If χπ(i) is a comparison s1 op s2, then
1.1 at least one of s1, s2 is a constant or a variable X such that root(X) belongs

to RVπ(i) = {root(Y) | ∃j < i s.t. Y occurs in χπ(j)};
1.2 if si is neither a constant nor a variable X such that root(X) ∈ RVπ(i), then

si is a root variable.
2. If χπ(i) is a code call atom of the form in(Xπ(i) , ccπ(i)) or notin(Xπ(i) , ccπ(i)),

then the root of each variable Y occurring in ccπ(i) belongs to RVπ(i), and either
Xπ(i) is a root variable, or root(Xπ(i)) is from RVπ(i).

Intuitively, a code call is safe, if we can reorder the code call atoms occurring in it
in a way such that we can evaluate these atoms left to right, assuming that root variables
are incrementally bound to objects.

Definition B.2 (Safety Modulo Variables). Suppose χ is a code call condition, and let
X be any set of root variables. Then, χ is said to be safe modulo X iff for an (arbitrary)
assignment θ of objects to the variables in X, it is the case that χθ is safe.
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Abstract. Hybrid agents integrate different styles of reactive, deliber-
ative, and cooperative problem solving in a modular fashion. They are
the prime device of (Distributed) Artificial Intelligence and Cognitive
Science for realising a broad spectrum of simultaneous functionalities
in application domains such as Artificial Life, (Tele-)Robotics, Flexible
Manufacturing, and Automated Transportation. This article presents a
design methodology for hybrid agents which combines complementary
approaches of Software Engineering and declarative Cognitive Robotics
at five interconnected specification stages: Architecture, Computational
Model, Theory, Inference, and Implementation. Although we give an in-
troduction to the complete methodology of agent design in the first sec-
tion, we concentrated on presenting a logic-based approach to describe
deliberative processes within a hybrid agent architecture in the rest of
the article. The interested reader can find the details of the overall frame-
work as well as the proofs of the theorems in [JF01].

1 A Design Methodology for Hybrid Agents

Before bounded rationality became a common denominator for AI and Cogni-
tive Science, the appropriate notion of rationality, and hence the choice of agent
design methods, was a highly controversial subject. While early symbolists con-
centrated on building perfect knowledge-based systems (see Nilsson [Nil84]), the
New AI community has argued against any expensive data-structures and com-
putations (see Brooks [Bro91]). Both research streams can be seen as extreme,
because they focus either on high-level tasks or low-level control. Their systems
are optimised for particular classes of domains. Because of their inability to ad-
just to varying needs and resources, these systems show severe drawbacks in
broad domains, such as an automated loading dock, the RoboCup Soccer simu-
lation, or the ROTEX work-cell (Figure 1) for which agents have been designed
according to the concepts presented in this article.

Agent Engineering: It is equally difficult to force an inherently myopic reactive
system to exhibit goal-oriented behaviour as it is difficult to force an inherently
complex planning algorithm to exhibit responsive behaviour. Hybrid agents have
been developed to integrate the reactive, but myopic mechanisms proposed by
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Fig. 1. Representative Scenarios for Broad Agents

Rodney Brooks with optimal, but expensive deliberation facilities, such as plan-
ning. A particular example of a hybrid agent architecture is InteRRaP (Fig-
ure 2). InteRRaP has a layered structure for the combination of a reactive
behaviour-based layer, a deliberative local planning layer, and a social planning
layer. Each layer is associated with computations on a particular level of repre-
sentation. Each layer supplements its subordinate layers in order to enforce the
achievement of more abstract and more persistent goals and decisions.

With respect to bounded rationality, hybrid agents provide a resource-adapt-
ive trade-off between computational costs and solution quality, that is to say
between reactive, deliberative, and social abilities. As such, they have already
proven quite successful in constructing broad agents for real-world and virtual-
world domains (see the assessment of [Mül99]).

In order to fill their designated role in industrial-strength systems, however,
hybrid models face a fundamental engineering problem in that they lack a clear
design methodology. Up to now, their description is usually given in an informal
architectural manner. This pragmatic method of specification introduces very
crude and abstract concepts and leaves many design issues open. Hence, the space
of possible implementations does not necessarily reflect the original objectives,
such as a practical trade-off between reactivity, deliberation, and social abilities.

Moreover, by integrating a variety of modules from various backgrounds, hy-
brid models are not easily comprehensible. This complicates the identification
of appropriate programming constructs and impedes their customisation to var-
ious domains. We have experienced these difficulties with previous InteRRaP
implementations.

Cognitive Robotics: Formal logic has always been used in the tradition of theories
of rationality. Research on agent-based systems also tries to build on logic-based
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Fig. 2. Hybrid InteRRaP Agents

formalisms, for example Cohen & Levesque [CL90], Shoham [Sho90], and Rao
& Georgeff [RG91] describe agents in temporal and epistemic logic, deviating
from earlier informal descriptions in [GL87]. Kowalski & Sadri [KS96b] rely on
the power of first-order logic augmented with abduction as the declarative basis
of a unified agent. Especially the latter approach envisages a logic program-
ming (LP) perspective [Kow79] in which the high-level agent axiomatisation is
straightforwardly implemented by a special inference procedure.

The logic-based specification of agents1 is nowadays summarised under the
umbrella title Cognitive Robotics [Bow87]. It aims at a coherent, concise, and
verifiable design whose declarative concepts can immediately serve as intuitive
programming constructs. However, the conceptual level is too high for deriving
practical systems: straightforward implementations via inference procedures are
either not feasible or build on restricted expressiveness; the operational consid-
erations to ‘make the theory run’ are seldom discussed. To our knowledge, no
such monolithic ‘rationality engine’ has ever been able to master settings that
are comparable to those of hybrid systems.

The Design Space of Agents: From what we have just discussed, it is appar-
ent that Agent Engineering and Cognitive Robotics are rather complementary:
both ways of specification introduce useful concepts for agents, either on the
theoretical side — the logic-based representations of Cognitive Robotics — or
on the architectural side — the modular structures of Agent Engineering. Both
are lacking in some aspects of design issues, either in declarative or in opera-
1 There are differences between logic theories for specifying agent computations, such
as [Kow79], and logic theories for describing and verifying agent behaviour, such as
[RG91]. We do not engage in a discussion of the latter issue, but rather stay with
the first perspective to agent design.
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Fig. 3. The Design Space of Agents

tional respect. Hence, a design methodology that reconciles both approaches in
a preferably formal setting seems promising.

Such a methodology would provide a well-understood collection of interre-
lated methods (or specification stages) bridging theory and practice. In doing
so, such a methodology also addresses a matter that both Agent Engineering
and Cognitive Robotics have largely neglected up to now, namely how to de-
rive sound implementations in effective programs. The methodology that we are
looking for runs under the slogan “Agent = Logic + Architecture”2 and is
the basis for reconstructing InteRRaP as an agent-oriented programming tool
for a broad spectrum of applications.

In Figure 3, we have arranged the specification stages in the common design
space of agents. This design space is defined by two independent dimensions of
specification, namely the degree of abstraction and the degree of declarativity.
Architectural Engineering turns out to be a rather abstract and operational
enterprise while Cognitive Robotics covers the declarative side of the design
space. Agent implementations are most concrete; although they are a too low-
level medium for research, their connection to the higher-level specification is
nevertheless of justified interest.

To complete the design space of agents, the point of concern is to find an
operational complement to the inference stage that is able to capture the archi-
tectural features of hybrid agents, for example their modularisation, in formal

2 Derived from the path-setting motto of Kowalski: “Algorithm = Logic + Con-
trol”
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and computational terms. We call such descriptions computational models as
inspired by formal programming [Hoa69]. Computational models are written in
dedicated specification languages, such as Z [Spi92]. They describe the state and
the operation of a kind of agent ‘interpreter’ running inferences in a particular
logic. As formal specifications, they already became a successful tool in modern
Software Engineering and are just about to enter (D)AI and Cognitive Science.

The design methodology presented in this section gives the complete picture
to the design of hybrid agents. For the rest of this article we put a focus on
the contribution of Cognitive Robotics. The details of how this relates to the
other parts of the design methodology can be found in [JF01]. The next section
introduces two calculi: the state-based Situation Calculus and narrative Event
Calculus. We describe how Event Calculus (originally proposed in [KS86]) can be
adopted for the specification of a planning procedure (cf [Esh88, Mis91, Sha97a])
for hybrid agents and present our extension to this calculus to deal with some
technical problems. Section 3 presents a further extension to allow abstraction
planning using Event Calculus reasoning. Abstraction planning is crucial for
hybrid agents to combine deliberative and reactive behaviour.

2 Cognitive Robotics

Figure 4 shows the first order specification that was introduced by [FK97] using
completed clausal programs, that is to say by relying on equivalence definitions
and disjunctive goals. During completion, clauses that represent facts become
existentially quantified positive literals including equality statements. Further-
more, integrity constraints are introduced which are universally quantified im-
plications. The computational service that is modelled with this logic is to verify
for given P : Program; ∆ : Facts ; G : Goal ; and IC : Constraints the entail-
ment of the goal G, that is to say Comp(P ∧∆) ∧ CET |= ∃̃G3. Additionally,
integrity constraints need to be theorems Comp(P ∧ ∆) ∧ CET |= IC 4.

Kowalski & Sadri [KS96b] propose this logic as an appropriate foundation to
transfer the features of logic programming to the design of agents. They achieve
this by requiring an agent to act deliberatively as the result of tracing evidences
back to a background theory of the world (by the logic program) as well as to
act reactively as the result of trying to maintain its mandatory integrity (by the
constraints stating, for example, ‘never bump into a wall’). Although a plausible
argument, this is too general for situated agents: just as we would not describe
an agent as a Turing machine, but as a specific program running upon it, it is
necessary to have a closer look at a logical agent’s background theory, that is to
say its logic program, in order to determine its architecture more precisely.
3 Comp(P∧∆) means that P and ∆ are transformed according to Clark’s completion.

CET are the usual clauses for the equational theory. Comp can be straightforwardly
extended to equivalence definitions and facts.

4 Another possibility to treat integrity constraints would be to check their consistency.
Theoremhood of constraints turns out to be semi-decidable, while consistency is not
[FK97].
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SubGoal ::= � | Literal ∧ SubGoal

Facts ::= � | Constant(Term∗) ∧ Facts

Goal ::= ⊥ | ∃̃SubGoal ∨ Goal

Definition ::= ∀̃Constant(Variable∗) ≡ Goal

Program ::= � | Definition ∧ Program

Constraint ::= ∀̃Facts ⊃ Goal

Constraints ::= � | Constraint ∧ Constraints

Fig. 4. First-Order Equivalence Definitions with Constraints

There is a substantial amount of research devoted to finding such declarative
foundations of situated representation and reasoning. Although the umbrella title
Cognitive Robotics [LLL+94, Bow87] was coined in the early 90’s, the original
ideas can be traced back to the very fundamental ideas of McCarthy & Hayes in
the late 50’s [McC58, McC63, MH69]. Back then, McCarthy & Hayes proposed
to introduce a notion of time into logic in order to describe how the state of
the world (in the form of information particles, called fluents) evolves as being
caused by actions. By axiomatising these concepts, an agent is able to logically
trace or explain the frequent observations about the world that it is perceiving
and to logically anticipate or plan the future state of affairs including its own
actions.

It was not until the publication of [Rei91] that the fundamental frame prob-
lem posed back in [MH69] found a first satisfying solution in terms of a first-order
theory (see Section 2.1). This raised the interest in Cognitive Robotics and led
to a number of alternative formalisms for realising the McCarthy & Hayes pos-
tulate. Today, researchers tend to generalise their ideas about state constraints,
side-effects, continuous trajectories, and natural actions across those core cal-
culi. Current implementations show a considerable expressiveness and perfor-
mance when reasoning about partially observable blocks worlds [Rei99] or robot
navigation [Sha97a].

So why should we bother about Agent Engineering at all if there already
exists a prototyping methodology for agents? The answer is: because Cognitive
Robotics is still incomplete. As conceptually clean as the separation of declar-
ative theory and computational inference is, these concepts are not concrete
enough to derive implemented agent systems, for example in the automated
loading dock and the RoboCup simulation. The more practical agent design is
based on the pragmatic and operational guidelines of hybrid architectures and
computational models.

So why should we care about Cognitive Robotics at all if we concentrate
on traditionally engineered agents? The answer is because it provides the most
convenient supplement when it comes to specify the core of primitive modules,
that is to say to specify the reasoning processes inside an operational agent
framework. For both a unified agent, say a decision maker situated in a dynamic
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environment, as well as a particular module, say the local planning process op-
erating inside the hybrid InteRRaP agent, the same aspects of situated rep-
resentation and reasoning are relevant: for both the agent and a process, the
world (including other agents and processes) is a partially observable and dy-
namic environment that is to be rationally explained and controlled. This shows
the intimate relation between Cognitive Robotics and Agent Engineering and
motivates a common logic framework.

The main aim of the rest of this article is to define such a theory and its
underlying inferences respectively which can be applied in a unified decision
making agent as well as in a decision making module of a hybrid agent. While
concentrating on planning, this does not mean that other InteRRaP function-
alities cannot be handled by this logic-based approach. The details of the overall
framework and the proofs for the given theorems can be found in [JF01].

2.1 The State-Based Situation Calculus

The first approach to use a predicate logic formalisation for representing action
and change in a situated agent (called reasoning program or advice taker, back
then) was by McCarthy & Hayes [McC58, McC63, MH69]. Fluent predicates are
annotated with additional situation arguments in order to trace their validity
over time at(box1, truck , s0)5. An implicit temporal relation between situations
is given by a function do which maps situations to successor situations that
have been caused by the execution of actions do(pickup(rob1 , box1), s0). Change
is expressed as an implication of the applicability of actions, that is to say the
validity of their preconditions:

(SIT)¸ ∀̃holding(Box ,Rob, do(pickup(Rob,Box ),S )) ⊂
∃̃ahead(Rob,Box ,S ) ∧ at(Box ,Area,S ) ∧ handempty(Rob,S )

Given a description of an initial situation I : Facts , such as

I ::= ahead(rob1, box1, s0) ∧ at(box1, truck , s0) ∧ handempty(rob1 , s0)

and a goal G : Goal , such as G ::= holding(box1 , rob1,S ), this Situation Calculus
is able to reason about the connection of a situation with a goal, that is to say it
can both analyse and synthesise plans: I ∧ SIT |= ∃̃G. This early formalisation
was implemented by Green [Gre69] and, as shown by [GLR91], its expressive-
ness exceeds that of typical planning algorithms of today [FN71, BF95, KS96a].
For example, it is possible to reason about partial initial situations as well as
conditional and universal effects of actions. At the same time, a key problem
behind the Situation Calculus was revealed [MH69] that is the problem of de-
termining persistent facts (non-effects) which do not change when applying an
action, for example the location of other boxes and the category of their content.
5 We use lower-case letters to distinguish individual constants box1 from individual
variables Box1.
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In the Situation Calculus, these frame fluents have to be treated in the same way
as the changing fluents by additional axioms (FRA):

(FRA)

∀̃at(Box1,Area, do(pickup(Rob,Box2),S )) ⊂
∃̃at(Box1,Area,S ) ∧ ¬Box1=̇Box2

∀̃at(Box1,Area, do(label(Rob,Box2),S )) ⊂ ∃̃at(Box1,Area,S )
∀̃category(Box1,Cat1, do(label(Rob,Box2 ,Cat2),S )) ⊂

∃̃category(Box1,Cat1,S ) ∧ ¬Box1=̇Box2
∀̃category(Box1,Cat1, do(pickup(Rob,Box2),S )) ⊂

∃̃category(Box1 ,Cat1,S )

This frame problem is nowadays well-recognised as one of the classical prob-
lems of AI. Besides its philosophical aspect, it has great engineering repercus-
sions: for specifying a problem domain such as the automated loading dock in the
Situation Calculus, it is a tedious task to specify all the non-effects in the form of
separate axioms, that is to say one for each fluent and each action. Small changes
in fluent and action representation amount to great changes in the axiomatisa-
tion. In order to make the logic-based approach to decision making practical,
a different formalisation has to be found in which the concise specification of
effects implicitly also determines the non-effects. Such a solution to the frame
problem should not restrict expressiveness as is the case in traditional planning
algorithms.

Equivalences, such as those used in the Clark completion, play an important
role in the calculus proposed by Reiter [Rei91]. By combining all the explicit
evidence for a fluent being changed into a single definition, we derive Successor-
State-Axioms (SSA). From these equivalences, the independence of fluents and
actions can then be logically derived, such as the persistence of category over
any action other than label :

(SSA)

∀̃category(Box ,Cat , do(A,S )) ≡
∃̃A=̇label(Rob,Box ,Cat)
∨∃̃category(Box ,Cat ,S )
∧¬(∃̃A=̇label(Rob,Box ,Cat2) ∧ Cat=̇Cat2)

The formulation of Reiter is the basis of the GOLOG language [LLL+94].
However, it has the drawback of not separating its basic reasoning principle
from the domain representations of fluents and actions. In SSA, both aspects
are intermingled. To enable the extraction of such a domain-independent logic
program, we have to switch from a fluent representation by means of predicates
to a fluent representation by means of manipulable objects, hence terms of our
theory. The appropriate technical notion is called reification and has been applied
by Kowalski [KS94] to obtain a variant of the Situation Calculus (SITK ) which
looks like a domain-independent version of SSA:

(SITK )
∀̃holds(F , do(A,S )) ≡ ∃̃initiates(A,F ,S )∨

∃̃holds(F ,S ) ∧ ¬terminates(A,F ,S )
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In SITK , the holds predicate is introduced to describe whether a given fluent,
now as an element of the universe, is true in a particular situation. We can now
separate an initial situation description

I ::= holds(ahead(rob1 , box1), s0) ∧ holds(at(box1, truck), s0)∧
holds(handempty(rob1), s0) ∧ holds(category(box1 , toys), s0)

and a goal G ::= holds(holding(rob1 , box1), do(pickup(rob1 , box1), s0)) from the
background theory SITK and a domain description DOM . DOM determines
the positive and negative effects of domain actions by means of the predicates
initiates and terminates .

(DOM )

∀̃initiates (A,F ,S ) ≡
∃̃F =̇holding(Rob,Box )
∧ A=̇pickup(Rob,Box ) ∧ holds(at(Box ,Area),S )
∧ holds(ahead(Rob,Box ),S ) ∧ holds(handempty(Rob),S )
∨ ∃̃F =̇category(Box ,Cat) ∧ A=̇label(Rob,Box ,Cat)
∨ . . .

∀̃terminates(A,F ,S ) ≡
∃̃F =̇at(Box ,Area)
∧A=̇pickup(Rob,Box ) ∧ holds(at(Box ,Area),S )
∧holds(ahead(Rob,Box ),S ) ∧ holds(handempty(Rob),S )
∨∃̃F =̇category(Box ,Cat1) ∧ A=̇label(Rob,Box ,Cat2)
∨ . . .

This gives us the desired framework SITK ∧DOM ∧I |= ∃̃G. In recent years,
the reification technique has been extended to also cover possible combinations
of fluents in partial situation descriptions [HS90, Thi99]. Their Fluent Calculus
uses a particular equational theory (the multi-set theory AC1 [GHS+92]) to
axiomatise changes in partial situations using state update axioms (SUA). It can
be shown that this treatment allows for computational advances when inferring
the frame.

2.2 The Narrative-Based Event Calculus

State-based approaches to Cognitive Robotics, such as the Situation Calculus,
are characterised by their implicit notion of time and their explicit focus on
global states. It has been argued, especially in the context of natural language
systems and narrative understanding [All84, KS86], that this is a major reason
for the frame problem to appear — states enforce the distinction of what is
relevant for the reasoning from what is not. Furthermore, states are a cogni-
tively non-plausible representation for a human hearer or reader: in narratives
and discourse, an overall description of the initial world state is seldom given,
nor a complete sequence of actions. Rather, the important parts of the story
are introduced piecewise and presented with incomplete temporal annotations
(“first, there was a box labelled with ‘toys’ standing on the truck ... one robot
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picked it up ... guess what its category was after the other robot labelled it with
‘guns’.”). The hearer or reader of the story then has to reason under the assump-
tion that all the relevant information has been given to him. Sometimes, he has
to withdraw wrong conclusions when getting more information (non-monotonic
reasoning).

The role of an interactive hearer or reader is a natural picture for a situated
agent within a multi-agent system, too. The agent cannot perceive every detail
of the world, but is frequently gathering bits of information whose temporal
ordering could be unclear. From these bits, the agent must derive preliminary
conclusions and decisions. Hence, the agent is not able to project a complete
state representation of the world into past and future, but only the relevant
parts of the agent’s vague estimation of it. That is why narrative-based logics of
action, which were originally developed in discourse understanding and temporal
databases to avoid global states, turn out to be useful formalisms for Cognitive
Robotics, too.

One of these formalisms is the Event Calculus which has been introduced in
[KS86] and brought into a form quite similar to SITK by [Sha89, KS94]:

ECK ::= ECK1 ∧ ECK2,ECK3 ∧ ECK4 ∧ ECK5

(ECK1) ∀̃holds(F ,T1) ≡ ∃̃happens(E ,A,T2) ∧ initiates(A,F ,T2)∧
T2<̇T1 ∧ ¬clipped(F ,T2 ,T1)

(ECK2) ∀̃clipped(F ,T1,T2) ≡ ∃̃happens(E ,A,T3) ∧ terminates(A,F ,T3)∧
T1≤̇T3≤̇T2

6

(ECK3) ∀̃T1<̇T2 ∧ T2<̇T3 ⊃ ∃̃T1<̇T3

(ECK4) ∀̃T1<̇T1 ⊃ ∃̃⊥
(ECK5) ∀̃happens(E ,A1,T1) ∧ happens(E ,A2,T2) ⊃ ∃̃A1=̇A2 ∧T1=̇T2

The ontological entities in ECK are fluents, events (as unique tokens of a
certain type of action), and time points. Similar to Kowalski’s approach in SITK ,
there exists a holds predicate which denotes that a certain fluent is valid at a
particular point in time. The axiom of change ECK1 realises a restricted version
of the law of strict inertia: A fluent holds at a particular point in time T1 iff there
exists an event E1 that happened (the happens predicate) at an earlier point
in time T2 (the before relation <̇ in infix notation) and that has successfully
initiated the fluent — unless the fluent ceased to persist in the meantime (it
is clipped : ECK2) as the result of being terminated by some other event E2

that happened in the period of time between T2 and T1. ECK3 and ECK4
are the background constraints to obtain temporal order as a transitive and
anti-symmetric relation. ECK5 describes events to be unique and instantaneous
action appearances over time.

6 T1≤̇T2 is an abbreviation for T1<̇T2 ∨ T1=̇T2
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Given an initial situation7 and a narrative

I ::= holds(on(box1, truck), t0) ∧ holds(category(box1 , toys), t0)

∆ ::= happens(e1, label(rob2, box1, guns), t1) ∧ t0<̇t1∧
happens(e2, pickup(rob1, box1), t2) ∧ t0<̇t2 ∧ t1<̇t3 ∧ t2<̇t3

and the identical domain description DOM as in the SITK case8, we can now
infer
ECK1 ∧ ECK2 ∧DOM ∧ I ∧∆,ECK3 ∧ ECK4 ∧ ECK5 |=

∃̃holds(category(box1 , guns), t3).
This result is due to the completion of the situation I and the narrative

∆ that was not mandatory in the Situation Calculus. In SITK , a closed-world
assumption can connect partial states to global situations, but is not able to
deal with incomplete temporal information. In the same way as the Situation
Calculus is regarded as the theory behind state-space planners [McC85], the
completion of <̇ into a partial order thus closely relates the Event Calculus to
algorithmic partial-order planning [Esh88, Mis91, Sha97a].

However, the notion of a correct plan in ECK is different from the common
intuition. Typically, a solution plan is one which satisfies the goal in all of its
linearisations, that is to say its extensions to totally ordered plans. By minimising
the <̇ relation, ECK specifies the validity of effects under the existence of a single
successful linearisation. Suppose we add another action and some initial facts

∆′ ::= ∆ ∧ happens(e3, pickup(rob2 , box1), t4) ∧ t0<̇t4 ∧ t4<̇t3

I ′ ::= I ∧ holds(handempty(rob1), t0) ∧ holds(handempty(rob2), t0)∧
holds(ahead(rob1 , box1), t0) ∧ holds(ahead(rob2 , box1), t1)

we then inferG ::= ∃̃holds(holding(rob1 , box1), t3) ∧ holds(holding(rob2 , box1), t3)
which is not intuitive.

For partial-order planning with the Event Calculus, an alternative formalisa-
tion ECS ::= ECK1∧ECS1∧ECS2,ECK3∧ECK4∧ECK5 has been proposed
by [Sha89, Mis91, Sha95]. Instead of qualifying persistence-destroying events in-
side the persistence interval, they are now required to happen outside the interval
bounds.

(ECS1) ∀̃clipped(F ,T1 ,T2) ≡ ∃̃happens(E ,A,T3) ∧ terminates(A,F ,T3)∧
¬out(T3,T1,T2)

(ECS2) ∀̃out(T3,T1,T2) ≡ ∃̃T3<̇T1 ∨ ∃̃T2<̇T3

7 According to ECK1, each holds expression must have an associated initiator. In
the Event Calculus, the initial situation is thus normally described by a particular
’dummy’ event in ∆ and DOM which introduces all the initial fluents. We have
omitted this for the purpose of simplification.

8 The correspondence of situations and time points has been used to compare ECK
and SITK [KS94].
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ECS restricts its models in such a way that a solution plan has to be correct
in all of its linearisations. In the absence of relevant temporal information, such
as in our previous example, ECS would not predict that the box is kept by
any of the robots — this is what we expect from any hearer who requires more
information in order to resolve a story. But this restriction comes at the high
price of a computationally intractable semantics!

For our example, we can construct two minimal ECS models which differ
in the validity of statements: one in which rob1 successfully picks up box1, thus
rendering the action of rob2 non-effective, and one in which the opposite is the
case. To give this a semantic basis, we deploy the notion of three-valued models
(cf. [Kun87]). The minimal three-valued ECS model of our example hence leaves
the truth values for preconditions and effects of both pickup actions ‘undefined’
(0.5).

Undefinedness gives a natural interpretation to the ECS behaviour. Never-
theless, it is computationally intractable: in a minimal three-valued model, the
conditions for |=1 and |=0 turn out to be computable, but |=0.5 describes the
case in which an inference procedure cannot decide and does not halt9. In other
words, inference procedures will steadily loop (‘flounder’) between the minimal
two-valued models. Especially during planning within ignorant agents, such as
the forklifts in the loading dock, such cases could appear rather often and ‘paral-
yse’ the agents forever.

Different semantics, such as stable models [GL88] and well-founded mod-
els [GRS88], have been proposed to allow for more useful inferences, at the same
time keeping the expressiveness of the LP framework. We could adopt such
semantics for ECS as well. However, this would require special inference proce-
dures, which would be difficult to implement using standard platforms for logic
programming, such as constraint-based languages.

Instead, we have taken in [JFB96] the pragmatic approach to refine the cal-
culus in order to allow for unique two-valued models, again. At first sight, this
is in conflict with a purist view on Cognitive Robotics. It is however justified as
long as the calculus keeps its intuitive form, that is to say the extensions have
a declarative reading. This argument will be used again when talking about
representational extensions in the following section.

The crucial observation of [JFB96] was that, instead of running into mutual
dependencies, some sort of pessimistic worst-case analysis has to be performed
by the calculus, that is to say to apply the most conservative notion of a partially
specified planning solution that is available. A first approach is thus to omit the
precondition checks invoked by the clipped axioms. This way, any action, even if
its preconditions are not valid, could threaten the persistence of some fluent and
requires efforts from the agent in order to re-establish the wanted effect. Such
efforts could be to strengthen temporal constraints or to insert repair actions.
This scheme does not however allow the incorporation of immediate counter-
measures to ‘neutralise’ adversary actions in advance. To be able to do things

9 |=1≡|=, |=0≡ not |=, and |=0.5≡ undefined
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like that would be desirable in non-cooperative multi-agent system applications
[EM91].

We now define

ECJ ::= ECJ1 ∧ . . . ∧ ECJ4 ∧ ECS3 ∧ ECK3 ∧ . . . ∧ ECK5

which just focuses its worst-case analysis on mutual dependencies, and thus
is able to reason about the preconditions of persistence destroyers as well. ECJ
predicates, such as holds , are extended to keep book about the visited events in a
causal chainC (using a list representation, for example C =̇cons(e1, cons(e2,. . .))),
the current worst case B , and the event E that is currently under consideration:

(ECJ1)

∀̃holds(F ,T1,C ,B ,E ) ≡ ∃̃member(E ,C ) ∧ B=̇1̇
∨ ∃̃¬member(E ,C ) ∧ happens(E2,A,T2)
∧initiates(A,F ,T2, cons(E ,C ),B ,E2)
∧T2<̇T1 ∧ flip(B ,B2)
∧¬clipped(F ,T2 ,T1,C ,B2,E )

(ECJ2)

∀̃clipped(F ,T1 ,T2,C ,B , E ) ≡
∃̃happens(E2,A,T3)
∧terminates(A,F ,T3, cons(E ,C ),B ,E2)
∧¬out(T3,T1,T2)

(ECJ3) ∀̃flip(B1,B2) ≡ ∃̃B1=̇1̇ ∧ B2=̇0̇ ∨ ∃̃B1=̇0̇ ∧ B2=̇1̇

(ECJ4)
∀̃member(E ,C ) ≡ ∃̃C =̇cons(E ,C2)∨

∃̃C =̇cons(E2,C2) ∧member(E ,C2)

ECJ allows the same kind of reasoning as ECS unless one is trying to prove
the precondition of some event E in ECJ1 which has already been entered into
that list (the member predicate in ECJ4). Then, we have detected some causal
cycle and the worst case assumption must be applied: the worst case is indicated
by the additional parameter B which can take either of the values 0̇ and 1̇. For
example, on the one hand, the worst case for wanting to demonstrate the validity
of an effect is that the precondition of its initiator does not hold (0̇). On the other
hand, the worst case for demonstrating the persistence of some fluent is that a
possible destroyer successfully terminates that fluent (1̇). Hence, B is flipped
(ECJ3) each time it crosses a negation in the calculus. The ultimate goals for
ECJ start with an empty causal chain nil and refer to a ‘dummy’ consumer E ,
for example holds(category(box1 , guns), t3,nil , 0̇,E ). Also the domain description
DOM is correspondingly extended:

(DOM )

∀̃initiates(A,F ,T ,C ,B ,E ) ≡ ∃̃F =̇holding(Rob,Box )
∧A=̇pickup(Rob,Box )
∧holds(at(Box ,Area),T ,C ,B ,E ) ∧ . . .

∀̃terminates(A,F ,T ,C ,B ,E ) ≡ ∃̃F =̇at(Box ,Area)
∧A=̇pickup(Rob,Box )
∧holds(at(Box ,Area),T ,C ,B ,E ) ∧ . . .
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The proof of the well-definedness of ECJ uses the following argumentation:
any undefined value in a minimal three-valued ECJ model can only affect the
defined predicates holds , clipped , initiates , and terminates and results in an
infinite sequence of undefined holds values that incrementally build up a causal
chain. For any given narrative, this chain then must have a cycle. From the
definition of the calculus, it follows that the appropriate holds value must be
either 1 or 0 (Proposition 1). Since this prohibits any proper minimal three-
valued model for ECJ , we can derive the uniqueness of an appropriate minimal
two-valued model (Theorem 1). Using a similar argumentation, Theorem 2 shows
that any statement valid in the worst case (0̇) is also valid in the optimistic case
(1̇). The proofs can be found in [JF01].

Proposition 1 (Three-Valued Minimal Models of ECJ ). Any minimal
three-valued (Herbrand) model M of ECJ is already a two valued model of ECJ .

Theorem 1 (Unique Minimal Two-Valued Model of ECJ ). ECJ has a
unique minimal two-valued (Herbrand) model

M |=2 Comp(ECJ1 ∧ . . . ∧ ECJ4 ∧ ECS3 ∧∆ ∧ I ∧DOM )∧
CET ∧ ECK3 ∧ ECK4 ∧ ECK5

Theorem 2 (Treatment of Worst Case in ECJ ). Let M be the minimal
(Herbrand) model of ECJ :

M |= ∀̃holds(F ,T ,C , 0̇,E ) ⊃ holds(F ,T ,C , 1̇,E )

Due to its expressiveness and computational properties, ECJ has been suc-
cessfully applied in the context of the original InteRRaP architecture and the
automated loading dock by standard LP techniques [JFB96]. Especially the abil-
ity to treat partially-ordered multi-agent plans has been a key requirement to en-
code the delivery tasks and the necessary coordination between forklifts. [Sha97a]
has shown that abductive inferences with the Event Calculus closely mirror the
behaviour of partial-order planning algorithms, giving a declarative meaning to
concepts such as protected links, threats, clobberers, and the promotion and
demotion of clobberers. In recent years, several alternative narrative-based for-
malisms have been developed for dealing with the frame problem. The temporal
action language (TAL) [DGKK98, San94], for example, grew out of an evalua-
tion framework for action logics. It is currently applied in the off-line verification
of an unmanned airborne vehicle. However, it has not yet been integrated into
on-line decision making.

3 Abstraction in the Event Calculus

With the core formalisms of SSA, SUA, ECJ , and TAL, the practical im-
pact of Cognitive Robotics has been sufficiently demonstrated and the frame
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problem seems to be solved today. Research now focuses on other aspects,
such as indeterminate effects [Sha97b, BT97, Lin95], simultaneous actions
[Sha97c, BT94, LS95], the modelling of continuous actions [Sha90, HT96], and
the incorporation of state-constraints and side-effects of actions (the ramification
problem [Thi97, KM97]).

These extensions develop increasingly sophisticated, thus increasingly ex-
pensive reasoning machines without worrying about the foremost requirement
of situatedness both for agents as well as for particular reasoning modules inside
agents: the need for making early and approximate decisions. Our experiments in
[JFB96], for example, have demonstrated that an ECJ -based planner is able to
navigate a forklift’s behaviour-based layer, but only if the timing requirements
are not too tight. Otherwise, the planner takes too long at computing future
details, such as complete navigation paths, for influencing the fast reactions at
the behaviour-based layer in time.

Instead of being occupied with details, a reasoner should be able to first treat
the important issues of the problem, hence to solve its problem approximately.
Later, this solution sketch should be refined into a detailed result. This is the
idea of anytime algorithms [BD94]. In a logic-based setting, abstract represen-
tations are intuitive means to indicate which features of the original problem
specification are most important and to hide other information for later incor-
poration [tTvH98]. For planning systems, this has been most reasonably argued
by [Sac74]. Because abstract representations are organised in a decomposition
hierarchy, we often speak of hierarchical planning. In hierarchical planning, ab-
straction can be applied to fluents (situation abstraction) and narratives (action
abstraction). The latter subsumes the former if regarding initial situations and
goals as ‘dummy’ actions with no preconditions or no effects, respectively.

Abstraction planning is useful for interleaving planning and action in real-
time architectures [WHR96]. Figure 5 shows an extract of a forklift’s representa-
tion hierarchy in which two transport actions are performed concurrently. From
an abstract viewpoint, transport is defined as an opaque action with precondi-
tions and effects that describes the movement of the robot and the delivered
box. Hereby, transport loses information about particular fluents which have to
do with the robot’s positioning (areas of the loading dock, their reachability) and
with the robot’s ability to pick and drop a box. The transport macro also loses
information about its complex temporal sub-structure that consists of two se-
quential sub-actions which are macros by themselves (search the box and deliver
it to a free destination, searchFree).

transport allows one to quickly connect a delivery goal with the current situ-
ation. Using this decision as a kind of ‘promise’ for being able to solve the goal,
a planner could already commit to certain actions, for example by influencing a
forklift’s behaviour-based layer to move the robot to the initial area of the box,
while still refining transport on the next level of representation, for example to
insert pickup and drop actions and to develop a complete navigation path to the
destination.
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Fig. 5. An Abstraction Hierarchy

Thus, both for a planning module inside InteRRaP and for a single decision-
making agent, abstract representations are a useful tool. Put in a more general
context, any rational agent and any situated reasoning process must always be
aware that its representations are in fact abstractions of the real world. To cater
for this aspect, a declarative foundation for abstraction hierarchies in Cognitive
Robotics has to be found. One prerequisite, the composition of primitive ac-
tions into macro actions, has already been discussed for most of the core calculi
[LRL97, San94, Dav96, EHT96]. In these extensions, macros are not allowed
to have effects by themselves. Causal reasoning is still performed at the most
concrete level of representation. Shanahan [Sha97a] goes further by introducing
effect axioms also for macro events. Still, his macros are not to be called abstract,
since their effects must be logically equivalent to the lower level axiomatisation.
By this design, macros do not really loose information which gives no advantage
for enabling approximate reasoning.

It is the loss of information that makes real abstractions a non-trivial
concept for logic-based treatment. In the example of Figure 5, the conclu-
sion at(Box1,Area2) is provable at a high level of abstraction. But this con-
clusion cannot be necessarily made at the next lower level of abstraction,
since, for example the delivering robot could already be occupied with some
other box (¬holds(handempty(Rob1), . . .) alternatively written as the dual flu-
ent holds(handempty (Rob1), . . .)) which we have not taken into account before
and which requires additional efforts, for example to drop the carried box, in or-
der to install the wanted result. Hence, treating macros by purely semantical or
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inferential means, such as above approaches promote to preserve their minimal
ontology, would require some sort of non-monotonic reasoning principle.

Now we return to our previous argument in the context of ECJ . Why not
extend the calculus in order to explicitly deal with abstractions if this allows
for an intuitive construct (accessible by an agent programmer) and at the same
time for a broader implementability because of standard interpretations?

The contribution of this article is to introduce causally-effective macros at
separate levels of abstraction into a logic theory of action and time which we
call the Hierarchical Event Calculus (HEC ). We chose the Event Calculus, in
particular ECJ , as the basis because of our positive experience with its narrative-
based reasoning in multi-agent settings. It will turn out that, similar to the
relation between Event Calculus and partial-order planning, there is a one-to-one
correspondence between HEC inferences and hierarchical partial-order planning.

3.1 Prerequisites

Representing macros and levels of abstraction in the Event Calculus needs a few
prerequisites which we would like to discuss before giving their formalisation.
From these, it will be apparent that HEC keeps an intuitive reading, whilst
unveiling and addressing a deeper problem in reasoning about causality that is
also inherent to single-level approaches, such as ECS .

Duration: In ECK , ECS , and ECJ , events are ideally regarded as instantaneous.
When switching to macro actions, such as transport , this idealisation does not
hold anymore.

Since macros are complex compositions of temporal substructures, for exam-
ple they are possibly long-lasting configurations of underlying reactive processes,
they must have a positive duration. Therefore, events must be assigned a time
interval consisting of a start time point and an end time point. The end time is
greater or equal to the start time.

Preconditions: In ECK , ECS , and ECJ , preconditions are valid iff they are
provably present at the start time of the respective instantaneous event which
is equal to its end time. In HEC , events represent opaque substructures with
duration. Thus, it is not possible to prove preconditions just at the start of some
action, such as to check free(Area2) just at the beginning of a transport .

Worst-case assumptions are the right tool to deal with the absence of further
information at this level of reasoning: in the worst case, preconditions are needed
by some sub-event of the macro which is located quite at the end (for example
searchFree in transport). Hence, it is safe to speak of a valid precondition iff it
has been demonstrably initiated before the start of the macro and is not clipped
until its very end. For example, we need to ensure that until the end of transport ,
no concurrent activity is able to put a different box on the last free space of the
envisaged shelf, hence does not terminate free(Area2).
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Fig. 6. Causal Cycles Lead to Partially Undefined Models

Effects: When do effects become visible? Similar to the consumption of a precon-
dition, the effect of a macro (for example at(Rob1,Area2) in transport) could be
produced by some sub-event relatively late with respect to the overall duration
(here: searchFree). Thus, we cannot assume that effects are visible before the
very end of some action.

On the other hand, effects could as well be caused by some sub-event rather
early in the course of the macro, such as at(Rob1,Area0) being terminated by
search. Therefore, the persistence of preconditions is violated right from the be-
ginning of some initiating action. On the other hand, terminating effects violate
the persistence of preconditions right from the beginning of a destroyer event.
Using these conservative rules, we take as much care as possible of the further
refinement of an abstract plan.

Causality: Interestingly, a special version of the above worst-case assumptions
has already been presented in the ECK and ECS calculi. ECK and ECS state
that initiators have to happen before (<̇) the consumption of their effects while
destroyers already influence simultaneous settings (≤̇).

The inherent possibility of running into causal cycles with that design leads to
the computational intractability of ECS by partially undefined minimal models.
A possible fix is the requirement that no two actions can happen simultaneously
[KS94]. For HEC , this restriction is too strong, since actions have durations and
could be interleaved (Figure 6).

Hence, we employ the solution of ECJ not as a purely practical issue to
reestablish well-definedness, but also as a deeper question with respect to the
applied causality principle: what ECJ already anticipated and what is taken
over to HEC is, in a nutshell, the naive physical stance that excludes any effect
from altering its own cause, any event from influencing the validity of its own
preconditions.
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Dual Fluents: Relying on the completion of partial information and worst-case
analysis, our calculus distinguishes between not being able to demonstrate the
validity of a fluent (¬holds(at(Rob1,Area0), t , . . .)) and being able to demon-
strate that it is not valid (the dual fluent holds(at (Rob1,Area0), t , . . .)). It is
sometimes convenient to talk about the latter case in preconditions, thus we
extend the calculus to reify duals and to treat them symmetrically. For example,

¬holds(at(Rob1,Area0), t , . . .) ∧ ¬holds(at (Rob1,Area0), t , . . .)

should be satisfiable as a matter of ignorance, the following not

holds(at(Rob1,Area0), t , . . .) ∧ holds(at(Rob1,Area0), t , . . .).

Level of Abstraction: So far, we have concentrated on durable and information-
losing macros. Once obtained, the representation of levels of abstraction nearly
comes for free: predicates are simply annotated with abstraction-level terms, for
example one term referring to transport and corresponding fluents, one level re-
ferring to search, searchFree, pickup, and drop and their respective fluents. In
this way, we can express fluents which are valid at a particular level of abstraction
(holds(at(Box2 ,Area2), t , . . . , l2) where this does not necessarily imply that they
are valid at a different level (holds(at(Box2 ,Area2), t , . . . , l3). The reasoning at
different levels is however not completely separated: an operation which performs
the (de-)composition of representations is added and installs the connection be-
tween abstract macros and primitive sub-events, between high-level fluents and
more concrete state descriptions. This (de-)composition performs bidirectionally,
hence serves as a declarative foundation for decomposing approximate plans into
refined decisions and for reconstructing high-level intentions from piecewise ob-
servations.

3.2 The Hierarchical Event Calculus

We now incrementally formalise the Hierarchical Event Calculus
HEC ::= HEC1 ∧ . . . ∧ HEC5 ∧ ECJ3 ∧ ECJ4,

HEC6 ∧ . . . ∧ HEC12 ∧ ECK3 ∧ ECK4
In the following HEC1 definition, holds takes seven arguments which denote

the envisaged fluent, two subsequent time-points between which we would like
the fluent to persist, a causal chain, the worst case flag, the event whose precon-
ditions are currently under consideration, and the current level of abstraction. It
is to read as follows: the fluent holds at a particular level of abstraction immedi-
ately before the beginning of the indicated interval and it is exclusively affected
by the event under consideration throughout the whole interval. HEC1 provides
a special interface to an initial situation I by using the predicate initially (see, for
example [Sha97a]). Since we assume the initial situation to happen at the very
earliest time-point in the narrative, a special version of persistence (iclipped) is
used. The effects of actions are introduced by a single predicate (causes) that is
defined in the domain axiomatisation DOM . Both initially and causes operate
on fluents and dual fluents.
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(HEC1)

∀̃holds(F ,T1,T2, C ,B ,E ,L) ≡
∃̃T1≤̇T2 ∧member(E ,C ) ∧ B=̇1̇
∨ ∃̃T1≤̇T2 ∧ ¬member(E ,C ) ∧ initially(F ,L)
∧ flip(B ,B2) ∧ ¬iclipped(F ,T2 ,C ,B2,E ,L)
∨ ∃̃T1≤̇T2 ∧ ¬member(E ,C )
∧ happens(Ei ,Ai ,T3,T4,L) ∧ T4<̇T1

∧ causes(Ai ,F ,T3,T4, cons(E ,C ),B ,Ei ,L)
∧ flip(B ,B2) ∧ ¬clipped(F ,T3 ,T2,C ,B2,E ,L)

The clipped predicate in HEC2 is also extended by the current level of ab-
straction L. Since it is defined over fluents and dual fluents, a destroyer is now
identified by its causing the dual fluent — the dual predicate defined in HEC3
uses the function symbol not to switch between the two fluent versions — and by
its not being disjoint (the disjoint predicate defined in HEC4) with the proper
persistence interval. Since any event should not be able to alter its own precon-
ditions, a destroyer furthermore must be different from E . This coincides with
our above remark about holds in which only E , if any event, is able to affect the
fluent throughout the persistence interval.

(HEC2)

∀̃clipped(F , T1,T2,C ,B ,E ,L) ≡
∃̃happens(Et ,At ,T3,T4,L) ∧ ¬Et =̇E ∧ dual(F ,F−)
∧ causes(At ,F−,T3,T4, cons(E ,C ),B ,Et ,L)
∧ ¬disjoint(T1 ,T2,T3,T4)

(HEC3) ∀̃dual(F ,F−) ≡ ∃̃F =̇not(F−) ∨ ∃̃F−=̇not(F )
(HEC4) ∀̃disjoint(T1,T2,T3,T4) ≡ ∃̃T2<̇T3 ∨ ∃̃T4<̇T1

HEC5 defines iclipped which checks the defect of persistence between the very
beginning of the narrative and any time-point T1. The temporal constraints in
HEC2 simplify in this case and forbid a destroyer to start after T1.

(HEC5)
∀̃iclipped( F ,T1,C ,B ,E ,L) ≡

∃̃happens(Et ,At ,T3,T4,L) ∧ ¬Et =̇E ∧ dual(F ,F−)
∧ causes(At ,F−,T3,T4, cons(E ,C ),B ,Et ,L) ∧ ¬T1<̇T3

The following axioms (HEC6 – HEC9) relate neighbour levels of abstraction.
We assume that there exist (de-)composition operations decomposeMacro and
decomposeHolds which are defined in DOM and which describe the correspon-
dence of higher-level representations (macro actions and abstract fluents) with
more primitive occurrences (sub-events and more concrete fluents). Intuitively,
there should be an equivalence between happens and decomposeMacro which we
do not immediately express as a definition. Rather, we use two separate con-
straints (HEC6 and HEC8) for ‘maintaining the integrity’ of the given abstrac-
tion hierarchy. Abstract holds statements are subject to information loss. Hence,
lower-level fluents will imply the occurrence of higher-level ones (HEC9), but not
vice versa. For the opposite direction, we determine a weaker relation (HEC7)
which just focuses on the initial situation I and requires a decomposeInitially
definition in DOM analogous to decomposeHolds .
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(HEC6) ∀̃happens(E ,A,T1,T2,L) ⊃ ∃̃decomposeMacro(E ,A,T1 ,T2,L)
(HEC7) ∀̃initially(F ,L) ⊃ ∃̃decomposeInitially(F ,L)
(HEC8) ∀̃decomposeMacro(E ,A,T1 ,T2,L) ⊃ ∃̃happens(E ,A,T1,T2,L)

(HEC9) ∀̃decomposeHolds(F ,T1 ,T2,nil , 0̇,E1 ,L) ⊃
∃̃holds(F ,T1 ,T2,nil , 0̇,E2,L)

Finally, we add three constraints HEC10, HEC11, and HEC12 which state
that each event has a positive duration and is unique with respect to its action
type, its duration, and its level of abstraction, and that the initial situation
must be consistent with respect to dual fluents. The background theory of <̇ is
borrowed from ECK (ECK3 and ECK4).

(HEC10) ∀̃happens(E ,A,T1,T2,L) ⊃ ∃̃T1≤̇T2

(HEC11)
∀̃happens(E ,A1,T1,T2,L1) ∧happens(E ,A2,T3,T4,L2) ⊃

∃̃A1=̇A2 ∧T1=̇T3 ∧T2=̇T4 ∧ L1=̇L2

(HEC12) ∀̃initially(F ,L) ∧ initially(F−,L) ∧ dual(F ,F−) ⊃ ∃̃⊥

3.3 Domain Representation and (De-)Composition

A narrative in HEC (see our example in Figure 5) is a set of facts of the form

∆ ::= happens(e1, transport(rob1, box1, parking, truck , shelf3), t1, t2, l2)∧
happens(e2, transport(rob2, box2, parking, shelf1 , truck), t3, t4, l2)∧
happens(e3, search(rob1, box1, parking, truck), t5, t6, l3) ∧ . . .∧

t1≤̇t5≤̇t6≤̇t2<̇t7≤̇t8 ∧ t3≤̇t4<̇t7 ∧ . . .

Before we had to encode the initial situation I within the narrative and the
domain description DOM , this is now much easier to specify using the initially
predicate:

I ::= initially(at(box1 , truck), l2) ∧ initially(at(rob1 , park), l2)∧
initially(free(shelf3), l2) ∧ initially(at(box1 , truck), l3)∧

initially(handempty(rob1 ), l3) ∧ . . .

Domain-dependent situation abstraction is encoded by means of the following
definition of decomposeHolds (and an analogous definition of decomposeInitially)
in DOMSAB . It relates particular fluents at higher levels of abstraction to fluents
at a more primitive or the same level of abstraction. For example, the occupancy
of areas within the loading dock can be inferred from more concrete positioning
data with respect to landmarks (atPos). For example, ahead can be derived from
positioning and orientation. The decomposition of most of the primitive fluents
is simply �.
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(DOMSAB)

∀̃decomposeHolds(F ,T1 ,T2,C ,B ,E ,L) ≡
∃̃L=̇l3 ∧ F =̇at(Object , truck)
∧holds(atPos(Object , 1̇, 1̇),T1,T2,C ,B ,E , l4)
∨∃̃L=̇l4 ∧ F =̇ahead(Rob,Box ) ∧ X1=̇X2 ∧Y2=̇+̇(Y , 1)
∧holds(atPos(Rob,X1,Y1),T1,T2,C ,B ,E ,L)
∧holds(orient(Rob,north),T1 ,T2,C ,B ,E ,L)
∧holds(atPos(Box ,X2 ,Y2),T1,T2,C ,B ,E ,L)

. . .

As for HEC ’s ancestor calculi, DOM contains the causal effects of actions
DOMCAU . These are defined through a single causes predicate which assigns
both fluents (at(Box ,Area1)) and dual fluents (not(at(Rob,Area0))) as the result
of executing an action under particular (positive or negative) preconditions.
causes distinguishes actions according to different levels of abstraction, that is to
say the same action type, such as pickup, could have more abstract preconditions
and effects at a higher level than at a lower level of abstraction, such as the atPos
fluent which does not become apparent until level l4.

(DOMCAU )

∀̃causes(A,F ,T1,T2,C ,B ,E ,L) ≡
∃̃L=̇l2 ∧ A=̇transport(Rob,Box ,Area0,Area1,Area2)
∧F =̇at(Box ,Area2) ∧ holds(at(Rob,Area0),T1,T2,C ,B ,E ,L)
∧holds(at(Box ,Area1),T1,T2,C ,B ,E ,L)
∧holds(free(Area2),T1,T2,C ,B ,E ,L)
∨∃̃L=̇l2 ∧A=̇transport(Rob,Box ,Area0,Area1,Area2)
∧¬Area0=̇Area1 ∧ F =̇not(at(Rob,Area0))
∧ . . .
∨∃̃L=̇l3 ∧A=̇pickup(Rob,Box )
∧F =̇holding(Rob,Box )∧holds(at(Box ,Area),T1 ,T2,C ,B ,E ,L)
∧holds(handempty(Rob),T1 ,T2,C ,B ,E ,L)
∧holds(ahead(Rob,Box ),T1 ,T2,C ,B ,E ,L)
∨∃̃L=̇l4 ∧A=̇pickup(Rob,Box )
∧F =̇not(atPos(Box ,X1,Y1))∧
holds(atPos(Box ,X1,Y1),T1,T2,C ,B ,E ,L)
∧ . . .

The final task of DOM is to encode abstraction within the temporal narrative
by defining the decomposeMacro predicate (DOMAAB). A successful decomposi-
tion of a macro is most straightforwardly described as the occurrence (happens)
of corresponding sub-events at the next level of abstraction and the validity
of temporal constraints between their duration. In our example, the transport
macro decomposes into a sequence, that is to say a completely ordered set, of
sub-actions. It is possible that actions just decompose into more refined versions
of themselves, such as it is the case for pickup and drop from level l3 to l4.
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(DOMAAB)

∀̃decomposeMacro(E ,A,T1 ,T2,L) ≡
∃̃L=̇l2 ∧ A=̇transport(Rob,Box ,Area0,Area1,Area2)
∧happens(E1, search(Rob,Box ,Area0,Area1),T1,T3, l3)
∧happens(E3, searchFree(Rob,Area1,Area2),T4,T2, l3)
∧T1≤̇T3≤̇T4≤̇T2

∃̃L=̇l3 ∧ A=̇pickup(Rob,Box )
∧happens(E1, pickup(Rob,Box ),T1 ,T2, l4)
∃̃L=̇l3 ∧ A=̇drop(Rob,Box )
∧happens(E1, drop(Rob,Box ),T1 ,T2, l4)

. . .

Using the expressiveness of first-order logic, the (de-)composition predicates
can be converted into a powerful description tool. For example, arbitrarily inter-
leaved activities, such as the two delivery macros in Figure 5, can be described
in DOMAAB by loose temporal relations

∃̃happens(E1, transport(. . .),T3,T4, l2) ∧ happens(E2, transport(. . .),T5,T6, l2)∧
T1≤̇T3≤̇T4≤̇T2 ∧ T1≤̇T5≤̇T6≤̇T2

As [Dav96] has shown, DOMAAB implements the fundamental concepts of
a procedural programming language including concurrent statements, sequential
statements, recursion, and even conditionals. For example, the search macro can
be procedurally refined as

∃̃holds(at(Rob,Area1),T1,T2, l3) ∧ holds(ahead(Rob,Box ),T1 ,T2, l3)
∨∃̃happens(E1,moveArea(Rob,Area1),T1,T3, l4)∧

happens(E2, look(Rob,Box ,Area0,Area1),T4,T2, l3) ∧ T1≤̇T3≤̇T4

where moveArea and look are lower-level navigation ‘routines’.
This property of DOMAAB , namely the treatment of plans or narratives as

procedures, is the key to specify the complex intentions of agents. This is of
course not too surprising, since the definitions just lift the expressiveness of the
underlying logic programming. One may argue that the use of HEC is therefore a
trivialisation to the general application of logic programming to agent design. As
already argued in [McC63], the difference is that a logic ‘procedure’ and a logical
‘application of the procedure’ are now represented as reified terms of our theory
of time and action and hence subject to ongoing reasoning about explicit causal
and temporal relationships. This holds for the prediction of abstract situations
from given observations such as needed to build a knowledge base module, for
the task of a planning module to synthesise an intention from designer-given
pieces of behaviour, and for the plan’s on-line interpretation in interaction with
the environment within intention execution modules.

The final part of a HEC specification are the overall goals to be achieved
which are defined as a set of conservative holds expressions (sceptical mode
0̇, causal chain nil , ‘dummy’ consumer E1,E2) referring to different levels of
abstraction
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G ::= holds(at(box1, shelf3), t7, t8,nil , 0̇,E1, l2)∧
holds(at(box1, shelf3), t7, t8,nil , 0̇,E2, l3)

We then derive the framework DOM ∧ I ∧∆ |=HEC ∃̃G.

3.4 Well-Definedness and Other Properties

As we have explained in the case of ECJ , it is important to establish the com-
putational tractability of HEC with respect to partially undefined models. Since
the technique of dealing with mutual dependencies has been carried over to
HEC , the arguments and proofs are similar, if not identical. First, we have to
show that undefined predicates result in an infinite sequence of undefined holds
values incrementally building up a causal chain. The events referred to in that
sequence are introduced via happens facts in the narrative ∆. When a causal
cycle is present the definedness of intermediate holds predicates, hence the col-
lapse of the infinite sequence, can be shown (Proposition 2). This construction
also carries over to the worst-case behaviour of HEC (Theorem 4) from which
we finally can derive in Theorem 5 that dual fluents are treated as intuitively
expected: it is not possible to demonstrate the persistence of both a fluent and
its dual within the same pessimistic context. The details of the proofs of the
proposition and the theorems can be found in [JF01].

Proposition 2 (Three-Valued Minimal Models of HEC ). Any minimal
three-valued (Herbrand) model M of HEC is already a two valued model.

Theorem 3 (Unique Minimal Two-Valued Model of HEC ). HEC ′ has a
unique minimal two-valued (Herbrand) model

M |=2 Comp(HEC1 ∧ . . . ∧ HEC5 ∧ ECJ3 ∧ ECJ4 ∧∆ ∧ I ∧DOM )∧
CET ∧ ECK3 ∧ ECK4 ∧ HEC6 ∧ . . . ∧ HEC12

Theorem 4 (Treatment of Worst Case in HEC ). Let M be the minimal
(Herbrand) model of HEC:

M |= ∀̃holds(F ,T1,T2,C , 0̇,E ,L) ⊃ holds(F ,T1 ,T2,C , 1̇,E ,L)

Theorem 5 (Treatment of Dual Fluents). Let M be the minimal (Her-
brand) model of HEC:

M |= ∀̃holds(F ,T1 ,T2,C , 0̇,E ,L)∧Dual(F ,F−) ⊃ ¬holds(F− ,T1,T2,C , 0̇,E ,L)

4 Conclusion

Hybrid agents integrate different styles of reactive, deliberative, and coopera-
tive problem solving in a modular fashion. They are the prime device of (Dis-
tributed) Artificial Intelligence and Cognitive Science for realising a broad spec-
trum of simultaneous functionalities in application domains such as Artificial
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Life, (Tele-)Robotics, Flexible Manufacturing, and Automated Transportation.
This article we proposed a design methodology for hybrid agents which com-
bines two complementary approaches of Software Engineering and declarative
Cognitive Robotics at five interconnected specification stages: architecture, com-
putational model, theory, inference, and implementation. While we gave an in-
troduction to the complete methodology of agent design in the first section, we
concentrated on presenting a logic-based approach to describe deliberative pro-
cesses within a hybrid agent architecture in the rest of the article. The interested
reader can find the details of the overall framework as well as the proofs of the
theorems in [JF01].

A common declarative framework for describing the reasoning of unified
agents as well as of particular processes inside a hybrid agent has to handle
the representation of fluents, time, actions, and their inherent causal relation-
ships in an ‘executable’ first-order logic where possible. We presented the Hi-
erarchical Event Calculus (HEC) as an expressive theory that is derived from
the narrative-based formalisms of [KS86, Sha97a, Dav96]. Like the calculi of
[LRL97, Sha97a, Dav96], HEC reifies a procedural sub-language which is able
to synthesise and analyse the complex intentions of agents, such as behaviours,
plans, and protocols. Unlike [LRL97, Sha97a, Dav96], HEC explicitly deals with
multiple levels of abstraction that incorporate macro events with their own du-
ration, own effects, and own preconditions. This is to address the foremost re-
quirement of situatedness, which is the making of approximate inferences and
decisions.

For this purpose, HEC relies on standard logic programming for broad im-
plementability and exhibits useful properties, such as well-definedness, in rea-
soning about incomplete information. Just as the Situation Calculus is regarded
as the theory behind state-space planning, the Event Calculus has been shown
to declaratively mirror the computation of partial-order planning à la UCPOP
[Wel94], HEC provides a formal basis for expressing the abstraction planning
of, for example, hierarchical transition networks [EHN94], and, in general, for
expressing all the InteRRaP processes, such as mental models, reflexes, and
protocol execution in an inferential setting.
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Abstract. This article highlights an application in the area of decision
support for planning transports in a railway company utilising constraint
logic programming and a flexible design which has been successfully
tested on real world data.

We discuss the problem formulation for the co-ordination of distinct sub-
problems, the allocation of track resources to transports, the allocation
of vehicles to transports, and the allocation of personnel to perform the
transportation tasks in a railway company and the development of a
heterogeneous constraint model which is usable also for other production
planning problems.

Using constraints as the key technology, we discuss approaches to find
interfacing principles to combine several solvers.

1 Introduction

This paper describes a practical application of constraint logic programming
[31, 49] developed during a few years by a group at SICS AB in co-operation
with the strategic development unit of SJ and Green Cargo AB, a company
handling goods transports for the Swedish railway. The paper is an overview of
the project, the architectural considerations that were of interest in the system
design, and a discussion on use of the techniques. More details can be found in
the different reports produced in the project [4, 32, 36, 37, 39, 52]. References
to other work in this area are introduced in the text.

1.1 Organisation of This Paper

The paper starts with an introduction to the project in section 2. The prob-
lem of resource allocation is discussed in section 3 followed by section 4 on the
scheduling sub-problem and section 5 on the rotation sub-problem. In section
6 we discuss architectures for co-ordination problems, with section 6.2 on the
particular co-ordination problem occurring in railway planning. The concept of
abstraction is discussed in section 7. In section 8 we discuss the main techniques:
constraint programming (section 8.1), and OR-techniques (section 8.2). For the
latter case we discuss network flows, and Lagrange-relaxation. The section on
techniques is finalised in section 8.3 with a discussion on the relation of OR-
techniques to constraint programming.
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2 The Project

The problem is characterised by a more or less fixed track net and by the divi-
sion into sub-problems that are traditionally used in production planning in the
railway industry.

The project has built an interactive tool that contains specialised solvers
for sub-problems and mechanisms to subdivide, abstract and refine problem
specifications. In a general perspective the fundamental mechanisms can be the
core of a framework for decision support systems for a large class of complex
technical systems. The used platform consists of SICStus Prolog [20] for some
novel global constraints, CPLEX for OR-based solvers, and Mozart-Oz [29] for
co-ordination of the solvers.

The software produced in the project can be understood as a support system
for a manager responsible of the planning task. A fundamental property is that
planning steps can be iterated since the input and output data have the same
format. This allows successive planning steps where new orders are added to
those that have already been given resources, even though this approach excludes
the finding of optimal plans/schedules. This type of problem solving strategy
where a sub-problem is partially solved in order to constrain the search space
for a subsequent planning step is sometimes named iterative planning.

One goal of the project is to enable a uniform access model of the information
in a set of spaces which might use e.g. different constraint models. From the
perspective of the user (or a control program) the different spaces should ideally
appear as a single one. Furthermore the access model should offer a common
information model and a uniform language for access and modification of the
spaces.

2.1 Decision Support

Decision support systems for planning activities in companies have been built
using logic programming systems [4, 36, 38, 39, 54]. Essential to the success of
such tools is the use of constraints and the construction of intuitive user interfaces
as well as modifiability. Production plans can be interactively improved and
optimised, leading to dramatic cuts in overheads.

Planning of the complicated and numerous activities of a supplier of transport
services must for many reasons use manual decisions at decisive points. A decision
support system is not intended to replace the expert who makes these decisions
with a program, but rather to release him/her of the burden of routine decisions
and to supply as good a decision background as possible.

The problem can also be divided into sub-problems. Each problem solving
component could be seen as a separate planning agent (see section 6). This
clarifies the decision process where users with different areas of responsibility
co-operate, each with limited knowledge of the detailed models of the others,
and according to common (agreed or centrally dictated) criteria build a working
tactical plan.



Heterogeneous Scheduling and Rotation 657

In spite of this there are also significant gains to be made in the co-ordination
of decisions that clearly affect several parts of the activity. Planning components
should be capable of communicating suggested solutions and local costs, and
working with different levels of abstraction. With this approach it is natural
that a user inspects the results and controls the direction in which the system
should proceed, which methods to apply etc.

3 Resource Allocation

Resources can in general model a wide variety of entities, for instance processing
equipment in a production process, a packet router in a communication network,
personnel, vehicles, track links, shunting yards, buffer areas in a transport net
for goods, etc.

An important goal of the overall planning is to diminish the total cost for
using resources. This puts the focus on the problem of co-ordinating the planning
processes involved in time-tabling and allocation of resources in railway nets
[39, 4]. The three most important of these resources are track time slots, engines
and travelling personnel.

3.1 Railway Networks

A railway network is a graph where the nodes are locations, places where sig-
nificant operations can occur, and the arcs are tracks. The operations are for
instance meeting between trains using the same part of the net in different
directions, overtaking of slower trains by faster ones, waiting for safe security
distances to be achieved, unloading of cargo, reassignment of engines, cars and
personnel etc. There is internal state in the nodes, which for some sub-problems
can be abstracted away, such as information about exactly which tracks are con-
nected and how they can be used. The arcs are either directed or undirected.
Allowed paths in the network are predefined.

The network representation used in the project contains for each station a
maximum number of trains allowed to be simultaneously present at the station.
This limit is expressed as a cumulative constraint [1].

3.2 Production Planning in the Railway Industry

Production planning in the railway industry involves the planning of train move-
ments given a specification of (train-)trips. In order to be executable, each trip
must get allocated track time slots for certain time intervals, vehicle resources
that can perform the movement and traveling personnel, foremost engine drivers.

Trips model individual trains traversing the network. Suitable paths for a
given trip are given by the user. The set of trips that are needed to satisfy
a certain transport requirement, the train orders, is decided in advance and
represented for instance as a number of trip specifications stating demands on
time points of departure and arrival.
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In the project a specification language is used to express the trip specifica-
tions. The paths that are to be traversed by a given trip is completely determined
by such a specification. The language allows the expression of more or less ex-
act time specifications and for stops at arbitrary places in the path of a train,
and the specification of all the information required by the different planning
components, including recurrent (for instance hourly, daily or weekly) trips. A
graphical tool was developed to support this process.

A task represents the traversal of a track by an individual trip. With each
task is associated a unique identifier and the departure time and waiting duration
at the origin of the traversal. Each task has a traversal duration representing
the minimum time distance between the departures of any two trips traversing a
track in opposite directions and another duration called headway, the minimum
duration after a trip departs from or arrives at a location in the network before a
following trip running in the same direction on the same track may depart from
or arrive at that location. These parameters are determined from the length of
the track and the speed parameters of the track and the trip.

In general one would like to generate specifications starting from descriptions
of transportation needs given as flows. Methods to solve such problems have been
developed in operations analysis. For an excellent survey see [14].

4 Scheduling

A scheduling problem consists of a number of tasks utilising resources. A task
has restrictions on start time, stop time and time extension. Often the tasks are
partially ordered. A totally ordered subset of tasks is often called a job. Each
task uses one or more resources during certain time intervals.

A schedule is the result of assigning values to the time points and durations
associated with each task in a plan so that no limitations on resource usage are
violated. A plan specification denotes a (set of) schedule(s) in terms of a given
network and a specification of the required set of train trips to be performed.
This specification allows limiting the arrival, departure and waiting durations for
arbitrary locations in the path of a trip. The result of this phase of the planning
is a completely determined time table.
The railway scheduling problem can be concisely stated thus:

Schedule a set of train trips over a fixed network of pre-determined paths
where trains travel through a network with mixed double and single
tracks connecting nodes where trains can meet and overtake while main-
taining reasonable bounds on waiting time.

Scheduling is in general a very difficult computational problem [26]. Neverthe-
less the many practical applications for methods in this area make it fairly well
studied [28, 3]. Railway scheduling is normally treated with OR-techniques [22],
but recently such problems have been successfully modelled and solved with con-
straint programming [39, 53]. Many of the best approaches to solving scheduling
problems during the latest ten years have been introduced as global constraints
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[6, 7, 16, 17, 19]. We refer to [39] for more details of the finite domain constraint
model used in the prototype scheduler used in the project.

4.1 Job-Shop Scheduling

The simple case where the network consists only of double tracks can be modelled
as a job-shop scheduling (JSS) problem [5, 6, 17, 18] viewing train trips as jobs
and tracks as resources. Each train trip traversing a track represents a task where
the traversal duration is taken as the task extension. Thus the trip scheduling
problem can be viewed as a job-shop scheduling problem with release times and
either sequence dependent durations [12, 13] or sequence dependent setup times
with fixed durations [35, 40, 55, 56, 62].

5 Rotation

Rotation is the problem of assigning resources (engines, personnel etc.) to per-
form transportation tasks. Some types of tasks can be understood as cyclic pro-
cesses or flows. One aspect of a resource rotation problem is the determination
of the movement of the resources as circuits, that is cyclic routes in a graph.
Another is the allocation of individual resources to tasks, often called rostering.
The references [11, 27, 46, 51, 57, 58, 59, 60] put the problem in context.

5.1 Rotation of Engines

A distinct sub-problem is that of determining engine rotations describing the
route of each engine through the net. The solution makes sure that each trip
is allocated an engine from departure to arrival. This also involves determining
passive transports of engines where an engine is moved from the place of arrival
for one trip to the place of departure of the next trip of its rotation. This passive
transport can either occur through the engine itself moving via free track time
slots to the place of departure of its next task (empty train, a.k.a. “deadhead”)
or through the engine under certain conditions joining an already determined
trip (multiple trains, a.k.a. “twohead”). The latter is often preferred since the
cost of such a passive transport is most often lower than for “deadheads”. This
problem can be solved with traditional optimisation techniques given that a
fully determined timetable has been generated beforehand. If not, the problem
becomes significantly harder.

If an arc in the graph represents a turning of an engine from one trip to
another, the model is a classical network flow (see section 8.2 below) only if the
decision whether the arc satisfies the model can be made locally, that is indepen-
dent of other tasks (trips) than the two that the arc connects. In practice this is
rarely the case. In production planning for the railway industry two important
rotation problems occur that do not have this property:

– The problem to generate engine rotations without a fixed schedule
– The problem to generate circuits of a determined “length” for instance work-

ing periods with daily rest periods at fixed locations
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How hard it is to solve such problems depends strongly on the conditions
being posed on the arcs of the graph. If the condition can be determined locally
the problem can be modelled as a network flow. For certain problem structures,
such as determining rotations without considering different engine types, there
exist very efficient optimising solvers [2, 25] (see section 8.2 below). For instance
it takes just a few minutes to produce a full scale engine rotation plan when you
do not consider engine types. Considering different engine types, the problem
has a drastically different complexity [41] and an otherwise comparable example
takes up to five hours. In addition to the demands that are put on the engine
rotations there are constraints for the circuits (service periods) that are parts of
the rotations. These are for instance limited in length, typically requiring one of
two full days and nights, which complicates the problem considerably.

5.2 Rotation of Personnel

Finally personnel rotations must be generated. In the same way as in the case
with the engines the personnel must be at the right place at the right time in
order for the trip to be executable. Also personnel must sometimes travel “pas-
sively” for instance homewards for their daily rest. Furthermore there are addi-
tional limitations on the personnel rotations. These depend on legislation, formal
agreements and locally varying praxis and were not treated by this project.

6 Co-ordination of Planning Agents

Since many co-ordination problems are NP-hard in themselves and the inter-
action is complex, problem decomposition and careful analysis of the interde-
pendencies between sub-problems are necessary to handle real world problem
sizes.

Co-ordination problems are well known from for instance the car industry,
and are often referred to as supply-chain management [8, 42]. The problem is to
reduce as much as possible the storage of expensive semi-products and compo-
nents. The method to buy components from sub-contractors and to hold minimal
storage drastically reduces the cost of production but it also tends to increase the
sensitivity of the systems to disturbances. A certain co-ordination of production
plans is therefore often necessary to uphold security of delivery.

6.1 Agent Models

By sub-dividing a planning system into sub-problem solvers and specifying the
interactions between the different parts of the system a distributed software
model is achieved. Such models are nowadays often named agent models, espe-
cially if the different parts have a certain degree of independence. One reason to
use this design principle is to clarify the communication between different actors
(internal and external) and different organisational units. Another is to reduce
the impact of the inherent complexity of producing a plan.
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In general it is possible to make a division into agents in several alternative
dimensions. The choice of division is controlled partly by performance demands
on the planning and partly by organisational demands on the architecture of the
system. In principle the model could also be distributed to physically separated
locations in a computer network [23]. In the case where the purpose is to consid-
erably increase the performance by running the software on several computers it
is required that the problem can be divided in such a way that parallel compu-
tation is enabled. In an agent model where a plan manager is responsible for the
total cost optimisation, the different agents could be made more independent.

6.2 Co-ordination in Railway Planning

The above described railway transportation problems can be seen as three sep-
arate resource allocation problems. Traditionally the three sub-problems are
solved in sequence in a waterfall model containing a certain amount of man-
ual feedback.

The need to co-plan the use of different resources for each task puts the co-
ordination problem into focus. Firstly because of the size of the problem there is
a need to co-ordinate the construction of sub-plans for each of the three resource
problems, and secondly there are significant gains to be made by loosening the
strict order between the planning steps that are today the dominating approach
to solving the total problem. One example of this circumstance is the following:

Assume that a plan specification contains a certain slack in the time
specifications for departures and arrivals. Assume also that a solution
to the track allocation is fixed. This means that certain departures are
determined to time-points that occur in close proximity after some of the
arrival times for points of departure for other trips at the same station.
Then the same engine cannot be used to serve certain sequences of tasks
which in turn can destroy the possibility to efficiently use the vehicle
resources.

To keep as much as possible of the slack in departure times in the general
case evidently gives room to generate better rotations. Unfortunately the very
efficient traditional methods (network flows) to generate rotations break down
when the times are allowed to vary. This holds in general when the question of
whether a trip can be followed by another in a circuit cannot be determined
locally, that is with knowledge only about these two tasks.

Therefore it is necessary to use heuristic methods to generate rotations that
can be used to restrict (partially order) specifications in such a way that the track
time slot plans that are generated in accordance with this limited specification
allow us to form the circuits that are, in some sense, locally good. Optimal
rotations can then be generated for these track time slot plans in a traditional
way.
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Fig. 1. Agent Model Based on Resource Types

Modelling Train Planning with an Agent Model The rotation planner for
engines, together with the track allocation planner and their interfaces can be
seen as a minimal agent model, where the subdivision of planning agents is based
on resource types (figure 1). It divides the system as follows: The service produc-
ers generate train orders and negotiate contracts with customers, track allocation
planners supply track resources (generate time table), the engine planners sup-
ply engines (generate engine rotations) the personnel planners supply personnel
(generate personnel rotations) and the plan manager co-ordinates the negoti-
ations and maintain the total plan. The main aspect of agent modelling used
by the project is the translation between different representations for different
sub-problems. The agents are not running independently and automatically.

Other approaches to division of the planning/scheduling problem might be
useful, for instance regional where different planning agents schedule the local
plans on a regional level, train types or customer groups based on different re-
sponsibilities for the service salesmen.

7 Abstraction for Reducing Complexity

In order to achieve the gains that can be made by co-ordinating the shared-
resource usage of the local activities, it is necessary to handle problems with
different degrees of detail. The need arises to in a uniform and unambiguous
way move the point of view between these different levels. Typically a planner in
the agent model handles a specialised form of plan abstractions for the relevant
sub-plans representing limitations, cost estimates etc.

One way to attack the problem is to abstract from the given solutions to
a common problem description that keeps as much as possible of the locally
good properties of the sub-plans. An abstract (less fine-grained) model is needed
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to estimate the total costs at the strategic and central level and concrete and
detailed local cost measures for each sub-problem. The aim is to limit the local
choices so that they at least meet the elementary demands on the central level.
Another approach is to simplify the problem by for instance combining simple
resources to more complex ones in order to reduce the total set of tasks in a
given problem. In order for such abstraction techniques to be meaningful, an
abstracted problem should of course be simpler to solve than the problem you
would have had if you had combined the original problem descriptions to begin
with.

Descriptions of constraint spaces with different levels of detail should be
formally related. Such a formalisation must also allow a computationally robust
implementation. The abstraction of constraint expressions from different spaces
must guarantee that important information is not lost, or could be regained with
relative ease.

One practical way to handle the complexity is to abstract from the concrete
track net. This is done in the project by using the concept of headway to lift the
number of nodes in the net to just contain stations and crossings that actually
contain 5 000-10 000 exchanges, sensors and signals. For each given path it was
considered appropriate to schedule 10-100 points.

7.1 Task Hierarchies

When dividing a resource problem into smaller parts the need arises to merge
sub-plans generated locally with incomplete knowledge about the resource con-
flicts that occur when they are to be co-ordinated.

The approach of the project [37] is one that builds on a concept of task
that is organised in a hierarchy. Each primitive task and job is represented
as a task structure with an unambiguous sub-structure. A problem structure is
represented partly by such a task structure, partly by a (partial) order relation on
the individual tasks and their parts and finally partly by a formal representation
of the resources used by the tasks. Abstractions and concretisations are defined
as mappings on problem structures.

7.2 Abstraction of Time in the Scheduling Problem

Time points in the constraints are represented as finite domain variables in the
scheduler used in the project [39]. This means that the scheduling problem is
discrete. Since different parts of the network might have different loads there
is a possibility of generating a large number of redundant solutions with this
approach.

The traversal time parameter for an arc in the abstract network should cover
the longest possible time between the two nodes in the concrete network. This
might prohibit the finding of a schedule if the abstraction is applied on parts of
the network where there is much traffic. Two possible abstractions are investi-
gated in [32]:
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– Use fewer time points in the intervals described by the finite domain vari-
ables.

– Use a simpler network such that only those nodes where significant opera-
tions such as overturns, meetings and reallocation of engines or personnel
are allowed, are taken into account. A later phase can generate times for
stops at intermediate nodes.

A conclusion from these experiments is that the time required for scheduling is
up to four times shorter for the best type of abstraction than for the concrete
scheduling. Furthermore, the abstract scheduling requires less memory than the
concrete scheduling.

7.3 Planning Strategies

Mechanisms for abstraction and concretisation can in principle be combined in
complex patterns, called strategies. Such strategies can be used both to enable
planning of bigger problems that are possible to handle as a unit and to reduce
the required time for the planning by dividing the problem into smaller pieces.

A strategy can be used for instance to co-ordinate the results of several track
resource planning sessions. This is interesting for instance if remote trains travel
through a geographical area where also local traffic occurs, and can also be
used to merge solutions when planning tracks in geographically closely related
areas. Strategies need not to be limited to abstractions and concretisations, and
can furthermore be used to control the co-ordination between the different sub-
problems.

Planning Language In order to make it practical to use strategies it is required
that a strategy can easily be defined. This becomes possible with the aid of a
planning language.

Such a language offers possibilities to use mechanisms for abstraction and
concretisation. It also supports constructions to express conditional behaviour,
so that if one part of a strategy is failing, a new attempt is made to solve this
part of the problem in another way. Finally a strategy that is entered as an
expression in the language needs to be stored and again be read into the system.

It is worth noting that a planning language is useful not just for solution of
the problem at hand in the transport sector, but that it can simplify the solution
of many types of larger planning problems.

8 Techniques

8.1 Constraint Programming

Constraint programming (CP) [31, 61] is based on the idea of an abstract space
of statements (restrictions or conditions), a constraint space.
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Some of these statements can be understood as fully determined. Take for
instance the claim that a given train will depart from Avesta 15.05 Thursday
April 15th in the year 2001. Other statements are less exact for instance that
a steel manufacturer needs to transport between 320 and 380 kilotons of steel
from Hofors and Hellefors to Malmö next year. Both these statements can be
represented as conditions in a constraint programming system. These are named
constraints or restrictions on the value space for the variables contained by the
statement.

It is certainly non-trivial to determine in a space of such statements how
for instance these two statements are related given some mathematical model
of a planning problem but under certain circumstances is is possible to make
calculations with such abstract objects and to determine for instance logical
consistency, that is to decide whether the statements are possibly both true or
not.

It is also possible to compute one or several witnesses, that is assignments of
values to all variables in a space. This is called to enumerate the search space for
a given problem and in general it contains the utilisation of a search procedure.
Such witnesses can in the production planning domain for instance be concrete
production plans.

If many such plans are generated they can be compared with respect to
different measures of cost. To find the best plan is modelled as an optimisation
problem in the constraint system.

Much of the search when enumerating the search space for a given problem
can often be eliminated with a technique named constraint propagation. This
means briefly that each statement that is not completely determined is consid-
ered as a temporarily interrupted computation which can be made to interact
with other similar concurrent computations. Computations are interrupted when
the information that is needed to determine a value is missing but they continue
once the information is later available.

A constraint programming system can be seen as a set of parallel processes
which communicate, interact and are synchronised via shared variables in a data-
flow graph. Whether it is possible to compute solutions for a given problem or not
is to a large extent depending on the expressive power of the language being used
to express statements about the problem. To formulate a mathematical model of
some real process in such a language is in general a very hard problem. In spite
of this there have been good results by using constraint techniques to model and
solve known hard planning problems for instance many classical scheduling and
resource allocation problems.

Consider the example with a departure time. If it is known one might like
to represent it as a number. Assume now that it is not known, but that there
is nevertheless some information available about it, for instance that it must be
between 11 and 12 some given day and that it must follow after the arrival time
for some other trip.
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This is a very strong restriction of the value for the departure time. Yet it
contains an ambiguity which separates it in a fundamental way from the totally
determined one.

A number of constraint statements can for instance express the relation be-
tween this departure time and other departure times (or arrivals) and can be
said to represent a specification of a production plan. The more determined it
is, the closer it is to a finished plan with totally determined times.

In principle it is possible to construct a production plan by successively
adding more and more information to a space containing conditions (a constraint
space).

Finite Domains The constraint programming systems that have been most
actively developed the last ten years are those that handle finite domains. In
such a system each variable can take on values from a finite set of discrete
values. This type of variable is natural to use to model discrete entities such as
the number of engines or personnel that have been allocated to a given task.
They are, however, unnecessarily restrictive when the modelling concerns values
that can be assumed to vary over continuous domains (with an infinite number
of possible values), for instance time.

Global Constraints A global constraint is a way to express properties of many
variables in one statement.

The first type of constraint that was studied in constraint programming was
constraints that relate two variables, for instance <,≤,�=,= etc. In contrast to
these simple binary constraints the focus has in recent years more and more been
on complicated constraints between an unlimited number of variables. Examples
of such constraints are such that relate variables with the value of a linear sum or
such that maintain pairwise dis-equality of an arbitrarily large set of variables.

Such constraints can in principle often be encoded in terms of a set of sim-
pler binary constraints which semantically have the same meaning. This is rarely
practical, however, since an efficient solution is often too computationally com-
plex to be realised by simply considering the variables in a pairwise fashion. The
expression global constraints for this type of constraint was introduced in [9] and
refers to arguments that can be made over a multitude of variables related with
a non-binary condition.

Global constraints are abstractions of more complicated properties of prob-
lems and enables computations on a more detailed model. Many times methods
from operations analysis or algorithm theory, which operate on graphs, can ef-
ficiently and naturally be integrated into a constraint programming system as
global constraints. This is an active and very promising research area in con-
straint programming. For a systematic description of a large number of global
constraints see [10].

Constraint solving is often limited by a prohibitively large search space, for
instance by the enumeration of many redundant variants. The use of meta-
operations such as constraint relaxation, redundant modeling [21] etc. could be
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utilised to improve the search behaviours of a solver. Another approach is to use
abstraction to speed up search problems. This has been investigated in AI for
general search problems [33, 34, 63].

Prolog [20], the dominating logic programming language, now standardised, is
developed by adding new expressive possibilities, for instance constraints, object
orientation, functional and meta-logical extensions and embeddings, parallel ex-
ecution models and interoperability with other systems such as databases, GUI
toolkits, Java etc.

Mozart-Oz [29] is especially targeted at modern intra/inter-net applications.
It is designed to handle concurrency and multi-paradigm programming. This
language utilises logical variables as in logic programming, but bases its opera-
tional semantics not on SLD-resolution as Prolog does, but on a rewrite seman-
tics driven by entailment as in concurrent constraint programming [50]. This
approach, while more general and flexible than that of Prolog, naturally em-
beds logic programming as one of its programming paradigms [30] together with
higher-order functional and object-oriented programming. Constraint program-
ming is also well supported [43, 44]. If needed, the user can explicitly program
the search.

8.2 OR-techniques

Techniques from operations analysis, for instance linear programming (LP) and
integer programming (IP) handles models efficiently where most of the variables
are continuous and where a simple and well defined cost function well captures
the “goodness” of different solutions to a given problem. OR-techniques are
often based on massive computations where input data is given in the form of a
complete problem description.

Linear Programming Linear programming is used to model optimising prob-
lems where the cost function can be expressed as a linear sum over continuous
variables and where the conditions are linear inequalities over these.

A linear program:
c1x1 + · · ·+ cnxn (1)

is maximized where
a11x + · · ·+ a1nxn ≤ b1

...
am1x1 + · · ·+ amnxn≤bm

(2)

and
x1 ≥ 0, . . . xn ≥ 0 (3)
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Simplex is the oldest and most well known algorithm to solve this type of
problem. Despite that Simplex in most applications has very good complexity
properties (polynomial time complexity) there is for certain classes of problems
specialised algorithms which are even more efficient. An example of such an
algorithm is network flow optimisation (see below).

The main disadvantage with Simplex is that it works only if all the conditions
are linear and the variables are continuous. The latter requirement excludes all
disjunctive conditions (decision problems) where the value of a function depends
on a boolean variable. The research field studies the problems that occur when
you loosen the first demand. In OR it is called non-linear programming and
will not be further covered here. The problems that can be formulated when
variables are allowed to vary over discrete values are studied in the area of
integer programming. Sometimes problems where both types of variables occur
are called mixed integer programming.

Network Flows is a collecting concept for many types of linear programming
algorithms which handle optimisation of flows in networks. The area is well
researched and many problems are classified. Three important sub-problems in
network flow optimisation are shortest path, maximal flow and minimal cost.
When computing the shortest path the issue is to find the shortest path between
some or all points in a network. Maximal flows encode problems where the flow
between pairs of points in the network should be maximised. In minimal cost
problems costs are assigned for the flow between different points and the cost of
sending flows from one or more points in the network to one or more destinations
is minimised.

Since this area is large, the algorithms are fairly dissimilar. For minimal cost
problems specialised variants of Simplex are often used.

Integer Programming Many times introducing integer variables can be a-
voided by using more or less advanced modelling tricks that encode a problem
with integer demands as a linear problem. This often demands a comparatively
specialised mathematical competence and is far from always possible.

Allowing integer conditions gives a significantly more free modelling, but
search must instead be introduced in the algorithms. The search mechanisms
that have been developed to solve this type of problem use the cost function in
a direct way and solve linear relaxations (for parts) of the real problem in each
step (iteration).

Many heuristic methods have been developed to make the search converge
faster for certain classes of problems. Given a concrete problem, to determine
whether it can be modelled as an instance of one of these well studied problem
classes also requires specialised mathematical competence.

Lagrange-Relaxation is a technique which can be seen as systematically refor-
mulating integer demands as parameters in the cost function in a corresponding
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LP (linear progr.) IP (integer progr.) CP (constraint progr.)

domains continuous integer/mixed integer/(finite set), intervals

cost function optimisation optimisation, search domain limitation

scalability polynomial compl. some problem classes good for decision problems

search SIMPLEX problem dependence method integration

Table 1. Some Properties of a Selection of Techniques

linear program. These parameters are then adjusted by solving the relaxed prob-
lem with respect to the parameterised cost function. In each step the parameters
are adjusted based on the results from the preceding iteration.

Lagrange-relaxation has successfully been used to solve for instance very
large vehicle rotation problems [41] and it is also one of the most important
techniques to solve pairing problems (see below). For a general introduction to
Lagrange-relaxation and also descriptions of a number of so called local search
mechanisms which are not treated in this article see [47].

Pairing Algorithms Most optimising systems for personnel planning in the trans-
port sector (that is for travelling personnel) work in two steps:

1. Produce a number of possible circuits, that is jobs containing tasks (legs)
that can be executed in order by for instance one person; Each circuit should
also (sometimes by adding passive transports) describe a cycle in the track
net graph, that is for instance starting and ending in the same location.

2. Solve an optimising problem that contains in choosing among the above
generated circuits a subset such that all tasks are a part of at least one cycle
and so that a global cost is minimised.

Step two is from a mathematical point of view simple to formulate, even if
the size of the problems can many times make them hard to solve. In order
to reach as good results as possible you must therefore in step one generate as
many candidates as you can handle computationally in step two. It is however
in practice often impossible to consider all possible circuits, so the selection that
is being made is of utmost importance for the result.

Step two can simplified be described as constructing a matrix, with the tasks
as rows and the circuits generated in step one as columns. In the meeting points
between the tasks and circuits there is the value 1 if the task is a part of the
circuit, and 0 otherwise. Furthermore it is required that each row shall sum up
to at least the number of persons needed to perform the job. The task for the
optimisation algorithm is now to assign boolean (0/1) values so that the cost is
minimised.

There are special algorithms for 0/1-matrices that are very efficient and which
can handle large data sets.

Step one is not as simple, and it is here that the commercial solvers differ.
This is the step that is named pairing. It is important that a good selection of
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alternative circuits is generated in this step, since these are the only candidates
considered in the search for solutions.

The circuits should also satisfy conditions that encode laws and union agree-
ments, which are often hard to represent in a correct and efficient way. It is far
from clear that agreements and legislation are mathematically consistent and
there is always room for interpretations that often vary locally. Since agree-
ments also change with time, it is important that they are represented in such
a way that they are easy to maintain.

In addition a number of heuristically motivated generation conditions are
represented and cost parameters, which limit the choice of circuits to those that
are considered reasonable.

These two sets of conditions are then used in different methods to generate
candidates for circuits for step two. Two main methods are used in this context:
Integer programming with Lagrange-relaxation and column generation (see above
and for instance [24, 48]). This is still an active area of research within OR.

8.3 OR-techniques Vs. Constraints

OR-methods are very efficient when the model of the real problem suits well into
some well known class of problems and the problem is pure, that is independent
of a context which is hard to describe or too complex. They are therefore often
less suitable at an early stage of the planning process when many parameters
are yet unknown. On the other hand they have a given place once the search
space of the problem has been shrunk with other methods and when you want
to compare results of strategic choices in well delimited sub-problems. You can
see many of these methods as planning primitives, methods that can be used to
investigate properties of the problem.

In contrast, the techniques that have been developed in constraint program-
ming, using finite domains, work well also when a majority of the variables model
naturally discrete entities, when the cost function is hard to determine and when
the model contains complicated (for instance non-linear) conditions. As men-
tioned, many of the best approaches to solving scheduling problems during the
latest ten years have been introduced as global constraints [6, 7, 16, 17, 19].

Constraint techniques offer the possibility to maintain a dynamically chang-
ing space of statements that represent all currently possible (sub)-plans given
the constraints from customer demands, resource limitations and cost consider-
ations. It is for instance possible to choose to optimise parts of a plan late and
incrementally and leave the rest of the plan only partially determined. Another
advantage is that it is possible to incorporate techniques from operations anal-
ysis into the constraint paradigm in the form of global constraints. This makes
constraint programming an integrative project, where techniques from different
areas are collected and made available to modelling experts without requiring
from them a detailed algorithmic competence. In this way these two classes of
techniques can be said to complement each other. Much current research deals
with finding suitable combinations of OR-techniques and constraints.
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9 Conclusion

We gave an overview of a project concerning the use of constraint techniques
to solve production planning problems in the railway domain. We specified and
discussed the problems of scheduling and allocation of transports. In particular
we outlined some considerations relevant to the design of a co-ordination model,
which loosens the strict sequentiality of current approaches. We also discussed
the use of abstraction techniques to reduce complexity and compared constraint
programming to techniques from operations research. The project has resulted
in the investigation of a number of new techniques and methods that are useful
also outside this particular problem area.
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